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Abstract. Electron injection for direct acceleration by a circularly polarized Gaussian laser ﬁeld
under the inﬂuence of azimuth magnetic ﬁeld is studied. The electron energy gain, γ versus electron’s
injection angle δ at different values laser intensity parameters and laser spot size shows the energy
enhancement on increasing the parameters. For a small change in angle of injection then there
appears a signiﬁcant change in electron energy gain also for the variation of energy gain and
magnetic ﬁeld energy gain increases when value of δ is 8.5, 8.0, 13.5 and 13, respectively. It is
observed that δ should be small and optimized for appropriate momentum to maximize the electron
energy gain due to a relativistic longitudinal momentum and the variation of the scattering angle
of the electron θ with respect to electron’s injection angle δ in the presence of magnetic ﬁeld shows
a relatively lower scattering is observed with optimized values of injection angle in the presence of
magnetic ﬁeld.
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1. Introduction
During last decade the laser driven electron acceleration mechanism has become a fast
advancing area of scientiﬁc research [1, 2]. Due to its compactness and low-cost the laser
acceleration of particles has been proposed the conventional acceleration schemes [3, 4]. As we
know that when an electron accelerated along a speciﬁc direction (say z-direction) by a linear
electrostatic plasma wave then electron is accelerated and its velocity increases which tends to
the speed of light, v z → c . Suppose the phase velocity of the plasma wave is constant with
v p < c then the electrons will eventually outrun the plasma wave and move into a phase
region of the plasma wave that is decelerating. The relative error may be signiﬁcant for some
speciﬁc values of initial phase even at moderate values of laser spot sizes and it does not
show initial phase dependence for a circularly laser pulse [5]. The researchers considered
tight focusing of the laser pulse for electron acceleration in vacuum [6, 8] and the valuable
works on the combined effect of tight focusing and frequency chirping of a laser beam on a
test particle acceleration in vacuum. Direct electron acceleration in vacuum is an interesting
ﬁeld and by the some people it has been investigated experimentally and theoretically [9, 10].
If a laser beam is focused down to the order of laser wavelength, then a Gaussian beam
description becomes inaccurate [11, 12]. Direct laser acceleration of electrons can be achieved
by utilizing the axial ﬁeld of a guided, radially polarized laser pulse in a density-modulated
plasma waveguide [13]. Laser acceleration is less expensive than acceleration by conventional
accelerators. A few years earlier the ionization-based injection schemes have attracted much
attention due to their simplicity and ﬂexibility [14, 15]. If the angle of injection is small then
about the propagation axis of laser pulse deﬁnitely improves the electron energy gain during
laser-electron interaction. If we inject into a single plasma wave bucket, it is necessary for both
the injection pulse spot size and pulse length to be small compared to the plasma wavelength.
As we are familiar that higher energy gain by the electron with a circularly polarized (CP)
laser beam in comparison with a linearly polarized (LP) is indicated by the polarization
characteristics of a Gaussian laser beam. An electron while interacting with CP laser pulse
experiences a force due to longitudinal component of electric ﬁeld of laser. Ionization injection
induced by short wavelength laser pulses inside a nonlinear wakeﬁeld driven by a longer
wavelength laser was investigated using multidimensional particle-in-cell (PIC) simulations
and generation of very bright electron beams in either collinear propagating or transverse
colliding geometry revealed [16]. Ultra-intense radially polarized (RP) laser beam has a strong
longitudinal ﬁeld component at the axis of the beam for accelerating electrons and among
the various laser acceleration conﬁgurations it is very promising [17–19]. For direct electron
acceleration in vacuum which employed by a relativistic single particle simulation, the net
electron energy gain from the axicon Gaussian radially polarized laser beam is enhanced
under the inﬂuence of time varying axial magnetic ﬁeld [20]. The study shows that on laser
driven electron acceleration use low-order Gaussian or Bessel beams [21–24]. Some parameters
such as the laser parameters, pulse polarizations, beam width, initial phase, tight focusing,
frequency ampliﬁcations, chirped-pulse ampliﬁcation (CPA), and transverse electromagnetic
(TEM) modes, these were analysed for the generation of high energy electron [7, 25–28]. Some
people show that the study electron energy gain for higher modes is high, but it suffers with
de-phasing of electron at shorter distance in the absence of any additional magnetic ﬁeld [29],
also the role of distinct mode indices under the inﬂuence of axial magnetic ﬁeld can be utilized
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for the formulation of desired-sized accelerators based on the accelerating distance of electron.
In LWFA by a short laser pulse an electron plasma wave is driven resonantly also additional
injection mechanism is required [30]. There are two types of velocity named group velocity
and phase velocity these two play an important role in laser-plasma acceleration the phase
velocity of the plasma wave is used to determine the minimum injection energy, the maximum
energy gain, the maximum plasma wave amplitude, and the dephasing length. Plasma-based
accelerators are of great interest because of their ability to sustain extremely large acceleration
gradients [31]. The accelerating gradients in conventional radio-frequency, linear accelerators
are currently limited. In a plasma-based accelerator the length of the accelerating wave is
approximately the plasma wavelength, also the acceleration is the result of the axial ﬁeld of
the plasma wave and not the laser ﬁeld directly and the phase velocity of the plasma wave
is typically equal to the group velocity of the laser pulse and is less than the speed of light
( c). Electron acceleration by laser in a vacuum by a quadratically chirped laser pulse was
investigated by Salamin and Jisrawi [32] and it was found that the maximum energy gain
is about half of what it would be using a linear chirp. When the electron is accelerated by
an intense short pulse laser in a static magnetic ﬁeld in vacuum then the optimum value of
the magnetic ﬁeld decreases with laser intensity and initial electron energy and the energy
gain also depends upon the laser spot size and peaks for a suitable value [33]. For vacuum
laser acceleration, there has been much interest in studying the acceleration of electrons by
a chirped Gaussian laser pulse [34–39] and for such types of materials the electron can get
considerable energy in tailored parameters such as chirp parameter and polarization state of
the laser wave. Lawson-Woodward theorem says that the particle interaction with a perfectly
symmetrical plane-wave pulse results in zero net energy gain [40]. This paper shows the role
of electron’s injection angle with respect to the propagation axis of laser pulse for effective
acceleration with a CP laser pulse under the inﬂuence of external azimuth magnetic ﬁeld in
vacuum.

2. Electron Dynamics
We know that when an electron interacting with CP laser pulse experiences a force due to
longitudinal component of electric ﬁeld of laser. As a result, it gets accelerated in the direction
of propagation of the laser. Also, we know that the presence of axial magnetic ﬁeld improves
the inﬂuence of v × B force and the angle of injection determines the relative dominance of
transverse and longitudinal components of electron’s momentum which plays an important
role in early trapping of electron in laser ﬁelds. We assume that a pre-accelerated electron is
initially injected at a small angle δ with respect to the propagation axis of laser pulse with
momentum having the equation

p 0 = x̂p 0 sin δ + ẑ p 0 cos δ ,

(1)

where p 0 is the initial momentum of the electron.
Now consider a CP laser pulse propagating along the z-direction. The transverse
components of electric ﬁeld (E = x̂E x + ŷE y ) is expressed as
( (
)
)
E0
1 (
z − zL )2
r2
E x ( r, t, z) =
(2)
exp( i ϕ) exp − 2 t −
,
− 2
f ( z)
c
τ
r0 f 2
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( )
1
B z ( r, z, t) = −
(∇ × E L ) ,
ω
[
( (
)]
)
(
E0
π)
1 (
z − zL )2
r2
E y ( r, t, z) =
exp i ϕ + exp − 2 t −
− 2
,
f ( z)
2
c
τ
r0 f 2

(3)

where E 0 is the amplitude of electric ﬁeld,
ϕ is the Gaussian beam phase, τ is the pulse duration, zL is the initial position of the pulse
peak,

r 2 = x 2 + y2 ,
r 0 is the minimum laser spot size, and c is the velocity of light.
Other Gaussian beam parameters are deﬁned as
√
f ( z) = 1 + ξ ,

(4)

where f ( z) is the laser beam width parameter,
Z R = kr 20 /2 is the Rayleigh length, k is the laser wave number,
ϕ = ω0 t − kz + tan−1 (ξ) −

zr 2
t(Z R r 20 f 2 )

+ ϕ0

ω0 is the laser frequency, ϕ0 is the initial phase, and tan−1 (ξ) is the Guoy phase.
Suppose we applied externally an axial magnetic ﬁeld along the z-axis then

B s = B0 ẑ ,

(5)

B0 is the maximum value of the axial magnetic ﬁeld.
Now, E z ( r, t, z) and B L ( r, z, t) represents the longitudinal electriccomponents and magnetic
ﬁelds which can be expressed as
( )(
)
i ∂E x ∂E y
+
E z ( r, z, t) = −
,
(6)
k
∂x
∂y
( )
1
(7)
B z ( r, z, t) = −
(∇ × E L ) ,
ω
where the ﬁeld vectors E L = E x x̂ + E y ŷ + E z ẑ and B L = B x x̂ + B y ŷ + B z ẑ are the laser’s ﬁelds.
The total magnetic ﬁeld is
B = BL + Bs .

(8)

When a Circularly Polarized laser pulse induced electron acceleration under the inﬂuence of
axial magnetic ﬁeld in vacuum then the accelerated when injected at a small angle δ about
the propagation axis of laser pulse. The z-axis is aligned with the laser beam propagation
direction as well as in the direction of externally applied azimuth magnetic ﬁeld. We have
already deﬁned the electric and magnetic ﬁeld those will be used to write the equations for the
momentum and energy of electron.
d px
= − eE x + eβ z B y − eβ y (B z + B0 ) ,
(9)
dt
d py
= − eE y − eβ z B x + eβ x (B z + B0 ) ,
(10)
dt
(
)
d pz
= − eE z − e β x B y − β y B x ,
(11)
dt
(
)
dγ
(12)
= − e βx E x + β y E y + βz E z ,
dt
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where − e and m are the electronic charge and rest mass respectively, also the symbols have
their usual meanings such as (E x , E y , E z ) and (B x , B y , B z ) are the ( x, y, z) components of the
electric ﬁeld and magnetic ﬁeld respectively. ( p x , p y , p z ) are the ( x, y, z) coordinates of the
momentum p = γ m 0 v and (β x , β y , β z ) are the ( x, y, z) coordinates of the normalized velocity,
β = vc .
The Lorentz factor is γ2 = 1 + ( p2x + p2y + p2z )/( m 0 c)2 .
For solving above equations we will adopt such dimensionless variables. The dimensionless
variables are expressed as follows:
ω0 r 0
ω0 z L
τ′ → ω0 τ, r ′0 →
, z′L →
,
c
c
vy
ω0 y
ω0 z
vx
vz
ω0 x
, y′ →
, z′ →
, βx → , β y → , βz → ,
x′ →
c
c
c
c
c
c
py
p0
px
pz
′
′
′
′
′
t → ω0 t, p 0 →
, p x→
, p y→
, p z→
,
m0 c
m0 c
m0 c
m0 c
ck
eE 0
eB0
k′ →
, a0 →
, b0 →
.
ω0
m 0 ω0 c
m 0 ω0 c
Equations (8)-(11) are the coupled linear differential equations of degree 1. These equations
can be solved numerically by Runge-Kutta method (RK4) for electron energy.

3. Results and Discussion
Figure 1 shows the electron energy gain, γ versus electron’s injection angle δ. This energy
gain is analysed for the normalized intensity parameters a 0 = 5 and 10 for Figure 1(a), a 0 = 10
and 15 for Figure 1(b), a 0 = 15 and 20 for Figure 1(c) and a 0 = 20 and 25 for Figure 1(d) at
normalized laser spot size r ′0 = 150 and 300. The value of τ′ = 150. Electron energy gain is
extremely sensitive to initial electron momentum. As the value of laser intensity parameters,
a 0 is increases then the energy gain becomes higher. The electron energy gain is also sensitive
to the electron’s injection angle even with a small value of initial momentum. Also, the
acceleration gradient increases with decrease in initial momentum so that the higher energy
gain occurs at small value of initial momentum. It is notice that even for a small change in
angle of injection then there appears a signiﬁcant change in electron energy gain. The electron
energy gain is also sensitive to the electron’s injection angle δ even with a small value of initial
momentum. Also, the acceleration gradient increases with decrease in initial momentum so
that the higher energy gain occurs at small value of initial momentum. It is notice that even
for a small change in angle of injection then there appears a signiﬁcant change in electron
energy gain.
Figure 2 shows the variation of energy gain and magnetic ﬁeld. In Figure 2(a) and 2(b),
the electron energy gain is analysed as a function of normalized magnetic ﬁeld b 0 at different
values of normalized laser intensity parameters. In Figure 2(a) a 0 = 5 and 10; τ′ = 100 and
r ′0 = 150 and 300; also for Figure 2(b) a 0 = 20 and 25 with τ′ = 200 and r ′0 = 200 and 300. The
electron’s injection angle δ having values 8.5, 8.0, 13.5 and 13. The optimization is solely a
base for maximum energy gain by electron during interaction with a CP laser. It is noticed
that on taking the higher values of laser intensity parameter the increment in the energy gain
takes place.
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Figure 1. Electron energy gain γ variation with electron’s injection angle δ for ϕ0 = 0, p′ 0 = 1;

z0 = zL = 0; τ′ = 150; r ′0 = 150 and 300. (a) laser intensity parameter a 0 = 5 and 10; (b) a 0 = 10 and
15; (c) a 0 = 15 and 20; and (d) a 0 = 20 and 25
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Figure 2. Electron energy gain γ variations with normalized magnetic ﬁeld b0 . (a) a 0 = 5 and 10;

r ′0 = 150 and 300 and τ′ = 100; (b) a 0 = 20 and 25; r ′0 = 200 and 300, and τ′ = 200. The value of δ is 8.5,
8.0, 13.5 and 13, respectively
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Figure 3(a) and 3(b) show the electron energy gain, γ variations with electron’s injection
angle δ and the magnetic ﬁeld b 0 is ﬁxed with ﬁxed values of laser intensity parameter a 0
and laser spot size, r ′0 . The electron energy gain is analysed for the normalized intensity
parameters a 0 = 5, 10 and 20, 25, respectively for both ﬁgures. Also the normalized laser spot
size r ′0 = 200 (for black and green lines) and 300 (for red and blue lines), respectively. Again
for higher values of laser intensity parameter electron energy gain is high as compared to all
lower values of a 0 . Electron energy gain is extremely sensitive to initial electron momentum.
Also, the acceleration gradient increases with decrease in initial momentum and the higher
energy gain occurs at small value of initial momentum. The normalized initial momentum of
electron to a small value p′ 0 = 1. Also the electron energy gain is also sensitive to the electron’s
injection angle even with a small value of initial momentum. In Figure 3(a) and 3(b) a 0 = 5 and
10 (for black and red lines), and 20 and 25 (for blue and green lines) respectively with r ′0 = 200
and 300 the optimum values of δ for higher energy gain obtained by the equation (1), for a
small change in angle of injection, a signiﬁcant change in electron energy gain appears. The
contribution of transverse component of electron’s momentum becomes zero when δ =0 and
electron’s injection is purely along the direction of propagation of laser pulse. It is observed
that δ should be small and optimized for appropriate momentum to maximize the electron
energy gain due to a relativistic longitudinal momentum. A small optimized angle of electron’s
injection improves the electron’s momentum to an appropriate value to place the electron in
phase with the laser pulse for the effective acceleration.

450
400

2500

r0'=200 at a0=5

(a)

r0'=200 at a0=20

(b)

r0'=300 at at a0=20

r0'=300 at at a0=5

350

r0'=200 at at a0=10

300

r0'=300 at at a0=10

2000

r0'=200 at at a0=25
r0'=300 at at a0=25

1500

γ

γ

250
200

1000

150
100

500

50
0
0

5

10

15
δ ( in degree )

20

25

30

0
0

5

10

15
δ ( in degree )

20

25

30

Figure 3. Electron energy gain variation with electron’s injection angle δ · r ′0 = 200 and 300; τ′ = 200;

and the normalized magnetic ﬁeld b 0 = 0.1, 0.2, 0.3 and 0.4, respectively. (a) a 0 = 5 and 10; (b) a 0 = 20
and 25

Figure 4 shows the electron energy gain variations with normalized distance for distinct
values of laser intensity parameters a 0 = 5, 10, 15, and 20 with optimized electron injection
in the presence of magnetic ﬁeld. For Figures 4(a) and 4(b) the values of the laser intensity
parameters are a 0 = 5, 10, 15, and 20 with electron’s injection angle δ = 8.5, 13, 13.5 and 14.6,
respectively. Also, for these values the respective values of the normalized magnetic ﬁelds are
b 0 = 0.1, 0.2, 0.3 and 0.4. τ′ = 100 for Figures 4(a) and 4(b) with r ′0 = 150 and 300, respectively.
Also τ′ = 150 for Figure 4(c) with r ′0 = 300. It is observed that the electron energy gain is
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relatively higher in the presence of magnetic ﬁeld for the same set of parametersas compared
to in absence of magnetic ﬁeld. The ﬁgures in absence of magnetic ﬁeld is not shown in this
paper. The reason of increase of magnetic ﬁeld is that the magnetic ﬁeld increases the duration
of interaction between the laser pulse and the electron so the electron gains much energy from
the laser ﬁeld in the presence of magnetic ﬁeld and gets accelerated. On increasing the time
duration the energy gain also increases for the same parameters. For a 0 = 25 the energy gain
is much higher.
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Figure 4. Electron energy gain variations with normalized distance with z′ with optimized angle of
electron’s injection for distinct values of laser intensity parameter a 0 in the presence of normalized
magnetic ﬁeld b 0 . a 0 = 5, 10, 15 and 20 at b 0 = 0.1, 0.2, 0.3 and 0.4 with corresponding value of δ = 8.5,
13, 13.5 and 14.6, respectively. (a) r ′0 = 150; τ′ = 100; and (b) r ′0 = 300; τ′ = 150; (c) r ′0 = 300; τ′ = 150;
a 0 = 25 and others parameters are same

Figure 5 show the variation of the scattering angle of the electron θ with respect to
electron’s injection angle δ in the presence of magnetic ﬁeld. For Figure 5(a) τ′ = 25, the laser
intensity parameters a 0 = 5, 10, 15 and 20 with b 0 = 0.1, 0.2, 0.3 and 0.4, respectively. r ′0 = 150
(for black and blue lines) and 200 (for red and green lines). Also, for Figure 5(b) the laser
intensity parameter a 0 and the normalized magnetic ﬁeld b 0 is same but τ′ = 50 and r ′0 = 200
(for black and blue lines) and 300 (for red and green lines). Both the ﬁgures shows that as
the ﬁeld is increasing the electron’s injection angle δ is decreasing. It means the value of
the scattering angle of the electron θ is least for higher ﬁeld. A relatively lower scattering
is observed with optimized values of injection angle in the presence of magnetic ﬁeld.
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Figure 5. The variation of angle of scattering (θ ) with the angle of scattering (δ) of the electron. The
laser intensity parameter a 0 = 5, 10, 15 and 20 with the normalized magnetic ﬁeld b 0 = 0.1, 0.2, 0.3 and
0.4, respectively. (a) τ′ = 25; r ′0 = 150 and 200 and (b) τ′ = 50 and r ′0 = 200 and 300

4. Conclusions
The electron injection for direct acceleration by a Gaussian laser ﬁeld under the inﬂuence
of azimuth magnetic ﬁeld is studied. It is found the value of laser intensity parameters a 0
is increases then the energy gain becomes higher. The electron energy gain is also sensitive
to the electron’s injection angle even with a small value of initial momentum. Also, the
acceleration gradient increases with decrease in initial momentum so that the higher energy
gain occurs at small value of initial momentum. It is notice that even for a small change in
angle of injection then there appears a signiﬁcant change in electron energy gain. There is
increment in magnetic ﬁeld because the duration of interaction between the laser pulse and
the electron so the electron gains much energy from the laser ﬁeld in the presence of magnetic
ﬁeld and gets accelerated. The value of the scattering angle of the electron θ is least for higher
ﬁeld. A relatively lower scattering is observed with optimized values of injection angle in the
presence of magnetic ﬁeld. The optimization is solely a base for maximum energy gain by
electron during interaction with a CP laser. It is noticed that on taking the higher values of
laser intensity parameter the increment in the energy gain takes place.
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