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1. Introduction
The subdivision schemes are the main pillar in the field of computer graphics, reverse
engineering, computer animation and Computer Aided Geometric Design (CAGD). Now a
days subdivision schemes are widely used in CAGD with lots of interesting applications in
industry because of their high efficiency. The subdivision scheme outlines a curve out of an
initial control mesh by subdividing them according to some refining rule.
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Numerous research papers have been published during the past couple of years in the field
of convexity preservation. In 1994, Cai et al. [14] derived the convexity preserving algorithm
for four-point interpolating subdivision scheme of Dyn et al. [7], which is regarded as a pioneer
paper in this field. In 1999, Dyn et al. [6] deduced convexity preservation of the four-point
interpolatory scheme [7]. In 2009, Cai [5] presented convexity preservation of the ternary
interpolating four-point C2 stationary subdivision scheme of Hassan et al. [8] in 2002. In 2013,
Amat et al. [2] introduce a new approach towards proving convexity preserving properties for
interpolatory subdivision scheme. In 2014, Tan et al. [13] presented convexity preservation
of five-point binary subdivision scheme with a parameter. In 2015, Siddiqi and Noreen [11]
discussed convexity preservation of six point C2 ternary interpolating subdivision scheme which
was presented by Mustafa and Pakeeza [10] in 2010. In 2017, Tan et al. [12] analyzed the
shape-preserving properties of the four-point binary subdivision scheme. Recently, in 2017,
Akram et al. [1] analyzed shape preservation of 4-point interpolating non-stationary subdivision
scheme of Beccari et al. [4]. In this paper we shall focus on shape preservation properties of
stationary 4-point quarternary Approximating and interpolatory subdivision schemes of C2

continuity presented by Ko [9] in 2009.
The remainder of the paper is organized as follows. In Section 2 we recall the refinement

rules of the 4-point quaternary approximating and interpolating subdivision schemes introduced
in [9]. In Section 3 and Section 4 we investigated the monotonicity preserving and convexity
preserving of the approximating and interpolating subdivision schemes respectively. Numerical
examples and conclusion are drawn in Section 5 and Section 6, respectively.

2. Quaternary 4-Point Approximating and Interpolating Subdivision
Schemes

Based on literature [9], first of all, we give the definition of a stationary 4-point quaternary
approximating and interpolating subdivision schemes.

Definition 2.1. A polygon pk = {pk
i }i∈Z is mapped to a refined polygon pk+1 = {pk+1

i }i∈Z by
applying the following four subdivision rules for approximating scheme:

pk+1
4i =− 35

1024 pk
i−1 + 945

1024 pk
i + 135

1024 pk
i+1 − 21

1024 pk
i+2 ,

pk+1
4i+1 =− 65

1024 pk
i−1 + 715

1024 pk
i + 429

1024 pk
i+1 − 55

1024 pk
i+2 ,

pk+1
4i+2 =− 55

1024 pk
i−1 + 429

1024 pk
i + 715

1024 pk
i+1 − 65

1024 pk
i+2 ,

pk+1
4i+3 =− 21

1024 pk
i−1 + 135

1024 pk
i + 945

1024 pk
i+1 − 35

1024 pk
i+2

(2.1)

and for interpolating scheme:

pk+1
4i = pk

i ,

pk+1
4i+1 =− 7

128 pk
i−1 + 105

128 pk
i + 35

128 pk
i+1 − 5

128 pk
i+2 ,

pk+1
4i+2 =− 1

16
pk

i−1 + 9
16 pk

i + 9
16 pk

i+1 − 1
16 pk

i+2 ,

pk+1
4i+3 =− 5

1283pk
i−1 + 35

128 pk
i + 105

1281pk
i+1 − 7

128 pk
i+2 .

(2.2)
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3. Monotonicity Preservation
In the field of subdivision scheme, shape preservation is an important research topic. In this
section, we will drive monotonicity property for the subdivision schemes (2.1) and (2.2).

Lemma 1. Suppose we have a set of initial control points {p0
i }i∈Z,

. . . p0
−2 < p0

−1 < p0
0 < p0

1 < . . .< p0
n−1 < p0

n . . . .

Define first order divided difference by Dk
i = pk

i+1 − pk
i , taking

qk
i =

Dk
i+1

Dk
i

, Qk =max
i

{
qk

i ,
1
qk

i

}
, for all k ≥ 0, i,k ∈Z.

Furthermore, let, for:

(i) Approximating scheme (2.1): 1≤ ρ ≤ 59+2
p

849
5 , ρ ∈R,

(ii) Interpolating scheme (2.2): 1≤ ρ ≤ 14+p201
5 , ρ ∈R.

If 1
ρ
≤Q0 ≤ ρ, {pk

i } is defined by the subdivision scheme (2.1) and (2.2), then:

Dk
i > 0,

1
ρ
≤Qk ≤ ρ, for all k ≥ 0, i,k ∈Z. (3.1)

Proof. (i) To prove Lemma 1, we use mathematical induction on k.

(I) By hypothesis, when k = 0,

D0
i = p0

i+1 − p0
i > 0,

1
ρ
≤Q0 ≤ ρ,

then (3.1) is satisfied.

(II) Suppose that (3.1) satisfies for some k ≥ 1, then we will verify it also holds for k+1.

We first prove

Dk
i > 0, for all k ≥ 0, i ∈Z, k ∈Z.

Assume, Dk
i > 0, for all i ∈Z, holds for some k ≥ 1. Then, it follows: for all i ∈Z,

Dk+1
4i = pk+1

4i+1 − pk+1
4i

= 1
1024

[
−30pk

i−1 −230pk
i +294pk

i+1 −34pk
i+2

]
= 1

1024

[
30

(
pk

i − pk
i−1

)
+260

(
pk

i+1 − pk
i

)
−34

(
pk

i+2 − pk
i+1

)]
= 1

1024

[
30Dk

i−1 +260Dk
i −34Dk

i+1

]
= Dk

i

1024

[
30

qk
i−1

+260−34qk
i

]

= Dk
i

128

[
30
ρ

+260−34ρ
]
> 0 (3.2)

and

Dk+1
4i+1 = pk+1

4i+2 − pk+1
4i+1
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= 1
1024

[
10pk

i−1 −286pk
i +286pk

i+1 −10pk
i+2

]
= 1

1024

[
−10

(
pk

i − pk
i−1

)
+276

(
pk

i+1 − pk
i

)
−10

(
pk

i+2 − pk
i+1

)]
= 1

1024

[
−10Dk

i−1 +276Dk
i −10Dk

i+1

]
= Dk

i

1024

[
− 10

qk
i−1

+276−10qk
i

]

= Dk
i

1024

[
−10
ρ

+276−10ρ
]
> 0 . (3.3)

Similarly we can show that,

Dk+1
4i+2 > 0 and Dk+1

4i+3 > 0

which implies that

Dk+1
i > 0, for all i ∈Z.

Therefore, by induction

Dk
i > 0, for all k ≥ 0, i ∈Z, k ∈Z.

(III) To prove 1
ρ
≤Qk ≤ ρ, for all k ≥ 0, k ∈Z.

Since

qk
4i =

Dk+1
4i+1

Dk+1
4i

=
Dk

i
1024

[
− 10

qk
i−1

+276−10qk
i

]
Dk

i
1024

[
30

qk
i−1

+260−34qk
i

] ,

qk
4i −ρ =

[
− 10

qk
i−1

+276−10qk
i

]
−ρ

[
30

qk
i−1

+260−34qk
i

]
[

30
qk

i−1
+260−34qk

i

] ,

qk
4i −ρ =

− 10
qk

i−1
+276−10qk

i −
30ρ
qk

i−1
−260ρ+34ρqk

i

30
qk

i−1
+260−34qk

i

,

qk
4i −ρ = A

B
. (3.4)

As denominator in (3.4), i.e., B > 0 and numerator satisfies:

A ≤ (−10+34ρ)qk
i −

10
qk

i−1

− 30ρ
qk

i1

+276−260ρ

≤ (−10+34ρ)ρ− 10
ρ

−30+276−260ρ

= 1
ρ

(
34ρ3 −270ρ2 +216ρ−10

)≤ 0 .

Communications in Mathematics and Applications, Vol. 9, No. 3, pp. 249–264, 2018



Shape Preservation of the Stationary 4-Point Quaternary Subdivision Schemes: K. Pervez 253

Therefore,

qk
4i ≤ ρ.

Similarly, in the same way, we can get

qk
4i+1 ≤ ρ, qk

4i+2 ≤ ρ, qk
4i+3 ≤ ρ

and
1

qk
4i

≤ ρ,
1

qk
4i+1

≤ ρ,
1

qk
4i+2

≤ ρ,
1

qk
4i+3

≤ ρ

which implies
1
ρ
≤Qk+1 ≤ ρ.

Therefore, by induction, we have
1
ρ
≤Qk ≤ ρ, for all k ≥ 0, k ∈Z.

This completes the proof.

(ii) To prove Lemma 1, we proceeds by mathematical induction.

(I) By hypothesis, when k = 0, D0
i = p0

i+1 − p0
i > 0, 1

ρ
≤Q0 ≤ ρ, then (3.1) is satisfied.

(II) Suppose that (3.1) satisfies for some k ≥ 1, then we will verify it also holds for k+1.

We first prove Dk
i > 0, for all k ≥ 0, i ∈Z, k ∈Z.

Assume, Dk
i > 0, for all i ∈Z, true for some k ≥ 1. Then, it follows: for all i ∈Z,

Dk+1
4i = pk+1

4i+1 − pk+1
4i

= 1
128

[
−7pk

i−1 −23pk
i +35pk

i+1 −5pk
i+2

]
= 1

128

[
7

(
pk

i − pk
i−1

)
+30

(
pk

i+1 − pk
i

)
−5

(
pk

i+2 − pk
i+1

)]
= 1

128

[
7Dk

i−1 +30Dk
i −5Dk

i+1

]
= Dk

i

128

[
7

qk
i−1

+30−5qk
i

]

= Dk
i

128

[
7
ρ
+30−5ρ

]
> 0 (3.5)

and

Dk+1
4i+1 = pk+1

4i+2 − pk+1
4i+1

= 1
128

[
−1pk

i−1 −33pk
i +37 f k

i+1 −3pk
i+2

]
= 1

128

[(
pk

i − pk
i−1

)
+34

(
pk

i+1 − pk
i

)
−3

(
pk

i+2 − pk
i+1

)]
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= 1
128

[
Dk

i−1 +34Dk
i −3Dk

i+1

]
= Dk

i

128

[
1

qk
i−1

+34−3qk
i

]

= Dk
i

128

[
1
ρ
+34−3ρ

]
> 0 . (3.6)

Similarly, we can show that

Dk+1
4i+2 > 0 and Dk+1

4i+3 > 0

which implies that

Dk+1
i > 0, for all i ∈Z.

Therefore, by induction

Dk
i > 0, for all k ≥ 0, i,k ∈Z.

(III) To prove 1
ρ
≤Qk ≤ ρ, for all k ≥ 0, k ∈Z.

Since

qk
4i =

Dk+1
4i+1

Dk+1
4i

=
Dk

i
128

[
1

qk
i−1

+34−3qk
i

]
Dk

i
128

[
7

qk
i−1

+30−5qk
i

] ,

qk
4i −ρ =

[
1

qk
i−1

+34−3qk
i

]
−ρ

[
7

qk
i−1

+30−5qk
i

]
[

7
qk

i−1
+30−5qk

i

] ,

qk
4i −ρ =

1
qk

i−1
+34−3qk

i −
7ρ

qk
i−1

−30ρ+5ρqk
i

7
qk

i−1
+30−5qk

i

,

qk
4i −ρ = A

B
. (3.7)

As denominator in (3.7), i.e., B > 0 and numerator satisfies:

A ≤ (−3+5ρ)qk
i +

1
qk

i−1

− 7ρ
qk

i1

+34−30ρ

≤ (−3+5ρ)ρ+ 1
ρ
−7+34−30ρ

= 1
ρ

(
5ρ3 −33ρ2 +27ρ+1

)
= 1
ρ

(ρ−1)(5ρ2 −28ρ−1)≤ 0 .

Therefore,

qk
4i ≤ ρ.
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Similarly, in the same way, we can get

qk
4i+1 ≤ ρ, qk

4i+2 ≤ ρ, qk
4i+3 ≤ ρ

and
1

qk
4i

≤ ρ,
1

qk
4i+1

≤ ρ,
1

qk
4i+2

≤ ρ,
1

qk
4i+3

≤ ρ

which implies
1
ρ
≤Qk+1 ≤ ρ .

Therefore, by induction, we have
1
ρ
≤Qk ≤ ρ, for all k ≥ 0, k ∈Z.

This completes the proof.

A direct consequence of Lemma 1 is Theorem 2.

Theorem 2. Suppose the initial control points
{
p0

i

}
i∈Z with p0

i =
(
x0

i , f 0
i

)
are strictly monotone

decreasing (strictly monotone increasing). Denote:

X0 =max
i

{
x0

i+2 − x0
i+1

x0
i+1 − x0

i
,

x0
i+1 − x0

i

x0
i+2 − x0

i+1

}
, Q0 =max

i

{
q0

i ,
1
q0

i

}
.

Then, for 1
ρ
≤ X0 ≤ ρ, and 1

ρ
≤Q0 ≤ ρ,

(i) Approximating scheme (2.1): 1≤ ρ ≤ 59+2
p

849
5 , ρ ∈R,

(ii) Interpolating scheme (2.2): 1≤ ρ ≤ 14+p201
5 , ρ ∈R,

the limit functions generated by the subdivision schemes (2.1) and (2.2) are strictly monotone
decreasing (strictly monotone increasing).

4. Convexity Preservation

Definition 4.1. Given a set of initial control points {P0
i }i∈Z with p0

i =
(
x0

i , p0
i

)
are strictly convex,

where
{
x0

i

}
i∈Z are equidistant points. For convenience, we make ∆x0

i = x0
i+1 − x0

i = 1. By the
subdivision schemes (2.1) and (2.2), we have ∆xk+1

i = xk+1
i+1 − xk+1

i = 1
2∆xk

i = 1
2k+1 .

Definition 4.2. Let dk
i = 2k(pk

i−1 −2pk
i + pk

i+1) denote the second order divided differences. In
the following, we will prove d0

i > 0, for all k ≥ 0, k, i ∈Z. The subdivision scheme (2.1) can thus,
be written in terms of second order divided differences as follows:

dk+1
4i = 1

64

[
−21dk

i−1 +98dk
i −13dk

i+1

]
,

dk+1
4i+1 =

1
64

[
40dk

i +24dk
i+1

]
,

dk+1
4i+2 =

1
64

[
24dk

i +40dk
i+1

]
,

dk+1
4i+3 =

1
64

[
−13dk

i +98dk
i+1 −21dk

i+2

]
.
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Similarly, the subdivision scheme (2.2) can be written as follows:

dk+1
4i = 1

32

[
−5dk

i−1 +18dk
i −5dk

i+1

]
,

dk+1
4i+1 =

1
16

[
3dk

i +dk
i+1

]
,

dk+1
4i+2 =

1
8

[
dk

i +dk
i+1

]
,

dk+1
4i+3 =

1
16

[
dk

i +3dk
i+1

]
.

Theorem 3. Suppose the initial control points {P0
i }i∈Z, P0

i =
(
x0

i , p0
i

)
, which are strictly convex

i.e.,

d0
i > 0, for all i ∈Z,

Given that

Γk =max
i

{
rk

i ,
1
rk

i

}
, where rk

i =
dk

i+1

dk
i

, for all k ≥ 0, k ∈Z.

Furthermore, let for,

(i) Approximating scheme (2.1): 1≤λ≤ 20
17 , λ ∈R.

(ii) Interpolating scheme (2.2): 1≤λ≤ 9+p21
6 , λ ∈R.

Then for 1
λ
≤Γ0 ≤λ,

d0
i > 0,

1
λ
≥Γk <λ, for all k ≥ 0, i ∈Z, k ∈Z. (4.1)

Namely, the limit functions generated by the 4-point quaternary approximating and interpolating
schemes defined in (2.1) and (2.2) preserve convexity.

Proof. (i) To verify Theorem 3, we use mathematical induction on k.

(I) By hypothesis, (4.1) holds true for k = 0, d0
i > 0, 1

λ
≤Γ0 <λ.

(II) Suppose that (4.1) holds for some k ≥ 1.

We verify it is also holds for k+1. We first show that

dk
i > 0, for all k ≥ 0, i ∈Z, k ∈Z.

From the assumption that

dk
i > 0, for all i ∈Z,

it follows: for all i ∈Z
dk+1

4i = 1
64

[
−21dk

i−1 +98dk
i −13dk

i+1

]
= dk

i

64

[
−21

dk
i−1

dk
i

+98−13
dk

i+1

dk
i

]

= dk
i

64

[
−21

1
rk

i−1

+98−13rk
i

]
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≥ dk
i

64

[
−21

1
λ
+98−13λ

]
≥ 0

and

dk+1
4i+1 =

1
64

[
40dk

i +24dk
i+1

]
= dk

i

64

[
40+24

dk
i+1

dk
i

]

= dk
i

64

[
40+24rk

i

]
≥ dk

i

64
[40+24λ]≥ 0 .

Similarly, we can show that

dk+1
4i+2 ≥ 0 and dk+1

4i+2 ≥ 0

which implies that

dk+1
i > 0, for all i ∈Z.

Therefore, by induction, we have

dk
i > 0, for all k ≥ 0, i ∈Z, k ∈Z.

(III) To prove 1
λ
≤Γk+1 <λ, k ≥ 0, i ∈Z, k ∈Z.

Since:

rk+1
4i = dk+1

4i+1

dk+1
4i

=
1
64

[
40dk

i +24dk
i+1

]
1
64

[−21dk
i−1 +98dk

i −13dk
i+1

]

=
dk

i
64

[
40+24

dk
i+1
dk

i

]
dk

i
64

[
−21

dk
i−1
dk

i
+98−13

dk
i+1
dk

i

]

=
[
40+24rk

i

][
−21 1

rk
i−1

+98−13rk
i

]
then

rk+1
4i −λ=

40+24rk
i +21λ 1

rk
i−1

−98λ+13λrk
i

−21 1
rk

i−1
+98−13rk

i

.

By dk+1
4i ≥ 0, the numerator of the above expression satisfies:

Numerator≤ 40+24rk
i +21λ

1
rk

i−1

−98λ+13λrk
i
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= (24+13λ)rk
i +40+21λ

1
rk

i−1

−98λ

= (24+13λ)λ+40+21λ2 −98λ

= 34λ2 −74λ+40

= 2(λ−1)
(
10λ− 20

17

)
≤ 0 .

Therefore,

rk+1
4i ≤λ .

By the similar way, we get

rk+1
4i+1 ≤λ, rk+1

4i+2 ≤λ, rk+1
4i+3 ≤λ.

Since
1

rk+1
4i

= dk+1
4i

dk+1
4i+1

=
1

64

[−21dk
i−1 +98dk

i −13dk
i+1

]
1
64

[
40dk

i +24dk
i+1

]

=
dk

i
64

[
−21

dk
i−1
dk

i
+98−13

dk
i+1
dk

i

]
dk

i
64

[
40+24

dk
i+1
dk

i

]

=

[
−21 1

rk
i−1

+98−13rk
i

]
[
40+24rk

i

]
then

1
rk+1

4i

−λ=
−21 1

rk
i−1

+98−13rk
i −40λ−24λrk

i

40+24rk
i

.

As denominator dk+1
4i+1 ≥ 0, the numerator of the above expression satisfies:

Numerator≤−21
1

rk
i−1

+98−13rk
i −40λ−24λrk

i

= (−13−24λ)rk
i +98−21

1
rk

i−1

−40λ

=−24λ2 −74λ+98

=−2(λ−1)
(
λ+ 49

12

)
≤ 0

and similarly,
1

rk+1
4i+1

≤λ,
1

rk+1
4i+2

≤λ,
1

rk+1
4i+3

≤λ
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which implies
1
λ
≤Γk+1 <λ .

Therefore, by mathematical induction, we have
1
λ
≤Γk <λ, for all k ≥ 0, k ∈Z.

This completes the proof.

(ii) To verify Theorem 3, we use mathematical induction on k.

(I) By hypothesis, (4.1) holds true when k = 0, d0
i > 0, 1

λ
≤Γ0 <λ.

(II) Suppose that (4.1) holds for some k ≥ 1.

We verify it is also holds for k+1. We first show that

dk
i > 0, for all k ≥ 0, k, i ∈Z.

From the assumption that

dk
i > 0, for all i ∈Z,

it follows: for all i ∈Z
dk+1

4i = 1
32

[
−5dk

i−1 +18dk
i −5dk

i+1

]
= dk

i

32

[
−5

dk
i−1

dk
i

+18−5
dk

i+1

dk
i

]

= dk
i

32

[
−5

1
rk

i−1

+18−5rk
i

]

≥ dk
i

32

[
−5

1
λ
+18−5λ

]
≥ 0

and

dk+1
4i+1 =

1
16

[
3dk

i +dk
i+1

]
= dk

i

16

[
3+ dk

i+1

dk
i

]

= dk
i

16

[
3+ rk

i

]
≥ dk

i

16
[3+λ]≥ 0 .

Similarly, we can show that

dk+1
4i+2 ≥ 0 and dk+1

4i+2 ≥ 0

which implies that

dk+1
i > 0, for all i ∈Z.
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Therefore, by induction, we have

dk
i > 0, for all k ≥ 0, i ∈Z, k ∈Z.

(III) To prove 1
λ
≤Γk+1 <λ, i ∈Z, k ∈Z.

Since:

rk+1
4i = dk+1

4i+1

dk+1
4i

=
1
16

[
3dk

i +dk
i+1

]
1
32

[−5dk
i−1 +18dk

i −5dk
i+1

]

=
dk

i
16

[
3+ dk

i+1
dk

i

]
dk

i
32

[
−5

dk
i−1
dk

i
+18−5

dk
i+1
dk

i

]

= 2
[
3+ rk

i

][
−5 1

rk
i−1

+18−5rk
i

]
then

rk+1
4i −λ=

6+2rk
i +5λ 1

rk
i−1

−18λ+5λrk
i

−5 1
rk

i−1
+18−5rk

i

.

By dk+1
4i ≥ 0, the numerator of the above expression satisfies:

Numerator≤ 6+2rk
i +5λ

1
rk

i−1

−18λ+5λrk
i

= (2+5λ)rk
i +6+5λ

1
rk

i−1

−18λ

= (2+5λ)λ+6+5λ2 −18λ

= 10λ2 −16λ+6= (λ−1)(10λ−6)≤ 0 .

Therefore,

rk+1
4i ≤λ.

By the similar way, we get

rk+1
4i+1 ≤λ, rk+1

4i+2 ≤λ, rk+1
4i+3 ≤λ .

Since
1

rk+1
4i

= dk+1
4i

dk+1
4i+1

=
1

32

[−5dk
i−1 +18dk

i −5dk+1
i+1

]
1
16

[
3dk

i +dk
i+1

]
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=
dk

i
32

[
−5

dk
i−1
dk

i
+18−5

dk
i+1
dk

i

]
dk

i
16

[
3+ dk

i+1
dk

i

]

=

[
−5 1

rk
i−1

+18−5rk
i

]
[
6+2rk

i

]
then,

1
rk+1

4i

−λ=
−5 1

rk
i−1

+18−5rk
i −6λ−2λ+5λrk

i

6+2rk
i

.

By dk+1
4i+1 ≥ 0, the numerator of the above expression satisfies:

Numerator≤−5
1

rk
i−1

+18−5rk
i −6λ−2λ+5λrk

i

= (−5−2λ)rk
i +18−5

1
rk

i−1

−6λ

= (−5−2λ)λ+18−5λ−6λ

=−2λ2 −16λ+18

=−2(λ−1)(λ+9)≤ 0 .

Therefore,
1

rk+1
4i

≤λ .

Similarly,
1

rk+1
4i

≤λ,
1

rk+1
4i+1

≤λ,
1

rk+1
4i+2

≤λ,
1

rk+1
4i+3

≤λ

which implies
1
λ
≤Γk+1 <λ.

Therefore, by mathematical induction, we have
1
λ
≤Γk <λ, for all k ≥ 0, k ∈Z.

This completes the proof.

5. Numerical Examples
In order to examine and certify the efficiency of convexity preserving conditions that are
proposed for the schemes (2.1) and (2.2), the following three numerical examples are executed.

Example 5.1. For examining the applications of the scheme (2.1) after three iterations is
well demonstrated in Figure 5.1. In the figure, the initial control polygons are shown by the
dash-doted lines, and the limit curves are shown by the red solid curves.
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(a) (b) (c)

(d) (e) (f)
Figure 5.1. Behavior of convexity preserving C2 limit curves (red full line) and initial polygon (black
dash-dotted line) generated by subdivision scheme (2.1).

Example 5.2. For examining the applications of the scheme (2.2) after three iterations is well
demonstrated in Figure 5.2. In the figure, the initial control polygons are shown by the doted
lines, and the limit curves are shown by the green solid curves.

(a) (b) (c)

(d) (e) (f)
Figure 5.2. Behavior of convexity preserving C2 limit curves (green full line) and initial polygon (black
dotted line) generated by subdivision scheme (2.2).

Communications in Mathematics and Applications, Vol. 9, No. 3, pp. 249–264, 2018



Shape Preservation of the Stationary 4-Point Quaternary Subdivision Schemes: K. Pervez 263

Example 5.3. Comparison of schemes (2.1) and (2.2) after three iterations is well demonstrated
in Figure 5.3. In the figure, the initial control polygons are shown by the doted lines, and the
limit curves generated by approximating scheme (2.1) are shown by red full line and limit
curves for interpolating scheme (2.2) are shown by the green solid curves.

(a) (b)

Figure 5.3. Comparison of schemes (2.1) and (2.2), doted line shows initial polygon, red solid line shows
limit curve generated by scheme (2.1) and green full line generated by scheme (2.2).

6. Conclusion
In CAGD, shape preservation of curves and surfaces is essential tool for modeling curves.
Monotonicity and convexity preservation are two major elements in shape preserving. In this
paper, a stationary 4-point quaternary approximating and interpolating subdivision schemes are
discussed. Successively, the conditions of the initial data guaranteeing monotonicity preservation
and convexity preservation are derived. For this purpose it is proved that if initial data is
strictly convex and satisfy Γ0 ∈ (

1, 20
17

)
and Γ0 ∈

(
1, 9+p21

6

)
then the limit curve generated by the

subdivision schemes (2.1) and (2.2) respectively, are also convex.
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