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1. Introduction

Kenmotsu manifolds are a class of Riemannian manifolds characterized by their unique
geometric properties. Kenmotsu manifolds have developed from a specific geometric study into
a rich area of research with connections to various mathematical disciplines and applications.
Their unique properties continue to inspire further exploration in both pure and applied
mathematics (Mert and Atceken [6]]).
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A connection on a manifold provides a way to differentiate vector fields along curves. More
formally, a connection allows the definition of a derivative of a vector field along another vector
field, facilitating the study of how vectors change in a manifold’s curved geometry. Levi-Civita
connection is the most common type of connection, uniquely determined for a Riemannian
manifold. It is compatible with the metric and is torsion-free, meaning the connection does not
introduce any twisting in the vectors (Zamkovoy [|11]]).

General connection, often referred to as a connection on a differentiable manifold, is a
fundamental concept in differential geometry and plays a crucial role in the study of curved
spaces. General connections are a powerful tool in understanding the geometric structure of
manifolds. They provide the framework for defining differentiation in curved spaces and have
significant implications in both mathematics and physics. The study of connections continues
to be an active area of research, leading to deeper insights into the geometry and topology of
manifolds (Biswas and Baishya [3]]).

The aim of the present paper is to study invariant pseudoparallel submanifolds of a
Kenmotsu manifold with respect to general connection, obtain necessary and sufficient
conditions for an invariant pseudoparallel submanifold to be totally geodesic under some
conditions. Furthermore, we investigate the conditions on the general connection of an invariant
pseudoparallel submanifold of a Kenmotsu manifold.

2. Preliminary

An almost contact manifold is odd-dimensional manifold M2"*! which carries a field ¢ of
endomorphism of the tangent space, called the structure vector field ¢, and a 1-form n-satisfying;

¢*=-T+nes, n@=1, 2.1)
where I denote the identity mapping of tangent space of each point at M. From @.1) , it follows
¢&=0, no¢p=0, rank(ep)=2n. (2.2)

In this case, M?"*1 is said to be almost contact manifold (Mert and Atceken [6]). An almost
contact manifold M2"*1 is called an almost contact metric manifold if a Riemannian metric
tensor g satisfies

n(X) =g(X,s), g(¢pX,Y)+g(X,pY)=0,
for any vector fields X,Y on M?"*1 The structure (¢,¢,1m,8) on M?"*1 is said to be almost

contact metric structure. In an almost contact metric structure (¢,¢,n, g), the Nijenhuis tensor
and the fundamental form are, respectively, defined by

Ny(X,Y)=*[X,Y1+[pX,¢Y - plpX, Y] - pIX, Y]

(2.3)

and
O(X,Y)=g(X,¢Y),

forall X,Y € [(TM). An almost contact metric structure (p,¢,n,g) is said to be normal if
Ny(X,Y)+2dn(X,Y) =0.
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A normal contact metric manifold is called a Kenmotsu manifold, and it is shown as
M2 Y, & n, g). Tt is well known that Kenmotsu manifolds can be also characterized by

Vx )Y = g(¢pX,Y)é —nY)pX, (2.4)

forall X,Y € [(TM ), where V denote the Levi-Civita connection on M 2"+1(<p, ¢,n,8). It follows
that

Vxé = -¢*X. (2.5)

On the other hand, by R and S we denote the Riemannian curvature and Ricci tensors of V in
Kenmotsu manifold M2"*1(¢,&,n, g), respectively, then we have

R(X,Y) =nX)Y -n(¥)X, (2.6)
R(EX)Y =n(V)X -g(X,Y), (2.7)
S(X,¢&) = —2nn(X). (2.8)

Recently, Biswas and Baishya [2,[3] introduced a new connection which is called general
connection in the set of contact geometry as

VY = VxY + L[(Vxm(Y)E —n(Y)Vx &l + Aan(X)oY, (2.9)
for all X,Y € (TM ), where A1 and Ay are real constants.

The general connection V& can be seen generalization other connections. Namely,

(i) Quater symmetric connection metric connection for (11,19) = (0,—1) (Biswas et al. [4],
Golab [5]).

(i1)) Schouten-van Kampen connection for (11,A2) = (1,0) (Schouten and Van Kampen[9]).
(1i1) Tanaka-Webster connection for (11,A9) = (1,—1) (Tanno [[10[).
(iv) Zamkovoy connection for (11,12) = (1,1) (Zamkovoy [11]).
In Kenmotsu manifold, making use of and (2.9), the general connection V¢ is given by
V%Y =VxY + 2{g(X,Y)é —n(Y)X} + Aan(X)Y, (2.10)
V§E= (A - Dg?X. (2.11)

Now, we will calculate the covariant derivative of ¢ with respect to general connection V©.
By using (2.11), we have

(VEPY = V§pY —pVEY
= VxpY + Mig(X,pY)é —n(dpY)X} + Aon(X)p*Y
—pVxY + 11[g(X,Y)E —n(Y)X]+ Aan(X)pY'}
= (Vx @)Y + 118X, ¢Y )¢ + Mn(Y)pX
= (A - Dig(X, oY )E —n(Y)p X}, (2.12)

for all X,Y € [(TM). Furthermore, the Riemannian curvature and Ricci tensors R and S¢
with respect to general connection V& are given by

RYX,Y)Z =R(X,Y)Z + As(A1 — DIn(Y)g($pZ, X)E —n(X)g(Y ,pZ)é}
—A2(A1 = D{n(Y n(Z)pX —n(X)n(Z)pY } + A1(1 - A){g(X, Z)n(Y )¢ — g(Y, Z)n(X)¢}
+ 12— A){g(Y,2)X —g(X,Z)Y}, (2.13)
for all X,Y € [(TM) (Baishya and Biswas [2]).
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Furthermore, by using (2.6) and (2.12), we observe

RE(X,Y)é = (A1 - D* XY —n(Y)X} + Aa(A1 - Din(Y)pX —n(X)¢pY}, (2.14)

REEX)Y =(1-1)*n(V)X — (1 - 1)g(X,Y)E — Aa(A1 — Dig(X, pY)E +n(Y )pX)
+A1(1=2A)nX)n(Y)¢, (2.15)

RE(X,0Y =(1-M)gX,Y)é —(1-A1)°n(Y)X + Ao(Ay — {g(X,pY)é +n(Y )X}
—A1(1=2A)nX)n(Y)s. (2.16)

Eqgs. and require

SE(X,Y)=S(X,Y)+ (1~ A)g(X,pY) + A1(1 = An(X)n(Y)

+{2@2n + DAy - 2n + DAZ - 311 + 2431 8(X,Y). (2.17)

Now, let M be an immersed submanifold of a semi-Riemannian manifold (M. ,&). Then, the
Gauss and Weingarten formulae are, respectively, given by

VxY =VxY +0(X,Y) (2.18)
and

VxV=-AyX + V%V, (2.19)

for all X,Y e [(TM) and V € I(T+M), where V and V+ are induced connections on M, ['(T+M)
and o, A denote the second fundamental form, shape operator of M, respectively.

For a submanifold M of a semi-Riemannian manifold (M, g), the Gauss and Weingarten
equations are given by

E(X,Y)Z =R(X,Y)Z +Asx2)Y —Acy z)X + (Vxo)Y,Z)-(Vyo)X,Z) (2.20)
and
g(ﬁ(X,Y)U,V) = g(RL(X,Y)U,V) +g(Av,AylX,Y), (2.21)

for all X,Y € I(TM) and U,V € I(T+M), where R and R+ are the Riemannian curvature
tensors of M and I'(T*M), respectively.

The covariant derivative of o is defined by
(Vxo)Y,Z)=V*+o(Y,Z)-o(VxY,Z)-o(Y,VxZ), (2.22)
for all X,Y,Z e I'(TM).

For a (0, k)-type tensor field T', 2 =1 and a (0,2)-type tensor field A on a Riemannian manifold
(M, g), Q(A,T)-Tachibana operator is defined by

QA,T)X1,Xs,...,Xp; X, Y)=-T(X Ay Y)X1,Xo,...,Xp)—...

—T(XI,XZ,--,Xk—l,(X /\A Y)Xk)7 (2-23)
for all X1,Xo,...,X;,X,Y e '(TM), where the endomorphism A4 is defined by
X AaY)Z=AX,2) X -AX,Z2)Y. (2.24)

3. Invariant Pseudoparallel Submanifolds in Kenmotsu Manifolds
Admitting a General Connection

The geometry of submanifolds of a contact metric manifold depends on the behavior of contact
metric structure ¢. A submanifold M of a contact manifold is said to be invariant if the structure
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vector field ¢ is tangent to M at every point of M and ¢X is also tangent to M for any vector
field X tangent to M at each point of M. In other words, ¢(T'M) < T M at each point of M.

Theorem 3.1. Let M be an invariant submanifold of a Kenmotsu manifold M2”+1(¢,€,n,g).
Then, the following equalities are satisfied:

(1) 0(¢X,Y)=0(X,9Y)=¢po(X,Y),

(i) o(X,8)=0and Avé=0,
(iii) the second fundamental forms o and 0 of M with respect to V and VG are equal,
(iv) R%(X,Y)¢ = RE8(X,Y)E,

where R denote the Riemannian curvature tensor of submanifold M with respect to VC.

Proof. Since the proof is results of direct calculations, we give not to it.

In the rest of this paper, we will assume that M an invariant submanifold of a contact metric
manifold M unless stated otherwise.

A submanifold M of a semi-Riemannian manifold (M. ,&) is called Chaki-pseudo parallel if its
second fundamental form o satisfies

(Vxo)Y,Z)=2y(X)o(Y,Z)+y(Y)o(X,Z) +y(Z)o(X,Y), (3.1)
for all X,Y,Z e (T M) and y is a nowhere vanishing 1-form.

In particular, if y =0 then M is said to be parallel submanifold of M (Atgeken et al. [1], Mert
and Atceken [[7], Mert et al. [8]]).

For a submanifold M of a semi-Riemannian manifold (M, g), the Gauss and Weingarten
equations are, respectively, given by

R(X,Y)Z=RX,Y)Z+Avx2Y —Asy X + (Vx0o)Y,Z)- (Vyo)X,2), (3.2)
and
gRX,Y)U,V)=gR*X,Y)U,V)+g(Ay,AplX,Y), (3.3)

for all X,Y € I(TM) and U,V € I(T+M), where R and R+ are the Riemannian curvature
tensors of M and I'(T*M), respectively.

Theorem 3.2. Let M be an invariant submanifold of a Kenmotsu manifold M2”+1(¢,€,1],g).
Then, M is a Chaki pseudoparallel with respect to a general connection V@ if and only if M is
either totally geodesic submanifold or a(¢) =211 - 1.

Proof. Let us suppose that M is Chaki pseudoparallel. Then, from (3.1), there exists a 1-form a
such that

(V)G(U)(Y,Z) =2a(X)o(Y,Z)+a(Y)o(X,Z)+a(Z)o(X,Y),

for all X,Y,Z e I'(TM). Here, setting Z = ¢ and making use of and (2.11), we have
-o(Y,Vxé) = a()o(X,Y)

which follows
(a(®)+1-211)o(X,Y)=0.

This proves our assertion. O

We have the following corollary because every totally geodesic submanifold is a Chaki
pseudoparallel.
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Corollary 3.1. Let M be an invariant submanifold of a Kenmotsu manifold M 2’”1(({),5,17, g)
admitting a general connection. Then, M is a parallel submanifold if and only if M is a totally
geodesic unless the general connection V@ is not a Schouten-van Kampen connection.

Definition 3.1. Let M be an invariant submanifold of a semi-Riemannian manifold (M, g).
If there exist forms ¥ and 0 such that

(VxVyo)Z,U)=w(X,Y)o(Z,U)+0X)Vyo)Z,U), (3.4)

then M is said to be generalized 2-recurrent submanifold (Atceken et al. [1], Mert and
Atcgeken [7], Mert et al. [8]]).

Theorem 3.3. Let M be an invariant submanifold of a Kenmotsu manifold Mz"”((p,f,n,g)
admitting a general connection V¢. M is generalized 2-recurrent submanifold with respect
to a general connection if and only if M is a totally geodesic submanifold unless the general
connection VY is not a Schouten-van Kampen connection.

Proof. Let us suppose that M be an invariant generalized 2-recurrent submanifold with respect
to general connection V&. Then, there exist forms y and 6 such that

(Vev$o)Z,U) = w(X,Y)o(Z,U)+0(X)(Vio)Z,U), (3.5)
forall X,Y,Z,U e I(TM). Here, putting Z=U =¢ in and making use of (2.11) and (2.22),
it yields to

VHVG0)E O = (Vo) VxE, 6 = (VE0)E, VY d) - (VG 4y 0)(E,E)

= y(X,Y)o (&) + 0 XNVSo)NE, &), (3.6)

Taking into account Theorem after the necessary adjustments, takes the form

o(Vxé, Vyd) = (A1 - D?o(X,Y) =0.
This completes the proof. O

A submanifold M of a Riemannian manifold (M. ,&) is called Deszcz-pseudoparallel if R-o
and @(g,o) are linearly dependent, that is,

R-0=0,Q(g,0), (3.7)

where ¢, is a function on M. In particular, if £, = 0, then M is said to be semiparallel (Mert
and Atceken [7]).

Theorem 3.4. Let M be an invariant Deszcz-pseudoparallel submanifold of a Kenmotsu
manifold M?*"*1(¢,¢&,n, g) admitting a general connection VO. Then, at least one of the following
is provided.:

(i) M is totally geodesic submanifold,

(i) VY is reduced Schouten-van Kampen connection,

(i) ¢,+(A;—12=0.

Proof. Since M is a Deszcz pseudoparallel, form (3.7), there exists a function such that
(RYX,Y)-0)U,V) = ,Q(g,0)U,V;X,Y),

for all X,Y,U,V e I'(TM). This implies that
R*(X,Y)o(U,V)-0(R(X,Y)U,V)-o(U,R(X,Y)V)
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=~ A0(X A YU, V) +0(U,(X AgYIV)). (3.8)
Taking V = ¢ in (3.8), taking into account of and Theorem we obtain
o(U,RX,Y))=0l,0U,(X AgY)S),
that is,
(M1 - D%0(U,nX)Y —n(Y)X) + A2(A1 — DoV )pX —n(X)pY ,U) = £,{U,n(Y)X -n(X)Y},
or
A1 =12+ ,10(U,n(X)Y —n(Y)X) + Ao(A1 — Do (U, n(Y)X —n(X)Y) = 0.

This proves our assertion. O

We have the following corollary from Theorem

Corollary 3.2. Let M be an invariant semiparallel submanifold of a Kenmotsu manifold
M? Y, & n, g) admitting a general connection VC. Then, M is either totally geodesic or the V&
is reduced Schouten-van Kampen connection.

lzefinition 3.2. Let M be a submanifold of a semi-Riemannian manifold (M, g). If tensors
R -0 and Q(S, o) are linearly dependent, then M is said to be generalized Ricci-pseudoparallel
submanifold.

In particular, R -0 = 0, it is called generalized Ricci-symmetric.

Theorem 3.5. Let MNbe an invariant generalized Ricci-pseudoparallel submanifold of a
Kenmotsu manifold M 2"”(([),6 ,1,8) admitting a general connection VG. Then, at least one
of the following holds:

(i) M is totally geodesic submanifold,

(ii) the general connection V© is reduced to at least one of the connections Schouten-van
Kampen connection, Tanaka-Webster or Zamkovoy,

(iii) 2nfgc =1 and VG is a Schouten-van Kampen connection.

Proof. If M is an invariant generalized Ricci-pseudoparallel submanifold with respect to a
general conncetion V¥, then there exists a function on ¢ gé such that

(R4(X,Y)-0)U,V) = lgeQ(S%,0)U,V,X;Y),
for all X,Y,U,V eI'(TM). This means that

RY(X,Y)o(U,V)-o(R(X,Y)U,V)-o(U,R(X,Y)V)

=—Vlge{o(X Aga Y)U,V)+0(U,(X Aga Y)V)}. (3.9)

Taking V = ¢ in (3.9), consider Theorem we have

o(U,R(X,Y))=¥lga0(U,(X Aga Y)).
By means of (2.8), (2.14) and (2.17), we infer

A1 = DI - DA -2nlge)o(U,n(X)Y —n(Y)X) - A2¢pa(U,n(X)Y —n(Y)X)} =0
which is equivalent to

(A1 - DI - 1?(1-2nlg)% + A210(U, n(X)Y —n(Y)X) = 0. (3.10)
This completes the proof. O
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From Theorem we can give the following corollary.

Corollar§1v3.3. Let M be an invariant generalized Ricci-symmetric submanifold of a Kenmotsu
manifold M 2’”1((/),{ ,1,8) admitting a general connection VG. Then, at least one of the following
is true:

(1) M is a totally geodesic submanifold,

(ii) the general connection V¢ is induced Schouten-van Kampen.

lzefinition 3.3. Let M be a submanifold of a semi-Riemannian manifold (M, g). If tensors
R -Vo and Q(g,Vo) are linearly dependent, then M is said to be generalized 2-pseudoparallel
submanifold.

In particular, R - Vo =0, it is called generalized 2-pseudosymmetric submanifold.

Theorem 3.6. Let M be an invariant generalized 2-pseudoparallel submanifold of a Kenmotsu
manifold M 2"+1((j),gt ,1,8 admitting a general connection VG. Then, at least one of the following
is true:

(i) M is totally geodesic submanifold,

(ii) the general connection VC is reduced to at least one of Schouten-van Kampen connection,
Tanaka-Webster connection or Zamkovoy connection,

(iii) lye, +(A1—1)%2=0and VY is a quarter symmetric connection.
Proof. Since M be an invariant generalized 2-pseudoparallel submanifold, we have the form
(R4X,Y)-VOo)U,V,Z)=tyc,Q(g, V¢ -0)U,V,Z;X,Y),
for all X,Y,U,V,Z €I'(TM), where {q, is a function M. This leads to
RY X, Y)VEo)V,2) - (Vi x yyy OV, Z2) - (VGo)RX,YIV,Z) - (Vio)V,R(X,Y)Z)
= —Zvaa{(vg(AgY)Uo)(V,Z) + (Vgo)((X NeYIV,Z)+ (Vga)(V,(X NgY)Z)}. (3.11)
Here if X = Z = ¢ is taken in (3.11), we have
RL(f,Y)(VgU)(V,f) - (Vg(&y)UU)(V,f) - (Vgo)(R(é,Y)V,s‘) - (Vga)(V,R(gf,Y)gf)
= ~Lye, (Y, vV, O+(VGONE AgYIV,E) +(VGo)V,(E Ag YO (3.12)

Next, we will calculate these statements. Making use of (2.11) and (2.22), non-zero component
of the first term takes the form

RYEY VG0NV, =RE Y)Y VG50V, 8) - o(VyV,8) - o(Vyé, V)
= -R*(,Y)A - D¢p?a(U,V)
= (A1 - DR, Y)o(U, V). (3.13)
As the second term, one can easily to see
(Ve V.0 = -0(Vpeyvé, V)
=—(A1 - DP*o(R(E,YIU,V)
= (A1 - Do((A - 1*n@)Y + g - DY, U)E + A1 - An@U)n(¥ )¢
— 21 - Do(g(Y,pU)E +nU)PY 1, V)
= (A1 - 1*nU) (A1 - Do(V,Y) = Aepa(V, V). (3.14)
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In the same way, the non-zero component of the third term is
(VEONR(E,Y)IV,E) = -0 (Vy&,R(EY)V)
= —(A1 - D¢?a(U,R(E,Y)V)
=(A1-1Do(U,R(,Y)V)
= (A1 = D*n(V{(A1 = Do(U,Y) = A2¢pa (U, Y)}. (3.15)
On the other hand, the non-zero components of the last term of the left side of the equality are
(V&) V,R(E,Y)E) = (Vao)V,—(A1 - D2P?Y — As(A1 - DPY)
= (A1 = DAVENV,Y —n(Y)E) - Aa(A1 — D(VEGNV,¢Y)
= (A1 = DAVENV,Y) — (A1 = DAVESNV ,n(Y)E) - Ae(A1 — D(VEG)V,pY)
=1 -DAVENV,Y) - M -139(V)o(U, V) - e - 1(VEaNV,¢Y). (3.16)
Furthermore, non-zero the first components of the right side of the equality are also
(Vi 10 V,8) = =0 (Vien, v, V)
= —(A1 - Dp*o(g(Y,U)é —nU)Y,V)
=—-(A1 - Dn)o(Y,V). (3.17)
The second term also gives us
(VEONE NG YIV,8) = —a(Vy&,(E AgYIV)
=-(A1 - 1)¢p*0(U,g(Y, V) —n(V)Y)
=—-(A1 - 1n(V)a(U,Y). (3.18)
Finally, for the last term of the left of equality, we have
(VEONV,(E AgY)E) = (VEONV,n(Y)E-Y)
= (VEo)V n(Y)E) - (VEa)V,Y)
= —a(Vyn(Y)E, V) - (VEa)V,Y)
=(A1—-1n(¥Y)o(U,V)- (Vga)(V,Y). (3.19)
Finally, the statements (3.13)-(3.19) are put in (3.12), we reach at
(A1 = DR, Y)o(U,V) - (A1 - 1*nU){(A1 - Do (Y, V) - Aapo(V,Y)}
— (A1 = 1’n(V)[(A1 = Do(U,Y) - Aapo(U,Y)] - (Aq - 1)2(V50)(V,Y)
+(A1 = 1)3n(Y)o(V,Y) + Ag(Ay — 1)(V80')(V,([)Y)
= —lye,{—(A1 =)o (Y,V)- (A1 - Dn(V)a(U,Y)+ (A1 - Dn(¥Y)o(U,V) - (ng)(V,Y)}.
In the last equality, taking V =¢ and after the necessary revisions are made, we conclude that
(A1~ Dilye, + (A = DHo(U,Y) = Ag(Ay - Do (U, Y)} =0,
which is equivalent to
(A1 = DI[lyc, + (A1 — D%+ A3 — 11%10(U,Y) = 0 (3.20)

which proves our assertions. O

We can give the following corollary from Theorem
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Corollary 3.4.Let M be an invariant generalized 2-pseudosymmetric submanifold of a
Kenmotsu manifold M?"*Y(¢,&,n,g) admitting a general connection V¢. Then, at least one
of the following is true:

(1) M is a totally geodesic submanifold,
(ii) the general connection VO is reduced to at least one of Schouten-van Kampen connection,

Zamkovoy connection, Tanaka-Webster connection.

Definition 3.4. Let M be a submanifold of a semi-Riemannian manifold (M, g). If tensors R-Vo
and Q(S, Vo) are linearly dependent, then M is said to be generalized 2-Ricci pseudoparallel
submanifold.

Theorem 3.7. Let ]Y{, be an invariant generalized 2-Ricci pseudoparallel submanifold of a
Kenmotsu manifold M 2’”1((/>, ¢,n,8) admitting a general connection VG. Then, at least one of the
following is true:

(1) M is totally geodesic submanifold,
(ii) 2nfgec =A1—1and 12 =0,

(iii) the general connection VO is reduced to at least one of Schouten-van Kampen connection,
Zamkovoy connection, Tanaka-Webster connection.

Proof. If M is an invariant generalized 2-Ricci pseudoparallel submanifold of a Kenmotsu
Iglvanifold M 2'”1((/),6 ,1,&) admitting a general connection VG, then there is a function such on
M*"+(¢,é,n,g) that

(RYX,Y)-VCo)U,V,Z)=4cQ(S% VC0o)U,V,Z;X,Y),
for all X,Y,Z,U,V € I'(TM). Explanation of this expression is
RY X, Y)VG0)V,2) - (VG % yyo) V., 2) - (VGo)R(X,Y)V,Z) - (VEo)V,R(X,Y)Z)
= —lgc {(V&ASGY)UU)(V,Z) +(VEON(X Aga VIV, Z) +(VEaNV (X Age Y)Z)}.
If this expression is re-written for X =V =¢, we obtain
RYEYNVEONE,2) ~ (VG yyy0)E 2) — (VGoRE,YE, Z) - (Vo) V,R(E,Y)Z)
= ~C5l(V(in oy )& 2) + (V5o € Aga Y)E,Z) + (Vo) (€ Aga YD) (3.21)

Now we will calculate each of these expressions separately. For this reason, as non-zero
components of the first term are

RY¢Y)(VG0)¢,Z) = -RE,Y)o(Vyé, Z)
= -(M1 - DR, Y)¢p?*0(U, 2)
=M1 - DRI Y)o(U,2). (3.22)
Also, non-zero components of the second term give us
(Ve yw0)&2) = —0(Vreywé, Z)
= —(l - DP*o (R, YU, Z)
=(A1-Do(RE,Y)U,Z)
=n(U)(A1 - DHA1 - D)oY, Z) - Aepa (Y, Z)}. (3.23)
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If we calculate non-zero components in the third term from the right of the equality, it takes the
form

(VEONR(E,Y)E,Z) = (VEa) (A1 — 12P%Y — Ag(A1 — DY, Z)
=M - DAVEONY —n(Y)E, Z) - Aa(Ay — (Vi)Y , Z)
=(A1— 1)2{(V80)(Y, Z)—A1-Dn(¥Y)o(U,Z)} — Ae(A1— 1)(V50)(¢Y,Z). (3.24)
For the non-zero components of the last term of the right, one can easily to see
(VEo)ER(E,Y)Z) = -0(Vyé,R(E,Y)Z)
= —(A1 - D¢?0(U,R(,Y)Z)
=n(Z)(A1 - D*{(A1 - Do(U,Y) - Aepo(U, Y )}. (3.25)
For the non-zero components of the first term of the left of equality, we have
(ngsGY)Um(é,Z) = —0(Viengvé, Z)
= -1 - DP*0((E As YU, Z)
= (L1 - Da(S(Y, ¢ -S4 V)Y, 2)
=-(M - DS, &)a(Y,2)
=2n(A; - 13n@)o(Y, 2). (3.26)
Non-zero component of the second term of the left of equality is
(VEON(E Aga Y)E,Z) = (VEa)SE(Y,8)E - SC(&,8Y,Z)
=2n(A1 - DH(VEONY,Z) - (Ve (Y )E, Z2)}
=2n(A1 - DH(VEONY, Z) + o (Vyn(Y)E, Z)}
=2n(M1 - D*H(VEO)Y, Z) + (A1 - Dn(Y)¢p?o (U, Z)}
=2n(1 - 1)2{(Vg(7)(Y,Z) - (A1 -Dn(¥)a(U, 2)}, (3.27)
and the last term is give us
(VEO)E, (€ Aga Y)Z) = —a(VyE,S4(Y, 2)E - SC(E,2)Y)
=S92\ - DU, Y)
=2n(A1 - 1)*n(2)o(U,Y). (3.28)
Consequently, if (3.22)-(3.28) are put (3.21), we have
(M1 - DREY)o(U,Z) - nU) A1 — DA - Do(Y, Z) - Aagpo (Y, Z)]
~ (M1 = DAUVEONY,Z) - (A1 = Dn(Y)o(U, Z)] + Aa(A1 — (Va0 PY , Z)
—n(Z)A - P[4 - DU, Y) - Aepa(U,Y)]
= —lgc[2n(A1 — 1’0o (Y,Z) +2n(A; — 1)2{(Vga)(Y,Z) —(A1-Dn(Y)o(U,Z)}
+2n(A1 - 1?0(Z)a(U,Y)]. (3.29)
Putting Z =¢ in and after making the necessary abbreviations, we can infer
(A1 -1)%2nlge — (A1 — DIo(U,Y) + Aa(A1 — Do (U,Y) = 0

which proves our assertions. O
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4. Conclusion

In this study, the structure of invariant submanifolds of Kenmotsu manifolds with respect to the
generalized connection has been examined in detail. Initially, the geometric properties of these
submanifolds have been analyzed using the Tachibana operator, and the behavior curvature of
the manifolds have systematically investigated.

In the subsequent analysis, the invariant submanifolds have been studied within the
framework of various pseudoparallel concepts. In particular, the properties of pseudoparallel,
2-pseudoparallel, Ricci generalized pseudoparallel, and Ricci generalized 2-pseudoparallel
submanifolds topic has been studied. These investigations clarified the constraints imposed on
the submanifolds under different pseudoparallel conditions and how their geometric structures
are affected.

The obtained results provide a new and comprehensive perspective on the geometric
structure of invariant submanifolds of Kenmotsu manifolds under the generalized connection.
Moreover, this study is significant in demonstrating the applicability of pseudoparallel concepts
in manifold theory and contributing to the characterization of invariant submanifolds. In future
research, these findings may be extended to more general classes of manifolds and different
connections, representing a potential direction for further exploration.
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