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1. Introduction and Preliminaries

The fixed point theory in Banach spaces plays an important role and is useful in mathematics.
In particular, a very powerful tool is the Banach fixed point theorem, which was generalized
and extended in various directions (see [[1-21]]). In 1973, Geraghty [5] introduced the interesting
class of auxiliary function called Geraghty-contraction and proved remarkable theorem, which

is also generalization of Banach contraction principle.
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Theorem 1.1 ([5]). Let (X, d) be a complete metric space and let T : X — X be an operator.
Suppose that there exists f:(0,00) — [0,1) satisfying the condition

B(t,) — 1 implies t,— 0.
If T satisfy the following inequality

d(Tx,Ty) < ,B(d(x,y))d(x,y) forany x,ye X.
Then T has a unique fixed point.

In 2001, Rhoades [15] introduced the notion of w-weakly contractive mappings and proved
the following theorem.

Theorem 1.2 ([15]). Let (X,d) be a complete metric space and let T : X — X be a mapping such
that

d(Tx,Ty)<d(x,y)-y(d(x,y)) foranyx,yeX,

where ¥ :[0,00) — [0,00) is a continuous and nondecreasing function such that v is positive on
(0,00), w(0) =0 and tlim w(t) =co. Then T has a unique fixed point.
—00

In 1984, Khan et al. [10] introduced altering distance function and proved fixed point
theorem. Following is the definition of an altering distance function.

Definition 1.3 ([10]). An altering distance function is a function v : [0,00) — [0,00) which
satisfies

(i) v is continuous and nondecreasing,

(i) w(t)=0if and only if £ = 0.

In the recent past, the idea of altering function has been utilized by many authors. Dutta
and Choudhury [4], generalized the results of Rhoades [15] and Khan et al. [10]], and also proved
the following fixed point theorem for (v, ¢)-weakly contractive mapping.

Theorem 1.4 ([4]). Let (X,d) be a complete metric space and let T : X — X be a mapping such
that

y(d(Tx, Ty)) <y(d(x,y)) - ¢(d(x,y)) forany x,yeX,

where v :[0,00) — [0,00) is a continuous and nondecreasing function such that v is positive on
(0,00), w(0) =0 and tlim w(t) =o0. Then T has a unique fixed point.
—00

Recently, many authors obtained the results of generalized contraction principle in metric
spaces and partially ordered metric spaces (see [[7,8,20]).

Now we recall the following basic facts and notations. Let A and B be nonempty subsets of
a metric space X,

d(A,B)=1infld(x,y):x € A,y € B},
Ay={x€eA:d(x,y)=d(A,B) for some y € B},
Bo={yeB:d(x,y)=d(A,B) for some € A}.
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Definition 1.5. An element x € A is said to be a best proximity point of the non-self mapping
T:A—Bif

d(x,Tx)=d(A,B).

Because of the fact that d(x,Tx) = d(A,B) for all x € A, the global minimum of the mapping
x — (x,Tx) is attained at a best proximity point. Moreover, if the underlying mapping is a
self-mapping, then it can be observed that a best proximity point is essentially a fixed point.
The notion of P-property was introduced by Sankar Raj [[16] as follows.

Definition 1.6 ([16]). Let (A, B) be a pair of nonempty subsets of a metric space X with Ag # @.
Then the pair (A, B) is said to have the P-property if and only if
{d(xl,yl) =d(A,B)
d(x2,y2) =d(A,B)
where x1,x2 € Ay and y1,y2 € By.

= d(xlny) = d(ylyyZ)’

Let I" be the set of all functions f:(0,00) — [0, 1) satisfying the following property:
p(t,) —1 implies ¢, — 0.

Definition 1.7 ([3[]). Let A, B be two nonempty subsets of a metric space (X,d). A mapping
T :A — B is said to be a Geraghty-contraction if there exists € I' such that

d(Tx,Ty) < p(d(x,y))d(x,y) for any x,y € A.

Definition 1.8 ([6]]). Let (X, <) be a partially ordered set and F : X x X — X. Then F is said
to be a mixed monotone property if F(x,y) is monotone nondecreasing in x and is monotone
nonincreasing in y, that is, for any x,y e X

x1,%2€X  x1<x9=>F(x1,y) <Fl(x2,y),

y1,2€X y1=y2=>F(x,y1) 2 F(x,y2).

Definition 1.9 ([13]). A mapping F : A x A — B is said to be the proximal mixed monotone
property if F(x, y) is proximally nondecreasing in x and is proximally nonincreasing in y, that is
X1 < %9

1du1,F(x1,y))=d(A,B) = uji=<us,

d(ug,F(x2,y)) = d(A,B)

and
Y1=y2

yd(1,F(x,y1))=d(A,B) = UV2=U1,
d(ve,F(x,y2)) = d(A,B)

where X1,X2,Y1,Y2,U1,U2,V1,02 €A.

Definition 1.10 ([17]). Let A, B be subsets of a metric space X. An element (x,y) € A x A is
called a coupled best proximity point of the mapping F: A x A — B if d(x,F(x,y)) = d(A,B) and
d(y,F(y,x)) =d(A,B).
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Definition 1.11 ([6]). Let X be a non-empty set. An element (x,y) € X x X is called a coupled
fixed point of the mapping F' if F(x,y)=x and F(y,x)=y.

In 2006, Gnana Bhaskar and Lakshmikantham [6]] obtained the following theorems.

Theorem 1.12 ([6]]). Let (X, <) be a partially ordered set and suppose that there exists a metric
d on X such that (X,d) is a complete metric space. Let F : X x X — X be a continuous mapping
having the mixed monotone property on X. Assume that there exists k € [0,1) with

k
d[F(x,y),F(u,v)) < §[d(x,u)+d(y,v)] forall x=u, y<v. (1.1)
If there exist two elements xg,y9 € X with x < F(xg,y9) and yo = F(yo,x0), then there exist

x,y € Xsuch that x =F(x,y) and y = F(y,x).

Theorem 1.13 ([6]]). Let (X, <) be a partially ordered set and suppose that there exists a metric
d on X such that (X,d) is a complete metric space. Suppose X has the following property:

(1) if a non-decreasing sequence {x,} — x, then x,, <x for all n €N,
(i1) if a non-increasing sequence {y,} — vy, then y <y, for all n € N.

Let F : X x X — X be a continuous mapping having the mixed monotone property on X. Assume
that there exists k € [0,1) with

d(F(x,y),F(u,v)) < g[d(x,u)+d(y,v)] forallx=u, y<v. (1.2)

If there exist two elements xg,yo € X with x < F(xo,yo) and yo = F(yg,xo), then there exist x,y € X
such that x =F(x,y) and y = F(y,x).

It can be proved that the coupled fixed point is in fact unique, provided that the product
space X x X endowed with the partial order mentioned above has the following property:

Every pair of elements has either a lower bound or an upper bound.

It is known [|14] that this condition is equivalent to the following.

For every pair of (x,y),(x*,y*) € X x X, there exists a (z1,z2) € X x X that is comparable to
(x, 3), (™, 5%).

Theorem 1.14 ([6]). In addition to the hypothesis of Theorem then the uniqueness of the
coupled fixed point of F can be obtained.

The purpose of this paper is to obtain coupled best proximity point theorems for generalized
contraction of partially ordered metric spaces by P-operator technique. The results presented in
this paper generalize the results of Jingling Zhang et al. [21] and also the various results in the
literature.

2. Main Results

In this section, we first recall the concept of weak P-monotone property.
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Definition 2.1 ([21]). Let (X,d) be a metric space and (A, B) be a pair of nonempty subsets of

X and Ao # @. A pair (A,B) has weak P-monotone property if and only if for any x1,x3 € Ao and
Y1,¥2 € By

d(x1,y1) =d(A,B)

— d , < d , ,

{d(xz,yz)zd(A,B) (x1,%2) = d(y1,y2)

furthermore, y; = yo implies x1 = xso.

Theorem 2.2. Let (X,d) be a complete metric space and (X,<) be a partially ordered set. Let
(A,B) be a pair of non-empty closed subsets of X such that Ag # @. Let F : AxA — B be a
mapping with F(Ag x Ag) € By there exists B el such that
d(x,u)+d(y,v)\ (d(x,u)+d(y,v)
5 (T
for all x=u, y <v. Assume that F : A x A — B be a continuous or that A is such that if a
nondecreasing sequence x, — x € Ay and y, — y € Ag then x, <x and v, <y, for all n. Suppose
that the pair (A,B) has the weak P-monotone property. For some xq, yo € Ag there exists %o, 3o € Bg
such that

d(F(x,y),F(u,v)<p , 2.1)

d(x(),fC())Zd(A,B) and d(yo,jlo):d(A,B),
%o <F(x0,y0) and 3Jo=F(yo,x0).

Besides, if for each (x,y),(x*,y*) € Ag x Ay, there exists (z1,22) € Ag x Ay which is comparable to
(x,y) and (x*,y*). Then there exists (x*,y*) € A x A such that

dx*,F(x*,y*)=d(A,B) and d(y*,F(y*,x*))=d(A,B).

Proof. Let us prove that By is closed. Choose {y,} be a sequence converges to y € B. From weak
P-monotone property,

d¥n,ym)—0 and d(x,,x,)—0,
as n,m — oo where x,,,x, € Ay such that
d(x,,yn)=d(A,B) and d(xp,ym)=d(A,B).

Therefore, {x,} is a Cauchy sequence so that {x,} converges strongly to a point p € A. Moreover
by the continuity of a metric d, we have d(p,q) = d(A,B), for some q € By. Hence By is closed.

Choose that A is the closure of Ag, we claim that F(A x Ag) € By. Let {x,},{y,} S Ao be a
sequences. If x,y € Ag \ A such that x,, — x and y,, — y. Since F is continuous and By is closed,
we have

F(x,y)= lim F(xy,y,) € Bo.
n—oo
Therefore F(Ag x Ag) € By. An operator P4, : F(Ag x Ag) — Ay is defined by
Ppy={xeA:d(x,y)=d(A,B)}.

P4, is single valued, since the pair (A,B) has the weak P-monotone property and by the
definition of F', we have

d(Pa,F(x,y),Pa,F(u,v)) <d(F(x,y),F(u,v)) < ,5(

d(x,u)+d(y,v)) (d(x,u) + d(y,v))
2 2 ’
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for some x = u,y <v € Ay. Obviously, P4, F isincreasing. If x,,y,,x,y € Ag and x, — x, y, — y.
Since F' is continuous, then we have
d(PAOF(xn,yn),PAOF(x,y)) —0 = P F(xp,yn) — Pa,F(x,y) as n — oo.
Then P4 F is continuous. Since the pair (A, B) has weak P-monotone property and F' has mixed
monotone property, then we have
d(Pa,F(x,y),F(x,y)) =d(A,B)
3d(Pa,F(u,y),F(u,y)) =d(A,B) = Py F(x,y)=P4,F(u,y),
F(x,y)=F(u,y)< By
similarly,
d(Pa,F(x,y),F(x,y) =d(A,B)
{d(Pa,F(x,0),F(x,0)) =d(A,B) = Pa,F(x,y)=Ps,Flx,v),
F(x,y)=F(x,v) < By
for some x = u,y <ve€Ay. Hence Py, F is mixed monotone. If xo, yo € Ao, then we have
d(xg,%0) =d(A,B) and d(yo,30)=d(A,B), (2.2)
where %o, o € Bg. Then, we get
d(PayF(x0,50),F(x0,50)) = d(A,B)
d(xo,%0) = d(A,B) = Py F(x0,y0) = x0.
%o < F(x0,50) € Bo

Similarly, it can be proved that P, F(yo,x0) = yo.

So that P4, : F(Ag x Ag) — Ay is a contraction satisfying all the conditions in Theorem m
Using Theorem (1.14} it can be obtained that P4 F has a unique coupled fixed point (x*,y*).
That is,

PaF(x",y")=x"€Ay and Py F(y*,x")=y" €Ay,
this implies that
dx*, F(x*,y*)=d(A,B) and d(F(y*,x*),y")=d(A,B). O

Remark 2.3. If in particular, consider the function f(¢) = £ where & €[0,1) then the inequality
(2.1) reduces to (1.1) and if remove the weak P-monotone property then Theorem is the
Theorem [1.12

Theorem 2.4. Let (X,d) be a complete metric space and (X,<) be a partially ordered set. Let
(A, B) be a pair of non-empty closed subsets of X such that Ay # @. Suppose that F :A xA — B
be a mapping with F(Ay x Ay) € By such that

d(x,u)+d(y,v) d(x,u)+d(y,v)

2 I 2 ’
forall x=u, y <v, where ¥ :[0,00) — [0,00) is a continuous and nondecreasing function such
that vy is positive in (0,00), y(0) = 0 and tlim W(t) = 0o. Assume that F : A x A — B be a continuous
—00

d(F(x,y),F(u,v)) <

or that Ay is such that if a nondecreasing sequence x, — x € Ag and y, — y € Ag then x, <x
and y, <y, for all n. Suppose that the pair (A,B) has the weak P-monotone property. For some
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X0,Y0 € Ao there exists X, Yo € Bo such that
d(xg,%0) =d(A,B) and d(yo,50)=d(A,B),
%o <F(x0,y0) and 39=F(yo,x0).

Besides, if for each (x,y),(x*,y*) € Ag x Ay, there exists (z1,22) € Ag x Ay which is comparable to
(x,y) and (x*,y*). Then there exists (x*,y*) € A x A such that

dx*,F(x*,y*)=d(A,B) and d(y*,F(y*,x*))=d(A,B).

Proof. In Theorem it can be obtained that, By is closed and F(Ay x Ay) < By. An operator
Pu,:F(Agx Ag) — Ay is defined by

Py y={xeA:d(x,y)=d(A,B)}.

P4, is single valued, since the pair (A,B) has weak P-monotone property and by the definition

of F', we have

d(x,u)+d(y,v) d(x,u)+d(y,v)
2 v 2 ’

for some x > u,y <v € Ag. Obviously, P A,F is continuous and nondecreasing. Since the pair

d(Pa,F(x,y),Pa,F(u,v)) <d(F(x,y),F(u,v)) <

(A,B) has weak P-monotone property and F' has mixed monotone property, then we have
d(Pa,F(x,y),F(x,y)) =d(A,B)
4 d(PAOF(u,y),F(u,y)) =d(A,B) = PpF(x,y)=Pp,F(u,y),
F(x,y)=F(u,y)< By
similarly,
d(Pa,F(x,y),F(x,y)) =d(A,B)
3 d(Pa F(x,0),F(x,v)) =d(A,B) = Py F(x,y)=Py F(x,v),
F(x,y)=F(x,v) € By
for some x = u,y <v € Ag. Hence P4 F is mixed monotone. If xo, yo € Ao, then we have
d(x9,%0) =d(A,B) and d(yg,30)=d(A,B), (2.3)

where Xg, J0 € Bg. Then we get

d (P a,F(x0,0),F(x0,y0)) = d(A,B)

d(xo,%0) =d(A,B) = Py, F(x0,y0) = x0.

%o = F(x0,y0) € Bo

Similarly, it can be proved that P F(yo,x0) = yo.
So that Py, :F(Ayx Ag) — Ay is a contraction satisfying all the conditions in Theorem m
Using Theorem (1.14} it can be obtained P4 F has a unique coupled fixed point (x*,y*), that is

PaFx™,y")=2"€Ag and P F(y*,x")=y" €Ay,
this implies that
dx*,F(x*,y*)=d(A,B) and d(F(y*,x*),y")=d(A,B). O

Corollary 2.5. Let (X,d) be a complete metric space and (X,<) be a partially ordered set. Let
(A, B) be a pair of non-empty closed subsets of X such that Ay # @. Suppose that F : A xA — B

Communications in Mathematics and Applications, Vol. 9, No. 2, pp. (147 , 2018
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be a mapping with F(Ag x Ag) € By such that
k
d(F(x,y),F(u,v)) < 5(d(x,u)+d(y,v)),

for all x > u, y <v, where k €[0,1). Assume that F : A x A — B be continuous or that Ay is
such that if a nondecreasing sequence x, — x € Ay and y, — vy € Ag then x, <x and y, <y,Vn.
Suppose that the pair (A,B) has the weak P-monotone property. For some xg,yo € Ag there exists
X0, ¥0 € Bg such that

d(x9,%0) =d(A,B) and d(yo,50)=d(A,B),

%o < F(x0,y0) and 3o =F(yo,x0).
Besides, if for each (x,y),(x*,y*) € Ag x Ay, there exists (z1,22) € Ag x Ay which is comparable to
(x,y) and (x*,y"). Then there exists (x*,y*) € A x A such that

dx*,F(x*,y")=d(A,B) and d(y*,F(y*,x*))=d(A,B).

Proof. Tt follows by taking y(¢) = (1 —k)t, where 0 <k <1 in Theorem O

Remark 2.6. In Corollary removing weak P-monotone property and take A = B, we get
Theorem [1.12]

Theorem 2.7. Let (X,d) be a complete metric space and (X,<) be a partially ordered set. Let
(A,B) be a pair of non-empty closed subsets of X such that Ag# @. Suppose that F:AxA — B
be a mapping with F(Ag x Ag) € By such that
d(x,u)+d(y,v)
Y(d(Fee, ), Fu,0) < ¢ —=,
forall x = u, y <v, where vy is an altering distance function and ¢ :[0,00) — [0,00) is a continuous
function with the condition w(t) > ¢(t) for all t > 0. Assume that F : A x A — B be a continuous
or that Ay is such that if a nondecreasing sequence x, — x € Ay and y, — y € Ag then x, < x

and y, <y, for all n. Suppose that the pair (A,B) has the weak P-monotone property. For some
X0, Y0 € Ag there exists Xo,yo € Bo such that

d(xg,%0)=d(A,B) and d(ygy,99)=d(A,B),
%0 < F(x0,y0) and 3o =F(yo,x0).

Besides, if for each (x,y),(x*,y*) € Ag x Ay, there exists (z1,22) € Ag x Ay which is comparable to
(x,y) and (x*,y*). Then there exists (x*,y*) € A x A such that

dx*,F(x*,y*)=d(A,B) and d(y*,F(y*,x"))=d(A,B).
Proof. In Theorem it can be obtained that, B is closed and F(A( x Ay) € By. An operator
Pu,:F(Agx Ag) — Ay is defined by

Ppy={xeA:d(x,y)=d(A,B)}.

P4, is single valued, since the pair (A,B) has weak P-monotone property and by the definition
of F', we have

w(d(PayF(x,9),PayF(u,0)) < w(d(F(x,y),F(u,v))) < (,,(

d(x,u)+d(y,v))
2 b
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for some x> u,y <v e Ay. Since
$(d(x,w) +d(y,v)) — 0o d(x,u) +d(y,v) =0,
w(d(Pa,Fx,y),Pa,F(u,v)) — 0 d(Pa,Fx,y),Pa,Flu,v)) — 0.

Then P, F is continuous and nondecreasing. Since the pair (A,B) has weak P-monotone
property and F has mixed monotone property, then we have

d(Pa,F(x,y),F(x,y)) =d(A,B)

3 d(Pa,F(u,y),F(u,y)) =d(A,B) = Py F(x,y)=Py,F(u,y),

F(x,y)=F(u,y)< By

similarly,

d(PAOF(x,y),F(x,y)) =d(A,B)

3 d(Pa,F(x,0),F(x,v)) =d(A,B) = Py F(x,y)=Py F(x,v),

F(x,y)=F(x,v) € By

for some x = u,y <v € Ag. Hence P4 F is mixed monotone. If xo, yo € Ao, then we have
d(x9,%0)=d(A,B) and d(yg,39)=d(A,B), (2.4)

where Xg, J9 € Bg. Then, we obtain

d(Pa,F(x0,¥0),F(x0,y0)) = d(A,B)

d(xo,%0) = d(A,B) = Py, F(x0,y0) = x0.

%o < F(x0,50) € Bo

Similarly, we can show that P4 F(yo,x0) = yo.
So that P4, : F(Ag x Ag) — Ay is a contraction satisfying all the conditions in Theorem m
Using Theorem it can be obtained P4 F' has a unique coupled fixed point (x*,y*), that is
PaFx™,y")=x"€Ao and P F(y*,x")=y" €Ay,
this implies that
dx*,F(x*,y"))=d(A,B) and d(F(y*,x"),y")=d(A,B). O

Remark 2.8. Considering v to be the identity mapping and ¢(¢) = k¢ in Theorem then it
can be obtained that Corollary

Theorem 2.9. Let (X,d) be a complete metric space and (X,<) be a partially ordered set. Let
(A, B) be a pair of non-empty closed subsets of X such that Ay # @. Suppose that F :A xA — B
be a mapping with F(Ay x Ay) € By such that
1 d(x,u)+d(y,v)
y(d(F(x,y),F(u,v))) < 5w(d(x,u)+d(y,v)) - 2 ,
forall x=u, y <v, where v and ¢ are altering distance functions. Assume that F': A x A — B be

a continuous or that Ag is such that if a nondecreasing sequence x, — x € Ag and y, — y € Ag
then x, <x and y, <y, for all n. Suppose that the pair (A,B) has the weak P-monotone property.
For some xg,y € Ag there exists X, Yo € By such that

d(x9,%0) =d(A,B) and d(y0,50)=d(A,B),

Communications in Mathematics and Applications, Vol. 9, No. 2, pp. (147 , 2018
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X0 <F(x0,y0) and 3o =F(yo,x0).

Besides, if for each (x,y),(x*,y*) € Ag x Ay, there exists (z1,22) € Ag x Ay which is comparable to
(x,y) and (x*,y*). Then there exists (x*,y*) € A x A such that

dx*,F(x*,y*)=d(A,B) and d(y*,F(y*,x*))=d(A,B).

Proof. In Theorem it can be obtained that, B is closed and F(Ay x Ay) € By. An operator
Py, :F(Agx Ag) — Ay is defined by

Ppy={xeA:d(x,y)=d(A,B)}.
P4, is single valued, since the pair (A,B) has weak P-monotone property and by the definition
of F, we have

w(d(Pa,F(x,9),Pa,Fu,)) < w(d(Fx,y),Fu,0)) < dx,u) +dly,v)

2 K

w(d(x,u)+d(y,v)) -

DN

for some x> u,y <v e Ay. Since
dx,u)+d(y,v)—0=> w(d(x, u)+ d(y,v)) - (/)(d(x, u)+ d(y,v)) -0,
w(d(Pa,F(x,),Pa,F(x,y))) — 0 d(Pa,Flx,),Pa,Flx,y)) — 0.

Then P, F is continuous and nondecreasing. Since the pair (A,B) has weak P-monotone
property and F' has mixed monotone property, then we have

d(PAOF(x,y),F(x,y)) =d(A,B)

3 d(Pa,F(u,y),F(u,y)) =d(A,B) = Py F(x,y)=Pu,F(u,y),

F(x,y)=F(u,y)< By

similarly,

d(PAOF(x,y),F(x,y)) =d(A,B)

{3 d(Pa,F(x,0),F(x,v)) =d(A,B) = Py F(x,y)=Py F(x,v),

F(x,y)=F(x,v) < By

for some x> u,y <ve€Ay. Hence P4 F is mixed monotone. If xo, yo € Ao, then we have
d(xo,%0)=d(A,B) and d(yo,y9)=d(A,B), (2.5)

where %o, 0 € Bg. Then we get

d (P a,F(x0,¥0),F(x0,y0)) = d(A,B)

d(xo,%0) = d(A,B) = Pa,F(x0,y0) = xo.

%o < F(x0,50) € By

Similarly, it can be proved that P, F(yo,x0) = yo.

So that Py, :F(Ayx Ag) — Ay is a contraction satisfying all the conditions in Theorem m
Using Theorem [1.14], we can obtain P F has a unique coupled fixed point (x*, y*), that is

PaF(x*,y")=x"€Ay and Py F(y*,x")=y" €Ay,
this implies that
dx*  F(x*,y*)=d(A,B) and d(F(y*,x*),y")=d(A,B). O
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Remark 2.10. If v to be the identity mappings and ¢(¢) = (1 —k)t, where 0 <k <1 in
Theorem then it can be obtained the Corollary [2.5]

3. Conclusion

Main purpose of this paper was to established existence and uniqueness of coupled best
proximity point theorems in the setting of partially ordered metric spaces such that the non-
self mapping satisfies contractive and weakly contractive condition using weak P-monotone
property.
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