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Abstract. An attempt has been made to estimate Relative Risks (RR) of a category of patients
assumed to be progressive censored and exposed to multiple hazards including nuclear radiations
and suffering from chronic non-communicable disease by fitting Cox’s proportional hazard regression
model. Covariates are different age groups of patients, nature of stages of patients and treatment
given to patients. The time dependent Weibull hazard rates have been estimated by using Maximum
likelihood method. Any one of the three covariates considered here is taken as poorer immunity of a
section of population because of exposure to high energy radiation of different kinds. The Relative
Risk and Longevity estimates can further be used to construct life tables for such class of population,
considering the censoring aspect of the data.
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1. Introduction
The present investigation is an attempt to estimate Relative Risk for a randomly censored data
of a group of patients (population) suffering from chronic non-communicable disease exposed
to different kinds of hazards. One of such hazards is nuclear radiation, particularly in the
vicinity of nuclear plants. Studies included atomic bomb survivors also. Ron [16] studies on
epidemiology proved that exposure to radiations may lead to cancer causing effects on human
beings. These studies proved that radiation exposure increases the risk of cancer in different
organs including colon, stomach, breast, lung and skin. Further, Ron [15] found that about 15% of
the ionizing radiation to the human beings is due to medical radiotherapy. Similarly, microscopic
air pollutants particularly in congested large cities and industrial area and untreated water
supply for drinking are hazards causing the communicable and non-communicable diseases.
These findings may be utilized for constructing the life table for such type of population. Besides
life expectancy, life tables are used to compute the indicators: death probabilities, probabilities
of survival at some age, years of life lived and the number of survivors at different ages. Martel
et al. [11], Chiang [3–5], Greville [7], Reed and Merrell [14], Keyfitz [9] and King [10] developed
different methods of constructing life tables without considering the progressive censoring
nature of the data. By using randomly censored data of a group of patients from different
covariate groups, Relative Risks are estimated using Cox’s hazard model. The three covariates
are the condition of patients, the treatment given to patients and the category of patients with
respect to age. On the line of Biswas and Jha [2] and Morgan and Elasoff [13], the hazard
functions and hence the Relative Risks have been estimated using Weibull survival model.
Martel et al. [11] described different methods for constructing life tables for different set of
people. This leads to estimate the longevity of patients at different age groups and construction
of life table for such populations.

2. Assumptions and Notations
Suppose that covariates under consideration X , Y and Z denotes nature of treatment, condition
of patient with respect to morbidities and category of patient with respect to age respectively.
Further, suppose that X , Y and Z are dichotomous random variables and can take only two
values 0 or 1 such that

X =
{

0 implies the standard treatment,
1 implies the new treatment;

Y =


0 implies that the patient has no premorbid condition prior to the onset

of the disease,
1 implies that the patient has premorbid condition (poor immunity);

Z =
{

0 implies that the patient’s age is ≤ 60 years,
1 implies that the patient’s age is ≥ 60 years.

Let hi jk(t) denotes the Weibull hazard rate with respect to ith (i = 0,1) treatment, jth ( j = 0,1)
condition and kth (k = 0,1) age group of the patient such that

hi jk(t)= θi jktmi jk−1, i, j,k = 1,2, (2.1)
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where

θi jk = eµ+αX+βY+γZ (2.2)

is the function of covariates X , Y and Z and α, β and γ are corresponding parameters.

3. Methodology
The time dependent hazard rate is

hi jk(t)= eµ+αX+βY+γZ tmi jk−1 . (3.1)

Let

tmi jk−1 = tlφ(α,β,γ) (3.2)

where

φ(α,β,γ)= υeξαX+ψβY+δγZ , (3.3)

l,υ,ξ,ψ and δ are arbitrary constants.
Therefore,

tmi jk−1 = tlυeξαX+ψβY+δγZ . (3.4)

Substituting (3.4) in (3.1), we get

hi jk(t)= eµ+αX+βY+γZ tlυeξαX+ψβY+δγZ

= ctlυeα
′X+β′Y+γ′Z (3.5)

where

c = υeυ ,

α′ =α+ξα ,

β′ =β+ψβ ,

γ= γ+δγ ,

hi jk(t)= ctlυeα
′X+β′Y+γ′Z is the Cox’s regression model (cf., Cox [6]),

where ctl = h0(t) is the baseline hazard rate and eα
′X+β′Y+γ′Z is the hazard rate corresponding

to covariates X, Y and Z. h0(t) and eα
′X+β′Y+γ′Z are independent.

The estimate of Relative risk (RR) between X = 1 and X = 0 isàRR(X )= h1 jk(t)
h0 jk(t)

= eα
′
. (using eq. (3.5)) (3.6)

Similarly, the estimate of Relative risk (RR) between Y = 1 and Y = 0 isàRR(Y )= hi1k(t)
hi0k(t)

= eβ
′

(3.7)

and the estimate of Relative risk (RR) between Z = 1 and Z = 0 isàRR(Z)= hi j1(t)
hi j0(t)

= eγ
′
. (3.8)

Estimation of α′, β′ and γ′ by Partial Likelihood Method Given by Cox [6]. Let us
assume that m patients quit the trial due to death or censoring out of a sample of n patients.
(i.e. m patients leave the trial by time t out of a set of n patients).
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Therefore,

h0(t)eα
′T1i+β′T2i+γ′T3i

h0(t)
∑n

1 eα′T1i+β′T2i+γ′T3i
(3.9)

is the probability of the patient i (i = 1,2,3, . . . ,n) leaving the trial in (0, t), where T ji is the value
of jth covariate of ith individual ( j = 1,2,3; i = 1,2,3, . . . ,n).
Therefore,

PL =
m∏

i=1

h0(t)eα
′T1i+β′′T2i+γ′T3i

h0(t)
∑n

1 eα′T1i+β′T2i+γ′T3i
is the Cox’s partial likelihood.

Using Maximum Likelihood Method to estimate α′, β′ and γ′, the three estimating equations
are

m∑
i=1

T1i −
m

∑n
i=1 T1i eα

′T1i+β′T2i+γ′T3i∑n
i=1 eα′T1i+β′T2i+γ′T3i

= 0 , (3.10)

m∑
i=1

T2i −
m

∑n
i=1 T2i eα

′T1i+β′T2i+γ′T3i∑n
i=1 eα′T1i+β′T2i+γ′T3i

= 0 , (3.11)

m∑
i=1

T3i −
m

∑n
i=1 T3i eα

′T1i+β′T2i+γ′T3i∑n
i=1 eα′T1i+β′T2i+γ′T3i

= 0 . (3.12)

Using the estimates of α′, β′ and γ′ and equations (3.6), (3.7) and (3.8); àRR(X ), àRR(Y ), andàRR(Z) are estimated. We get different sets of equations (3.10), (3.11) and (3.12) for different
values of t and hence different sets of estimates of α′, β′ and γ′.

Estimation of c and l of h0(t). Put X = 0, Y = 0 and Z = 0 in (3.5), we get

h0(t)= ctl . (3.13)

Putting

l = l′−1 and c = c′l′, (3.14)

we get

h0(t)= c′l′tl′−1 . (3.15)

Therefore,

f (t)= c′l′tl′−1e−c′tl′
. (Since, h(t) is Weibull hazard rate) (3.16)

Suppose that n is the total number of observations and n′ is the total number of uncensored
observations.
Therefore, Maximum likelihood equations are given (cf. Miller [12])

n′

c′
−

n∑
t=1

tl′ = 0 , (3.17)

n′

l′
−

n′∑
t′=1

log t′− c′
n∑

t=1
tl′ log t = 0, (3.18)

where t′ is the uncensored observation’s failure time.
On solving these equations, we get the estimates of l′ and c′.
Therefore, l̂ = l′−1 and ĉ = c′l′
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We take the initial values of l′ as (l′)0 and c′as (c′)0 and use Newton-Raphson method to solve
for l′ and c′.
(l′)0 and (c′)0 are solutions for fitting the baseline hazard rate (uncensored part of data).

i.e. h0(t′)= ct′l ; t′ denotes uncensored observation’s failure time. Taking log, we get

H0(t′)= c1 + lτ ,

where H0(t′)= logh0(t′), c1 = log(c) and τ= log(t′).
Therefore,∑

t′
H0(t′)=∑

t′
c1 + l

∑
t′
τ (3.19)

⇒ ∑
t′
τH0(t′)=∑

t′
(τc1)+ l

∑
t′

(τ2) (3.20)

Solving (3.19) and (3.20), we get estimates of c and l as (c)0 and (l)0.

Therefore,

(l′)0 = (l)0 +1 and (c′)0 = (c)0

(l′)0
. (using (3.14)) (3.21)

Let, hi jk(t′)= �h(t′), then

ĥ(t)= h0(t′)eα
′X+β′Y+γ′Z . (3.22)

Further,

hi jk(t′)= �h(t′)=− 1
S(t′)

∆S(t′)
∆t′

(3.23)

and S(t′)= e−
∫ t′

0 h(t)dt = P (surviving up to time t′).
Therefore, we have

h0(t′)=
�h(t′)

eα′X+β′Y+γ′Z =
− 1

S(t′)
∆S(t′)
∆t′

eα′X+β′Y+γ′Z . (3.24)

Now, we have set of covariates as (0,0,0), (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0) and
(1,1,1). The corresponding baseline hazard rates are h000

0 (t′), h001
0 (t′), h010

0 (t′), h011
0 (t′), h100

0 (t′),
h101

0 (t′), h110
0 (t′) and h111

0 (t′). Average of these hazard rates may be taken as an estimate of
h0(t′).

4. Numerical Illustration
A randomly censored data of 195 cancer patients taken from Kalbfleisch and Prentice [8] is used
for estimating Relative Risk with a set of three covariates. The data comes from the section of the
population exposed to radiations emanating from nuclear plants, atom bomb explosions/testing
and exposure to radiotherapy such as X rays. Out of 195 patients, 142 patients are uncensored
(i.e. n = 195 and n′ = 142). Since, experiment is stopped at the end of 1800 days, therefore, one
patient who survived beyond 1800 weeks are excluded for the analysis purposes as summarized
in Table 1.
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Table 1. Distribution of 195 patients

Time (days) Number of
∑

T1i
∑

T2i
∑

T3i
∑

T1iT2i
∑

T1iT3i
∑

T2iT3i
∑

T1iT2iT3i
up to patients

300 66 36 34 31 21 18 20 12
600 126 69 45 65 27 34 28 16
900 153 78 48 78 29 39 31 18

1200 174 84 49 92 29 43 32 18
1500 188 92 51 101 30 49 33 19
1800 194 94 51 103 30 49 33 19

Estimates of α′, β′ and γ′ and hence àRR(X ), àRR(Y ) and àRR(Z) along with baseline hazard rates
for different time period are obtained by solving equations (3.10), (3.11) and (3.12) and using
equations (3.6), (3.7) and (3.8). The results are summarized in Table 2. The Relative Risk with
variations in the values of covariates with respect to time is shown in Figure 1, Figure 2 and
Figure 3. Similarly, survival probabilities and the life expectancy at different time period is
obtained. This proceeds towards an idea of constructing a life table for the people exposed to a
set of risks, viz. nuclear radiations, pollution etc.

Table 2. Estimates of Relative Risks over time

Time (days) up to α′ β′ γ′ h0(t) àRR(X ) àRR(Y ) àRR(Z)

300 −0.167 0.460 0.506 0.001103 0.846 1.1584 1.658

600 −0.133 0.983 −0.236 0.001081 0.876 2.674 0.790

900 0.050 1.056 −0.158 0.001196 1.051 2.876 0.854

1200 0.228 1.196 −0.289 0.001516 1.256 3.306 0.749

1500 0.136 1.100 −0.242 0.002029 1.146 3.004 0.785

1800 0.120 1.160 −0.172 0.002254 1.128 3.189 0.844

Figure 1. RR(X ) curve
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Figure 2. RR(Y ) curve

Figure 3. RR(Z) curve

5. Conclusion
Figure 1 and Table 2 show that the Relative Risk of new experimental treatment in comparison
to standard treatment increases with time, however the advantage of standard treatment
decreases with the passage of time. Similarly, Figure 2 and Table 2 clearly show that the
Relative Risk of patients with history of pre-morbidity is higher and the disadvantage of poorer
health condition get reduced with time.This clearly suggests that radiation (gamma rays, x
rays, α particles, β particles etc.) exposed population assumed to have low immunity has higher
hazard of getting trap into cancer resulting in higher Relative Risk in comparison to unexposed
population. Findings of Figure 3 and Table 2 with respect to impact of age on Relative Risk
indicates that persons with higher age group has certain advantage in the beginning (this is
possible because of a disciplined life style of senior citizens in comparison to younger people),
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however with the passage of time it gets reduced and Relative Risk increases.The concept can
further be extended to construct mortality tables for the people exposed to the risk of certain
radiations causing chronic diseases.
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