Communications in Mathematics and Applications

Vol. 9, No. 2, pp.[T83HT96} 2018 RGN

ISSN 0975-8607 (online); 0976-5905 (print)

Published by RGN Publications http://www.rgnpublications.com

| Research Article |

On Generalization of ¢-n-Absorbing Ideals
in Commutative Rings

Pairote Yiarayong* and Manoj Siripitukdet

Department of Mathematics,Faculty of Science, Naresuan University, Phitsanuloke 65000, Thailand
*Corresponding author: pairote0027@hotmail.com

Abstract. The aim of this paper is to extend the concept of n-absorbing, quasi-n-absorbing and ¢-n-
absorbing ideals given by Anderson and Badawi [2] to the context of ¢-semi-n-absorbing ideals. Let
¢ :I(R)— I(R)U{®} be a function where J(R) is the set of all ideals of R. A proper ideal R of R is called
a ¢-semi-n-absorbing Ideal, if for each a € R with a1 € I — ¢(I), then a” € I. Some characterizations
of semi-n-absorbing ideals are obtained. It is shown that if / is a ¢p-semi-n-absorbing ideal of R, then
J/I is a ¢pr-semi-n-absorbing ideal of R/I where I < J. A number of results concerning relationships
between ¢-semi-n-absorbing, ¢o-semi-n-absorbing, ¢4-semi-2-absorbing and ¢, >2-semi-n-absorbing
ideals of commutative rings. Finally, we obtain sufficient conditions of a semi-n-absorbing ideal in
order to be a ¢-semi-n-absorbing ideal.

Keywords. n-absorbing ideal; Quasi-n-absorbing; ¢-n-absorbing ideal; Semi-n-absorbing ideal;
¢-semi-n-absorbing ideal

MSC. 13A15; 13F05; 13G05

Received: December 6, 2017 Accepted: March 9, 2018

Copyright © 2018 Pairote Yiarayong and Manoj Siripitukdet. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

1. Introduction

Let R be a commutative ring with 1 # 0 and n a positive integer. In 2007, Badawi [4] generalized
the concept of prime ideals to 2-absorbing ideals in a different way. He defined a nonzero proper
ideal I of R to be a 2-absorbing ideal of R if whenever abc €I for a,b,c € R, then ab €I or
ac €I or bc € I. Anderson and Badawi [1]] generalized the concept of 2-absorbing ideals to
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n-absorbing ideals. According to their definition, a proper ideal I of R to be a n-absorbing
ideal of R if whenever a1as...a,.1 €1 for ai,a9,...,a,+1 € R, then there are n of the a;’s whose
product is in 7. In [5], Badawi and Darani generalized the concept of weakly prime ideals to
weakly 2-absorbing ideals. According to their definition, a proper ideal I of R to be a weakly 2-
absorbing ideal of R if whenever 0 #abce I for a,b,c€ R,thenabel oracel or bcel.In 2016,
Mostafanasab et al. [8] introduced the concepts of a weakly n-absorbing ideal in commutative
ring. According to their definition, a proper ideal I of R is called a weakly n-absorbing ideal if
whenever 0 #a1as...a,+1 €1 for ay,as,...,a,+1 € R, then there are n of the a;’s whose product
isin I.In 2017, Anderson and Badawi [2] generalized the concept of n-absorbing ideals to semi-
n-absorbing ideals. According to their definition, a proper ideal I of R to be a semi-n-absorbing
ideal of R if whenever a""! € I for a € R, then a” € I. Mostafanasab and Darani [7] introduced
the concepts of a quasi-n-absorbing ideal. According to their definition, a proper ideal I of R to
be a quasi-n-absorbing ideal of R if whenever a”b e for a,be R, thena® el ora® 1bel.

In 2008, Anderson and Batanieh [3] generalized the concept of prime and weakly prime
ideals to ¢-prime ideals. Let ¢ : J(R) — J(R) U {®} be a function where J(R) is a set of ideals
of R. Recall that a proper ideal I of R is called a ¢-prime ideal of R as in [3] if whenever
abel—-p() for a,b € R, then a €1 or b € I. Ebrahimpour and Nekooei [6] generalized the
concept of n-absorbing ideals to (n — 1,n)-¢p-prime ideals. According to their definition, a proper
ideal I of R to be a (n —1,n)-¢-prime ideal of R if whenever a1as...a, €I for aj,as,...,a, €R,
then there are n — 1 of the a;’s whose product is in 1.

Motivated and inspired by the above works, the purposes of this paper are to introduce
generalizations of n-absorbing, quasi-n-absorbing and ¢-n-absorbing ideals to the context
of ¢p-semi-n-absorbing ideals. A proper ideal I of R to be a ¢-semi-n-absorbing ideal of R if
whenever a"*! € I — ¢(I) for a € R, then a"*1 € I. Let I be a ¢,-semi-n-absorbing ideal of R.

o If ¢po(I) = @ for every I € J(R), then we say that ¢, = ¢y and I is called a ¢y-semi-n-

absorbing ideal of R [2].

o If ¢po(I) = {0} for every I € J(R), then we say that ¢, = ¢9 and I is called a ¢pg-semi-n-
absorbing ideal of R.

o If ¢po(1) = I? for every I € J(R), then we say that ¢q = P2 and I is called a ¢p2-semi-n-
absorbing ideal of R, and hence I is an almost semi-n-absorbing ideal of R.

o If po(1) = I"1 for every I € J(R), then we say that ¢q = bn>3 and I is called a ¢, -semi-n-
absorbing ideal of R, and hence I is a n-semi-n-absorbing ideal of R.

o If po(I) = ﬂ I’ for every I € J(R), then we say that ¢, = ¢, and I is called a ¢, -semi-n-

=1
absorbing ideal of R, and hence I is a w-semi-n-absorbing ideal of R.

The aim of this paper is to investigate the concept of ¢-semi-n-absorbing, ¢o-semi-n-absorbing,
¢ p-semi-n-absorbing, ¢, >2-semi-n-absorbing and ¢,,-semi-n-absorbing ideals of commutative
rings. A number of results concerning relationships between ¢-semi-n-absorbing, ¢o-semi-n-
absorbing, ¢p4-semi-n-absorbing and ¢, >2-semi-n-absorbing ideals of commutative rings. Finally,
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we obtain sufficient conditions of a semi-n-absorbing ideal in order to be a ¢-semi-n-absorbing
ideal.

2. Properties of ¢-Semi-n-Absorbing Ideals

The results of the following theorems seem to play an important role to study ¢-2-absorbing
quasi-primary ideals of commutative rings; these facts will be used frequently and normally we
shall make no reference to this definition.

Definition 2.1. Let ¢ : J(R) — J(R) U {@} be a function where J(R) is a set of all ideals
of R. A proper ideal I of R is called a ¢-semi-n-absorbing ideal of R if for each a € R with
a"lel-¢(I),thena™€l.

Remark 2.1. (1) It is easy to see that every ¢-n-absorbing ideal is ¢-semi-n-absorbing.
(2) It is easy to see that every semi-n-absorbing ideal is ¢p-semi-n-absorbing.

(3) It is easy to see that every quasi-n-absorbing ideal is ¢-semi-n-absorbing.
The following example shows that the converse of Remark [2.1]is not true.

Example 2.1. (1) Let R =Z and 2 < n € Z. Consider the ideal I = 3-5"Z of R. Define
¢:IR) — IR)U{g} by ¢(I) = {0}, for every ideal I of R. It is easy to see that I is a
¢-semi-n-absorbing ideal of R. Notice that 3-5" € 3-5"Z — $(3-5"Z), but 3-5" "1 ¢3.5"Z
and 5" ¢ 3-5"Z. Therefore I is not a ¢-n-absorbing (quasi-n-absorbing) ideal of R.

(2) Let R =Z x Z. Consider the ideal I = {0} x 8Z of R. Define ¢ : I(R) — J(R) U {@} by
¢(I) = {0} x 8Z, for every ideal I of R. It is easy to see that I is a ¢-semi-2-absorbing
ideal of R. Notice that (0,2)3 € {0} x 8Z, but (0,2)? ¢ {0} x 8Z. Therefore I is not a semi-2-
absorbing ideal of R.

Let I be n ideal of a ring R and let ¢ : J(R) — J(R) U {®} be a function. Since I — ¢(I) =
I - (I n¢U)), without loss of generality, we will assume that ¢(I) < I [3]. Throughout this
paper, as it is noted earlier, if ¢ is a function, then we always assume that ¢(I) < I. Define
¢r:IR/I)— I(R/T)U{d} by

(PN + DI P(T) # @,
?; H(J) =g,
for every ideal J of R with I < J. In, 2008 Anderson and Bataineh in [3] gives relations

Gr(J/I) = {

between ¢-prime ideals of R and ¢;-prime ideals of R/I. This leads us to give relations between
¢-semi-2-absorbing ideals of R and ¢;-semi-2-absorbing ideals of R/I.

Theorem 2.1. Let ¢ :I(R) — I(R)U {@} be a function and let I, J be two ideals of R with I < J.
If J is a ¢p-semi-n-absorbing ideal of R, then J/I is a ¢pj-semi-n-absorbing ideal of R/I.

Proof. Let a € R such that a”*1+1 = (a+I)"*1 € (J/I)—p1(J/I) = (J/I)—(p(J )+ D/ = (J — ().
Clearly, a"*! € J — ¢(J). By Definition[2.1] a” € J. Therefore (a +I)* =a” +I € J/I. Hence J/I is
a ¢py-semi-n-absorbing ideal of R/I. O
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Theorem 2.2, Let ¢:I(R) — I(R)U {@} be a function and let I, J be two ideals of R with I < J.
If J/I is a ¢r-semi-n-absorbing ideal of R/I such that I < ¢(J), then J is a ¢-semi-n-absorbing
ideal of R.

Proof. Let a € R such that "™ € J — ¢(J). Then (a + )" = a1 +1 € (J -V = J/I -
(p(J)+ DI = (J/I)— pr(J/I). By Definition 2.1, a” + I =(a+I)" € J/I. Thus a” € J. Hence ¢ is a
¢-semi-n-absorbing ideal of R. O

Now, by Theorems [2.1]and we have the following corollary.

Corollary 2.1. Let ¢ : J(R) — J(R)U{@} be a function and let I, J be two ideals of R with
I c¢(J). Then J is a ¢-semi-n-absorbing ideal of R if and only if J/I is a ¢r-semi-n-absorbing
ideal of R/I.

Proof. The proof is similar to Theorem [2.1]and Theorem O

We are finding additional condition to show that a semi-n-absorbing ideal is a ¢-semi-n-
absorbing ideal of R.

Theorem 2.3. Let ¢ :J(R) — I(R) U{®@} be a function and let ¢(I) be a semi-2-absorbing ideal of
R. Then I is a ¢p-semi-n-absorbing ideal of R if and only if I is a semi-n-absorbing ideal of R.

Proof. Suppose that I is a semi-2-absorbing ideal of R. Clearly, I is a ¢-semi-n-absorbing ideal
of R.

Conversely, assume that I is a ¢-semi-2-absorbing ideal of R. Let a € R such that a"*1 €.
If a”*1 ¢ p(I), then a1 € I — p(I). By Definition [2.1) "1 € I. Now if a”*! € ¢(I), then there is
nothing to prove. Hence [ is a semi-n-absorbing ideal of R. O

3. Properties of ¢,-Semi-n-Absorbing Ideals
We start with the following theorem that gives a relation between ¢,-semi-n-absorbing and

¢-semi-n-absorbing ideal. Our starting points are the following definitions:

Definition 3.1. Let R be commutative ring and let J(R) be the set of all ideals of R. Define the
following functions ¢, : J(R) — J(R) U {@} and the corresponding ¢,-semi-n-absorbing ideals:

(1) If ¢py(I) = @, then I is a semi-n-absorbing ideal of R [2].

(2) If ¢po(I) = {0}, then I is a weakly semi-n-absorbing ideal of R.
(3) If $1(I) =1, then I is a proper ideal of R.

(4) If ¢po(I) = I?, then I is an almost semi-n-absorbing ideal of R.
(5) If ¢p,,(I)=1I™, then I is a m-semi-n-absorbing ideal of R.

(6) If ¢, (I) = [ I’, then I is an w-semi-n-absorbing ideal of R.
i=1
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Remark 3.1. Let R be commutative ring and let J(R) be the set of all ideals of R. For two
functions ¢q,¢p : IR) — JI(R)U{@}. Define ¢pq < ¢g, if Ppo(I) < ¢pp(I), for all I € J(R)[2]. By
Definition [3.1] observe that ¢y <po <y <...<Ppr1<Pn<...< P2 < 1.

Notice that for a commutative ring R, the zero ideal {0} is always a ¢¢-semi-n-absorbing

ideal. In the following example, we give a commutative ring in which a ¢-semi-n-absorbing

ideal is not ¢g-semi-n-absorbing.

Example 3.1. Let R = Z. Consider the ideal I = 2""1Z of R. Define ¢ : J(R) — J(R) U {®} by
¢(I) =1, for every ideal I of R. It is easy to see that I is a ¢-semi-n-absorbing ideal of R. Notice
that 271 € 2"*1Z — (2" 1Z), but 2" ¢ 2"*1Z. Therefore I is not a ¢g-semi-n-absorbing ideal
of R.

Theorem 3.1. Let ¢, : I(R) — J(R)U{®} be a function. Then the following hold.

(1) If I is a ¢pg-semi-n-absorbing ideal of R such that ¢pg < ¢y, then I is a py-semi-n-absorbing
ideal of R.

(2) If I is a semi-n-absorbing ideal of R, then I is a ¢pg-semi-n-absorbing ideal of R.

(3) If I is a ¢po-semi-n-absorbing ideal of R, then I is an w-semi-n-absorbing ideal of R.
(4) If I is a ¢ -semi-n-absorbing ideal of R, then I is a ¢,-semi-n-absorbing ideal of R.
(5) If I is a ¢p-semi-n-absorbing ideal of R, then I is a ¢p-semi-(n + m)-absorbing ideal of R.

Proof. (1) Let a € R such that a""lel - ¢py(I). Since ¢g < ¢y, we have ¢pg(I) < ¢py(I). Then
a**tlel- Py(I) =1 —¢pp(I). By Deﬁnition a" € 1. Hence I is a ¢,-semi-n-absorbing
ideal of R.
(2) It is obvious.
(3) It is obvious.
(4) It is obvious.

(5) It is obvious. O

From the above definitions we obtain immediately the following implication chart for the
considered types of ideals:

semi-n-absorbing = weakly semi-n-absorbing = w-semi-n-absorbing =

¢n>2-semi-n-absorbing = almost semi-n-absorbing.

Next, let R be a commutative ring. Clearly, every semi-n-absorbing ideal of R is ¢-semi-n-
absorbing but the converse does not necessarily hold. In Theorems and Corollary
provide some conditions under which a ¢-semi-n-absorbing ideal is semi-n-absorbing.

Next, let R; be a commutative ring with identity. Then R x R9 is a commutative ring with
identity and each ideal of R{ x Rg is of the form I xI9 for some ideals I1 of R1 and I3 of Ro. Next
we show that, if I; is a (1)o-semi-n-absorbing ideal of R, then I; x Ry is a ¢-semi-n-absorbing
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ideal if {0} x Rg < ¢p(I1 x R9). First, we would like to show that, I; is a 11-semi-n-absorbing ideal
of Ry if I1 x Ry is a ¢p-semi-n-absorbing ideal of R x Rs.

Theorem 3.2. Let v; :J(R;) — J(R;) U{®} be a function with ¢ =y xyo. If I1 x Ry is a ¢p-semi-
n-absorbing ideal of R1 x Ro, then I1 is a y1-semi-n-absorbing ideal of R1.

Proof. Let a € Ry such that ™! € I1 —y1(I1). Clearly, (a,0)""! = (a"*!,0) € I x Ry —y1(I1) x
Wa(R2) =11 xRa—¢p(I1 x R2). By Definition[3.1] (a”,0) = (a,0)" € I1 xRy. Therefore a” € I;. Hence
I, is a y1-semi-n-absorbing ideal of R;. O

Lemma 3.1. Let yv; : J(R;) — I(R;) U{®} be a function with ¢ =vw1 xwa. If I1 is a (y1)9-semi-n-
absorbing ideal of R1 such that {0} x Rg € ¢p(I1 x R2), then I1 x Ra is a ¢-semi-n-absorbing ideal
OfR1 X Rz.

Proof. Let (a,b) € R1 x Ry such that (a,b)"*! € I1 x Ry —¢p(I1 x Rg). Since {0} x Ro < ¢p(I1 x R2),
we have (a"*1,6"*1) = (a,b)"*! ¢ {0} x Ry. Clearly, a”*! # 0. Thus a**! € I1 — (y1)o(I1). By
Deﬁnition a™ € I1. Therefore (a,b)" € I1 x Ro. Consequently 11 x Rg is a ¢-semi-n-absorbing
ideal of R x Rs. O

Corollary 3.1. Let v; : J(R;) — I(R;)U{@} be a function with ¢ =1 x pe. If I3 is a (w3)o-semi-
n-absorbing ideal of Ro such that Ro x {0} € ¢p(R2 x I1), then Ry x I3 is a ¢p-semi-n-absorbing
ideal of R1 x Ro.

Proof. Similar to the proof of Lemma O

Theorem 3.3. Let v; : J(R;) — J(R;)U{®} be a function with p =wi1x...xypand Ry x...xR;_1 %
{O}xRjz1x...xRp SRy x...xRj_1xI; xRij1x...xRp). Then I; is a (y;)9-semi-n-absorbing
ideal of R; if and only if R1 x Rax ... xR;_1xI; xR;i1x...xRp is a ¢p-semi-n-absorbing ideal of
R{xRox...xRyp.

Proof. The proof of the following result is similar to the proof of Lemma and
Corollary [3.1] O

Theorem 3.4. Let v; : J(R;) — I(R;)U{®} be a function with ¢ =1 xwy. Then the following
conditions are equivalent:

(1) I7is a semi-n-absorbing ideal of R1.

(2) I1 xR is a semi-n-absorbing ideal of R1 x Ros.

(3) I1 xRy is a ¢p-semi-n-absorbing ideal of R1 x Ry where wa(R2) # Ros.

Proof. (1)= (2): Let (a,b) € R1 x Ry such that (a"*1,b) = (a,b)**! € I1 x Ry. Clearly, a"*! € I.
By Definition [3.1, a” € I1. Thus (a,b)" € I1 x Ry. Hence I x Ry is a semi-n-absorbing ideal of R.
(2) = (3): It is obvious.

(3) = (1): Let a € Ry such that a""! € I;. Since (a,1)"*! = (a""1,1) ¢ I x y2(R2) and
w1 xwo(l1xRo) S I1 xwo(R2), we have (a, 1)+t Z p(I1xRo). Clearly, (a, Ve xRo—¢p(I1xR2).
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By Definition (a,1)” € I1 x Rg. Therefore a™ € I;. Hence I is a semi-n-absorbing ideal
Ole. ]

Corollary 3.2. Let v; : I(R;) — J(R;) U{®} be a function with ¢ =w1 x yo. Then the following

conditions are equivalent:
(1) I2is a semi-n-absorbing ideal of Ro.
(2) R1x1Iyis a semi-n-absorbing ideal of R1 x Ros.
(3) Ry xI3isa ¢-semi-n-absorbing ideal of R1 x Ry where w1(R1) # R1.

Proof. Similar to the proof of Theorem O

Theorem 3.5. Let v; :J(R;) — J(R;)U{®} be a function with ¢ =1 x...xyp. Then the following

conditions are equivalent:
(1) I; is a semi-n-absorbing ideal of R;.
(2) RixRox...xR;_1xI;xRj;1x...x R}, is a semi-n-absorbing ideal of R1 % ... x Rp,.

3) RixRox...xR;j_1xIixRjy1%x...x Ry is a ¢-semi-n-absorbing ideal of R1 x ... x Rg with
viR)#R;.

Proof. Similar to the proof of Theorem [3.4] and Corollary O

Theorem 3.6. Let v; : J(R;) — J(R;)U{®} be a function with ya(R2) =R9 and ¢ =1 x ya. Then
I xRg is a ¢p-semi-n-absorbing ideal of R1 x R if and only if 11 is a w1-semi-n-absorbing ideal
Ole.

Proof. (=): This follows from Theorem

(<): Let (a,b) € R1 xRy such that (@™*!,6"*1) = (a,b)"" 1 € I1 xRy —p(I1 x Ro) = I1 x Rg —1(I1) x
Rs. Clearly, a®*1el; - w1(I1). By Deﬁnition a™ €1;. Hence I1 x Ry is a ¢p-semi-n-absorbing
ideal of R x Rs. O

Corollary 3.3. Let v; : J(R;) — J(R;)U{®} be a function with w1(R1) =R1 and ¢ =w1xya. Then
R x1I3is a ¢-semi-n-absorbing ideal of R1 x Ro if and only if I is a ya-semi-n-absorbing ideal
of Ro.

Proof. Similar to the proof of Theorem O

Theorem 3.7. Let y; : J(R;) — J(R;) U{®} be a function with y;(R;)=Rjand ¢ =1 x... x Y.
Then R1xRgox...xRj_1xIixR;i1x...xR} is a ¢-semi-n-absorbing ideal of R1 x ... x Ry, if and
only if I; is a yi-semi-n-absorbing ideal of R;.

Proof. Similar to the proof of Theorem [3.6)and Corollary O
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4. Conclusion

We introduced the concept of a semi-n-absorbing of a commutative ring. The aim of this paper
is to investigate the concept of ¢-semi-n-absorbing, ¢¢-semi-n-absorbing, ¢4-semi-n-absorbing,
¢n>2-semi-n-absorbing and ¢,-semi-n-absorbing ideals of commutative rings. A number of
results concerning relationships between ¢-semi-n-absorbing, ¢o-semi-n-absorbing, ¢4-semi-n-
absorbing and ¢, >2-semi-n-absorbing ideals of commutative rings.
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