Journal of Atomic, Molecular, Condensed Matter & Nano Physics

Vol. 8, No. 2, pp. [f57H165] 2021 RGN

ISSN 2582-8215

Published by RGN Publications http://www.rgnpublications.com

DOI:10.26713/jamcnp.v8i2.1671

| Research Article |

Quantum Optical Analysis of Atomic Density and
Refractive Index Employing Cavity Enhanced
Absorption Spectroscopy

Surabhi Yadav'™, Suman Dudeja®"™* and Aranya B. Bhattacherjee*

1 Department of Physics, Birla Institute of Technology and Science, Pilani, Hyderabad Campus,
Telangana 500078, India

2 Department of Chemistry, ARSD College (University of Delhi), Delhi 110007, India

*Corresponding author: aranyabhuti@hyderabad.bits-pilani.ac.in

Received: September 9, 2021 Accepted: October 28, 2021

Communicated by: G. Somasundaram

Abstract. We propose a novel cavity enhanced absorption spectroscopic technique to sensitively
measure atomic density and refractive index of a sample gas. We theoretically investigate the quantum
optical response of a gas of atoms enclosed inside an optical cavity to a probe beam that passes through
it. In particular, we study the intracavity spectra, the output spectra and the spectra of the fluctuations.
We show that the response of the system is sensitive to small changes in the number of atoms and the
refractive index.
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1. Introduction

Physical properties of chemicals compounds like refractive index and atomic/molecular density
(concentration) are not observed directly but through their effects on a light beam passing
through a sample. As a result of the absorption of light passing through the compound, particles
are excited to higher energy levels and then lose energy in various ways like spontaneous
emission, collision, etc., this forms the basis of absorption spectroscopy. The relationship between


http://doi.org/10.26713/jamcnp.v8i2.1671
https://orcid.org/0000-0002-5128-9401
https://orcid.org/0000-0001-8975-4746
https://orcid.org/0000-0002-7713-8927

158 Quantum Optical Analysis of Atomic Density and Refractive Index Employing Cavity. .. : S. Yadav et al.

concentration (C), the path length of the sample (), the incident (¢(1)) and transmitted (1(A,7))
intensities of radiation is expressed by the Bear-Lambert Law, I(A,l) = Io(1)exp(—Cla(1)),
where (1) is the absorption cross-section [3,12,18]. There are many numerous techniques
that has been applied to gas detection, identification and measuring its refractive index
and density. One of the popular methods is Differential Optical Absorption Spectroscopy
(DOAS) which has been applied to monitoring atmosphere pollutants [11,/13,17]. In order to
increase the sensitivity, reflective multipass cells are used like tunable diode laser spectroscopy
(TDLAS) [7,9]. However, optoelectronic methods provide a better alternative to sensitive
measurements of concentration. Carity Ring Down Spectroscopy (CRDS) provides a much higher
sensitivity compared to conventional absorption spectroscopy [4]. Some of the different types
of carity enhanced systems that are in use are Pulsed-CRDS [14], continuous wave-CRDS [8]],
integrated cavity output spectroscopy (ICOS) [10], fiber-optic CRDS [1] and ring-down spectral
photography (RSP) [6,(15,(16]. Given the interesting applications of optoelectronic techniques in
absorption spectroscopy, we theoretically propose and analyse the quantum optical response
of a Fabry-Perot cavity being used as a sensitive sensor to measure the refractive index and
atomic/molecular density of a gas confined in the optical cavity.

2. The Model and Theory

We consider a gas of N two-level atoms confined in an optical cavity with resonance frequency
w. as shown in Figure|ll A strong pump field with frequency w; drives the cavity. The cavity
field interacts with the gas atoms through the Jaynes-Cummings interaction with the coupling
strength g. The Hamiltonian of the system can be written as,

N . N . . . .
H=hw.a'a+ hY wqol+hg Z(aTU‘_ +acl)+ ihEp(aTe_“‘”t —ae'®t)
i=1 i=1
+ihEpr(aTe_i“’Pt—aei“’Pt). (2.1)
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Figure 1. Schematic diagram of the cavity enhanced absorption spectroscopic technique
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The first term is the bare energy of the optical cavity with a(a’) being the destruction
(creation) operator of the cavity photon. Here we are taking the ground state |0) energy as zero.
Therefore in the second term Aw, is the energy of separation between the ground |0) and the
first excited state |1), with (f‘il =|1)(1]. The third term is the Jaynes-Cummings interaction term
between the optical cavity mode and two-level atoms, with 0'; are the usual Pauli operators
of the i** atom. The fourth term is the pump field driving the cavity with pumping rate E »
and frequency w;. The last term is the probe with amplitude E,, and frequency w,. We use
the Holstein-Primakoff transformation [2] and define Z? 1 ai =vVNAT, Z}:\? lgi =V/NA, where
[A,AT]=1 is satisfied. Now, we rewrite the Hamiltonian of eqn. in a frame rotating at the
pump frequency w;. This yield:

H=hAa'a+hAgATA + hgn(a™A+aAT) +ihE (o' —a) +ihE , (aTe %t —ae®®),  (2.2)

where Ac =w.—w;, Ay =wqg—w;, 6 =wp,—w; and gy =gVN.
Using the Hamiltonian of eqn. (2.2), the Heisenberg-Langevin equations for the operators a
and A can be written as,

a=-i(A;—ixc/2)a—ignA+E,, (2.3)
A=—i(Ag—ixg/2)A-igna. (2.4)

Here . and x4 are the decay rates of the cavity mode and the two-level atoms. It is important

to note that the decay rate of the cavity photon . is,
c

Ke= 77
2nLF
where c is the velocity of light, n is the refractive index of the medium, L is the length of the
cavity and F is the finesse of the cavity defined as,

/R
1-R’
where R is the reflectivity of the mirrors. The lifetime of the photon 7, = 1/x.. Larger the

(2.5)

(2.6)

refractive index n, longer the time, photon stays inside the cavity. In the next section, we will
analyze the steady state solutions of eqns. (2.3) and (2.4) under the mean-field approximation.

3. Steady State Analysis

In the eman-field approximation, (a) = as and (A) = A,. Taking (d) = (A) = 0, we obtain from
the Heisenberg equations of motion the follwing steady-state solutions:

8ENGas
Ag=———-"""7""-, 3.1
(Ad - in/2) ( )
A;+E
as = _M. (3.2)
(A;—1ixg/2)
Solving eqns. (3.1) and (3.2), we get,
|E ,12(AZ +x2/4)
jas|? = L4 _d (3.3)

(83 +KcKald— AcAg)? +(AgKe/2+ Ackg/2)?
Figure [2|illustrates the influence of changing the number of atoms N and the refractive
index n on the intracavity photon number las|?. Changes in N and n is directly associated
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with changes in gn and . respectively. Figure [2alillustrates intracavity photon number |a|?
as a function of A./x. for two values of gn = 1.0k, (thick line) and gy = 1.5« (thin line). As
evident, for gy = 1.5k,, the values of |a;|2 are much lower compared to that for gn = 1.0« since
gn = 1.5k, has relatively a larger number of atoms, hence leading to a larger absorption of
cavity photons. Figure [2b|shows the variation of |as|? as a function of gn/k.. A steep decrease in
las|? as gn/k. increases is noticed. Figure [2¢| demonstrates the variation of |a,|? as a function
of A./x 4 for two values of x./x4 = 1.0 (thick line) and x./x4 = 1.5 (thin line). Higher value of x.
indicates a lower refractive index. Clearly, a higher value of n (hence smaller x.) diminishes
las|2. The intracavity intensity corresponding to x./kq = 1.5 is smaller compared to that for
Kc/kq = 1.0 since a larger k. implies smaller photon lifetime 7,. Hence, the photon stays inside
the cavity for a shorter duration of time. In Figure plot of |a s|? versus x./xg shows an almost
linear decrease in |a3|2 as K. increases.

00 05 10 15 20

gN/Kc
(b)
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«_ 020}
% (.18}
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Figure 2. (a) Plot of intracavity photons |a |2 as a function of A./x, for two different values of gn =1.0x,
(thick line) and gy = 1.1k, (thick line), (b) Plot of |as|? as a function of gn/x., (c) Plot of |as|? versus
A/x g for two values of k. = 1.0x4 (thick line) and «. = 1.5x4 (thin line), (d) Plot of |as|? versus x./kg4. All
the parameters in plots (a) and (b) are dimensionless with respect to x, while in plots (¢) and (d), the
parameters are dimensionless with respect to x4

4. Output Field: Input-Output Theory

In this section, we calculate the output field from the cavity which is related to the input field
via the internal dynamics of the cavity [5]. Rewitting eqns. (2.3) and (2.4) in frequency space,

—iwa(w) = —i(A; — ik /2)a(w) — igNA(w) + VKcain(w), (4.1)
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—lwA(w) =—-i(Ag — ixq/2)A(w) — igna(w). (4.2)

Here, we have replaced E, by \/x.a;,(w), where a;,(w) describes the incoming field in
frequency space. Solving eqns. and and using the input-output relation a,,:(w) =
ain(w)— /xca(w), where a,,:(w) is the output field yields a,,:(w) as,

aout(w) = M, (43)
fp(w)
where fy(w) = (g%v —Kekgld— (A —w)(Ag — w)) + 1((Ae —w)kg/2 —(Ag —w)x./2)) and [p(w) =
(83 +xckald— (A —w)Ag — ) +i (Ag — w)K /2 — (Ac — w)K3/2)).

1.0 1.0
~ 08 « 0.8}
F06 $ 0.6
= =
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Figure 3. (a) Plot of output field Ia""‘(w) |2 as a function of w/x, for gn = 1.0k, (thick line) and gy = 1.5k,

(thin line), (b) plot of I”"””(“’)I2 versus w/k, for x, = 0.8xy4 (thick line) and x. = 1.5x4 (thin line). All
the parameters in plot (a) are dimensionless with respect to x, while in plot (b), the parameters are
dimensionless with respect to kg

Figure |3|illustrates the plot of eqn. as a function of w/x.. In Figure[3al plot of I‘Z"”t((ww)) |2
as a function of w/x. for gy = 1.0x. (thick line) and gy = 1.5x,. (thin line) is shown. Two
symmetrical absorption dips are visible around w/x. =0 for gn = 1.0x.. The separation between
the two absorption dips increase on increasing gy = 1.5x.. A small transmission seen at w =0
for gy = 1.0k, also significantly increases for gy = 1.5x.. The separation between the two
absorption dips increases as gy (hence N) increases. Figure [3b|illustrates the variation of
I‘fl°””(%) |2 as a function of w/xy for two values of k. = 0.8« (thick line) and k. = 1.5x4 (thin line).
The separation between the absorption dips is not significantly differ for the two different values
of k. but the transmission at w = 0 is higher for x. = 0.8x; compared to that for x. = 1.5x4. This

indicates a higher absorption of input light for a larger refractive index as was also evident
from Figure

5. Absorption Spectra: Fluctuation Dynamics

Compared to the strong pump field, the probe field is weak that satisfies the condition £, < E,.
We can therefore linearize the dynamical equations of the system by considering a = a5+ 6a and
A=A;+06A. Here a; and A; are the average steady state values of @ and A respectively while
d0a and 6 A are their corresponding fluctuations. Therefore, the Quantum Langevin Equation
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(QLE) are:
da = —i(A, —ik/2)0a —ignSA+E e 0 4 fi, (5.1)
SA = —i(Ag —ixg/2)6A —ignba, (5.2)

where f;, is the noise term for da, satisfying (f;, = 0). The fluctuation terms 6a, 6A and the
noise term f;, can be rewritten as [[19]],

oa = 5a+e_i5t +5a_ei5t, (5.3)
S5A=06A,e 0+ 5A e, (5.4)
fin =0finse " +bfin,e"". (5.5)

Substituting eqns. (5.3) to (5.5) in eqns. (5.1) and (5.2) yields the equations for the components
0a, and 6A, as,

Sasr=(idg —xc/2)0as —igNOAL +Epp +6fin+, (5.6)
SA, =(ida —Kkg/2)0A, —ignbay, (5.7

where A, =8—-A, and A4 = §—Ag. Under the mean-field steady state condition (§a.) = (§A,) =0,
we obtain

0=>Aq —xc/2)0as)—igN(OAL) +E,, (5.8)

0=(I1a —xq/2)(0A ) —ignO(a). (5.9)
The solution of (da.) is obtained as,

E

(bay) = el - (5.10)
(Ke/2—1iAg) + —(Kd/ZJ_VMA)

Using the input-output relation of the cavity, we obtain the quadrature e7 of the output field as,

2x.{(0a,) 2K,
= = 5.11
€T E, 2 (5.11)

(k/2—1Mg)+ TN

The real part Reler] describe the absorption of the system in which we are interested.
Figure [4| shows the plot of Rel[er] versus 6/«x. (Figure |4al and Figure and 6/xg4 (Figure |4c).
Figure [4alfor gn = 1.0x. shows a typical plot with two symmetrical absorption peaks around
both sides of 6 = 0 and a small transparency dip at 6 = 0. At gy = 2.0x., the separation
between the absorption peaks increases with a corresponding decrease in amplitude of Rel[er].
The transparency dip also increases at 6 = 0 for gn = 2.0x... Figure [4b| shows the effect of A,
on the Reler]. For very small A, = 0.01«x., a symmetrical spectrum around 6 = 0 is obtained.
Asymmetry in the absorption spectrum is generated as soon as A, deviates significantly from
A. =0 (here we have taken A, = 1.2x.). Figure [4c|shows the variation of Re[er] as a function
of 6/x4 for two values of k. : k. = 0.8x. and k. = 1.5x4. At higher value of k. (= 1.5x4), the
absorption is more compared to that for x. = 0.8x4. This is evident from the plots that the
amplitude (dip) of the absorption peaks (transparency) is more (less) for x. = 1.5x4 compared
to that for k. = 0.8x.. A larger k. implies a smaller lifetime of the photon 7, inside the cavity.
Consequently, for a larger . = 1.5x4, the output intensity is greater as compared to that for a
relatively smaller k. = 0.8« .
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Figure 4. (a) Absorption spectrum R eleT] as a function of 6/x. for gn = 1.0k, (thick line) and gn = 1.4x,
(thin line), (b) ReleT] as a function of 6/x. for two values of cavity detuning A, = 0.01x, (thick line) and
A. = 1.2k, (thin line), (c) Plot of Re[eT] as a fucntion of /x4 for k. = 0.8k (thick line) and . = 1.5k
(thin line). All the parameters in plots (a) and (b) are dimensionless with respect to k. while in plot (c),
the parameters are dimensionless with respect to xg

6. Conclusions

In this work, quantum optical analysis of cavity enhanced absorption spectroscopic method
was shown. This method provide the possibility of a greater level of sensitivity compared to
conventional absorption spectroscopy. Multiple transits of the intracavity laser field through
the sample between the two cavity mirrors allow for a larger atom-field interaction leading
to an increased sensitivity of the proposed technique. A small change in the number of atoms
or the refractive index can be detected with precision particularly when one is measuring the
fluctuation spectra. In practical implementations, a single mode stabilized pump laser, a weak
probe laser which can be derived from the pump, a high quality factor optical cavity and a very
sensitive photoreceiver is required.
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