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Abstract. We propose a novel cavity enhanced absorption spectroscopic technique to sensitively
measure atomic density and refractive index of a sample gas. We theoretically investigate the quantum
optical response of a gas of atoms enclosed inside an optical cavity to a probe beam that passes through
it. In particular, we study the intracavity spectra, the output spectra and the spectra of the fluctuations.
We show that the response of the system is sensitive to small changes in the number of atoms and the
refractive index.
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1. Introduction
Physical properties of chemicals compounds like refractive index and atomic/molecular density
(concentration) are not observed directly but through their effects on a light beam passing
through a sample. As a result of the absorption of light passing through the compound, particles
are excited to higher energy levels and then lose energy in various ways like spontaneous
emission, collision, etc., this forms the basis of absorption spectroscopy. The relationship between
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concentration (C), the path length of the sample (l), the incident (I0(λ)) and transmitted (I(λ, l))
intensities of radiation is expressed by the Bear-Lambert Law, I(λ, l) = I0(λ)exp(−Clσ(λ)),
where σ(λ) is the absorption cross-section [3, 12, 18]. There are many numerous techniques
that has been applied to gas detection, identification and measuring its refractive index
and density. One of the popular methods is Differential Optical Absorption Spectroscopy
(DOAS) which has been applied to monitoring atmosphere pollutants [11,13,17]. In order to
increase the sensitivity, reflective multipass cells are used like tunable diode laser spectroscopy
(TDLAS) [7, 9]. However, optoelectronic methods provide a better alternative to sensitive
measurements of concentration. Carity Ring Down Spectroscopy (CRDS) provides a much higher
sensitivity compared to conventional absorption spectroscopy [4]. Some of the different types
of carity enhanced systems that are in use are Pulsed-CRDS [14], continuous wave-CRDS [8],
integrated cavity output spectroscopy (ICOS) [10], fiber-optic CRDS [1] and ring-down spectral
photography (RSP) [6,15,16]. Given the interesting applications of optoelectronic techniques in
absorption spectroscopy, we theoretically propose and analyse the quantum optical response
of a Fabry-Perot cavity being used as a sensitive sensor to measure the refractive index and
atomic/molecular density of a gas confined in the optical cavity.

2. The Model and Theory
We consider a gas of N two-level atoms confined in an optical cavity with resonance frequency
ωc as shown in Figure 1. A strong pump field with frequency ωl drives the cavity. The cavity
field interacts with the gas atoms through the Jaynes-Cummings interaction with the coupling
strength g. The Hamiltonian of the system can be written as,

H = ~ωca†a+~
N∑

i=1
ωdσ

i
11 +~g

N∑
i=1

(a†σi
−+aσi

+)+ i~Ep(a†e−iωl t −aeiωl t)

+ i~Epr(a†e−iωp t −aeiωp t). (2.1)

Figure 1. Schematic diagram of the cavity enhanced absorption spectroscopic technique
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The first term is the bare energy of the optical cavity with a(a†) being the destruction
(creation) operator of the cavity photon. Here we are taking the ground state |0〉 energy as zero.
Therefore in the second term ~ωd is the energy of separation between the ground |0〉 and the
first excited state |1〉, with σi

11 = |1〉〈1|. The third term is the Jaynes-Cummings interaction term
between the optical cavity mode and two-level atoms, with σi

± are the usual Pauli operators
of the ith atom. The fourth term is the pump field driving the cavity with pumping rate Ep

and frequency ωl . The last term is the probe with amplitude Epr and frequency ωp. We use
the Holstein-Primakoff transformation [2] and define

∑i=1
N σi+ =p

N A†,
∑i=1

N σi− =p
N A, where

[A, A†]= 1 is satisfied. Now, we rewrite the Hamiltonian of eqn. (2.1) in a frame rotating at the
pump frequency ωl . This yield:

H = ~∆ca†a+~∆d A†A+~gN(a†A+aA†)+ i~Ep(a† −a)+ i~Epr(a†e−iδt −aeiδt), (2.2)

where ∆c =ωc −ωl , ∆d =ωd −ωl , δ=ωpr −ωl and gN = g
p

N .
Using the Hamiltonian of eqn. (2.2), the Heisenberg-Langevin equations for the operators a

and A can be written as,

ȧ =−i(∆c − iκc/2)a− igN A+Ep, (2.3)

Ȧ =−i(∆d − iκd/2)A− igNa. (2.4)

Here κc and κd are the decay rates of the cavity mode and the two-level atoms. It is important
to note that the decay rate of the cavity photon κc is,

κc = c
2nLF

, (2.5)

where c is the velocity of light, n is the refractive index of the medium, L is the length of the
cavity and F is the finesse of the cavity defined as,

F = π
p

R
1−R

, (2.6)

where R is the reflectivity of the mirrors. The lifetime of the photon τp = 1/κc. Larger the
refractive index n, longer the time, photon stays inside the cavity. In the next section, we will
analyze the steady state solutions of eqns. (2.3) and (2.4) under the mean-field approximation.

3. Steady State Analysis
In the eman-field approximation, 〈a〉 = as and 〈A〉 = As. Taking 〈ȧ〉 = 〈Ȧ〉 = 0, we obtain from
the Heisenberg equations of motion the follwing steady-state solutions:

As =− gNas

(∆d − iκd/2)
, (3.1)

as =− (gN As +Ep)
(∆c − iκd/2)

. (3.2)

Solving eqns. (3.1) and (3.2), we get,

|as|2 =
|Ep|2(∆2

d +κ2
d/4)

(g2
N +κcκd/4−∆c∆d)2 + (∆dκc/2+∆cκd/2)2

. (3.3)

Figure 2 illustrates the influence of changing the number of atoms N and the refractive
index n on the intracavity photon number |as|2. Changes in N and n is directly associated
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with changes in gN and κc respectively. Figure 2a illustrates intracavity photon number |as|2
as a function of ∆c/κc for two values of gN = 1.0κc (thick line) and gN = 1.5κc (thin line). As
evident, for gN = 1.5κc , the values of |as|2 are much lower compared to that for gN = 1.0κc since
gN = 1.5κc has relatively a larger number of atoms, hence leading to a larger absorption of
cavity photons. Figure 2b shows the variation of |as|2 as a function of gN /κc . A steep decrease in
|as|2 as gN /κc increases is noticed. Figure 2c demonstrates the variation of |as|2 as a function
of ∆c/κd for two values of κc/κd = 1.0 (thick line) and κc/κd = 1.5 (thin line). Higher value of κc

indicates a lower refractive index. Clearly, a higher value of n (hence smaller κc) diminishes
|as|2. The intracavity intensity corresponding to κc/κd = 1.5 is smaller compared to that for
κc/κd = 1.0 since a larger κc implies smaller photon lifetime τp . Hence, the photon stays inside
the cavity for a shorter duration of time. In Figure 2d, plot of |as|2 versus κc/κd shows an almost
linear decrease in |as|2 as κc increases.

(a) (b)

(c) (d)

Figure 2. (a) Plot of intracavity photons |as|2 as a function of ∆c/κc for two different values of gN = 1.0κc
(thick line) and gN = 1.1κc (thick line), (b) Plot of |as|2 as a function of gN /κc , (c) Plot of |as|2 versus
∆c/κd for two values of κc = 1.0κd (thick line) and κc = 1.5κd (thin line), (d) Plot of |as|2 versus κc/κd . All
the parameters in plots (a) and (b) are dimensionless with respect to κc while in plots (c) and (d), the
parameters are dimensionless with respect to κd

4. Output Field: Input-Output Theory
In this section, we calculate the output field from the cavity which is related to the input field
via the internal dynamics of the cavity [5]. Rewitting eqns. (2.3) and (2.4) in frequency space,

− iωa(ω)=−i(∆c − iκc/2)a(ω)− igN A(ω)+p
κcain(ω), (4.1)
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− iωA(ω)=−i(∆d − iκd/2)A(ω)− igNa(ω). (4.2)

Here, we have replaced Ep by
p
κcain(ω), where ain(ω) describes the incoming field in

frequency space. Solving eqns. (4.1) and (4.2) and using the input-output relation aout(ω) =
ain(ω)−p

κca(ω), where aout(ω) is the output field yields aout(ω) as,

aout(ω)= fN(ω)ain(ω)
fD(ω)

, (4.3)

where fN(ω) = (
g2

N −κcκd/4− (∆c −ω)(∆d −ω)
) + i ((∆c −ω)κd/2− (∆d −ω)κc/2)) and fD(ω) =(

g2
N +κcκd/4− (∆c −ω)(∆d −ω)

)+ i ((∆d −ω)κc/2− (∆c −ω)κd/2)).

(a) (b)

Figure 3. (a) Plot of output field | aout(ω)
ain(ω) |2 as a function of ω/κc for gN = 1.0κc (thick line) and gN = 1.5κc

(thin line), (b) plot of | aout(ω)
ain(ω) |2 versus ω/κc for κc = 0.8κd (thick line) and κc = 1.5κd (thin line). All

the parameters in plot (a) are dimensionless with respect to κc while in plot (b), the parameters are
dimensionless with respect to κd

Figure 3 illustrates the plot of eqn. (4.3) as a function of ω/κc . In Figure 3a, plot of |aout(ω)
ain(ω) |2

as a function of ω/κc for gN = 1.0κc (thick line) and gN = 1.5κc (thin line) is shown. Two
symmetrical absorption dips are visible around ω/κc = 0 for gN = 1.0κc . The separation between
the two absorption dips increase on increasing gN = 1.5κc. A small transmission seen at ω= 0
for gN = 1.0κc also significantly increases for gN = 1.5κc. The separation between the two
absorption dips increases as gN (hence N) increases. Figure 3b illustrates the variation of
|aout(ω)

ain(ω) |2 as a function of ω/κd for two values of κc = 0.8κd (thick line) and κc = 1.5κd (thin line).
The separation between the absorption dips is not significantly differ for the two different values
of κc but the transmission at ω= 0 is higher for κc = 0.8κd compared to that for κc = 1.5κd . This
indicates a higher absorption of input light for a larger refractive index as was also evident
from Figure 2d.

5. Absorption Spectra: Fluctuation Dynamics
Compared to the strong pump field, the probe field is weak that satisfies the condition Epr ¿ Ep .
We can therefore linearize the dynamical equations of the system by considering a = as+δa and
A = As +δA. Here as and As are the average steady state values of a and A respectively while
δa and δA are their corresponding fluctuations. Therefore, the Quantum Langevin Equation
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(QLE) are:

δ̇a =−i(∆c − iκc/2)δa− igNδA+Epr e−iδt + f in, (5.1)
˙δA =−i(∆d − iκd/2)δA− igNδa, (5.2)

where f in is the noise term for δa, satisfying 〈 f in = 0〉. The fluctuation terms δa, δA and the
noise term f in can be rewritten as [19],

δa = δa+e−iδt +δa−eiδt, (5.3)

δA = δA+e−iδt +δA−eiδt, (5.4)

f in = δ f in,+e−iδt +δ f in,−eiδt . (5.5)

Substituting eqns. (5.3) to (5.5) in eqns. (5.1) and (5.2) yields the equations for the components
δa+ and δA+ as,

˙δa+ = (iλa −κc/2)δa+− igNδA++Epr +δ f in,+, (5.6)
˙δA+ = (iλA −κd/2)δA+− igNδa+, (5.7)

where λa = δ−∆c and λA = δ−∆d . Under the mean-field steady state condition 〈 ˙δa+〉 = 〈 ˙δA+〉 = 0,
we obtain

0= (iλa −κc/2)〈δa+〉− igN〈δA+〉+Epr, (5.8)

0= (iλA −κd/2)〈δA+〉− igNδ〈a+〉 . (5.9)

The solution of 〈δa+〉 is obtained as,

〈δa+〉 =
Epr

(κc/2− iλa)+ g2
N

(κd /2−iλA)

. (5.10)

Using the input-output relation of the cavity, we obtain the quadrature εT of the output field as,

εT = 2κc〈δa+〉
Epr

= 2κc

(κc/2− iλa)+ g2
N

(κd /2−iλA)

. (5.11)

The real part Re[εT] describe the absorption of the system in which we are interested.
Figure 4 shows the plot of Re[εT] versus δ/κc (Figure 4a and Figure 4b) and δ/κd (Figure 4c).
Figure 4a for gN = 1.0κc shows a typical plot with two symmetrical absorption peaks around
both sides of δ = 0 and a small transparency dip at δ = 0. At gN = 2.0κc, the separation
between the absorption peaks increases with a corresponding decrease in amplitude of Re[εT].
The transparency dip also increases at δ= 0 for gN = 2.0κc. Figure 4b shows the effect of ∆c

on the Re[εT]. For very small ∆c = 0.01κc, a symmetrical spectrum around δ= 0 is obtained.
Asymmetry in the absorption spectrum is generated as soon as ∆c deviates significantly from
∆c = 0 (here we have taken ∆c = 1.2κc). Figure 4c shows the variation of Re[εT] as a function
of δ/κd for two values of κc : κc = 0.8κc and κc = 1.5κd . At higher value of κc (= 1.5κd), the
absorption is more compared to that for κc = 0.8κd . This is evident from the plots that the
amplitude (dip) of the absorption peaks (transparency) is more (less) for κc = 1.5κd compared
to that for κc = 0.8κc. A larger κc implies a smaller lifetime of the photon τp inside the cavity.
Consequently, for a larger κc = 1.5κd , the output intensity is greater as compared to that for a
relatively smaller κc = 0.8κd .
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(a) (b)

(c)

Figure 4. (a) Absorption spectrum Re[εT ] as a function of δ/κc for gN = 1.0κc (thick line) and gN = 1.4κc
(thin line), (b) Re[εT ] as a function of δ/κc for two values of cavity detuning ∆c = 0.01κc (thick line) and
∆c = 1.2κc (thin line), (c) Plot of Re[εT ] as a fucntion of δ/κd for κc = 0.8κd (thick line) and κc = 1.5κd
(thin line). All the parameters in plots (a) and (b) are dimensionless with respect to κc while in plot (c),
the parameters are dimensionless with respect to κd

6. Conclusions
In this work, quantum optical analysis of cavity enhanced absorption spectroscopic method
was shown. This method provide the possibility of a greater level of sensitivity compared to
conventional absorption spectroscopy. Multiple transits of the intracavity laser field through
the sample between the two cavity mirrors allow for a larger atom-field interaction leading
to an increased sensitivity of the proposed technique. A small change in the number of atoms
or the refractive index can be detected with precision particularly when one is measuring the
fluctuation spectra. In practical implementations, a single mode stabilized pump laser, a weak
probe laser which can be derived from the pump, a high quality factor optical cavity and a very
sensitive photoreceiver is required.
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