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1. Introduction and preliminaries

Brianciari [11] generalized the concept of a metric where the triangular inequality is replaced by
a rectangular one. Using this concept, many papers have been done in order to prove (common)
fixed point results (for more details, see [|5,6,(15-17,22-24]] and [25]]). On the other hand, the idea
of a b-metric has been introduced in the papers [[12] and [[13] (for other results, see [1,2,/7-10]
and [20]). Extending the above concepts, the following definition was given by Roshan et al.
[21, Lemma 1.10] (see also [4]).
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Definition 1.1. Let X be a nonempty set, s = 1 be a given real number and let d : X x X —
[0, +00) be a mapping such that for all x, y € X and all distinct points u,v € X, each distinct from
x and y:

(1) d(x,y)=01if and only if x = y;

(2) d(x,y)=d(y,x);

3) d(x,y)<sld(x,u)+d(u,v)+d(v,y)] (b-rectangular inequality).

Then (X,d) is called a b-rectangular or a b-generalized metric space (b-g.m.s.).
The following is an easy example of a b-g.m.s.

Example 1.2. Let X = A UB, where A ={0,1} andB:{%:n:2,3,4,...}.
Define d : X x X — [0,00) by
0,ifx=y
dx,y)=d(y,x) =144, ifx# y and {x,y} =B
1,ifxeB, yeAandx#y or {x,y}SA and x # y.

Then (X,d) is a b-g.m.s with coefficient s =2 > 1, but (X,d) is not a gm.s, as d(%, i) =4>3=
d(4,0)+d©,1+d(1,).

The following lemma dif and only ifers from [15, Lemma 1.10] and [17, Lemma 1]. We need
it in the sequel.

Lemma 1.3 ([21, Lemma 1]). Let (X,d) be a b-g.m.s. and let {x,} be a Cauchy sequence in X

such that x,, # x, whenever m # n. Then {x,} can converge to at most one point.
The following lemma is also useful for the rest.

Lemma 1.4 ([21, Example 1.1]). Let (X,d) be a b-g.m.s.

(a) Suppose that sequences {x,} and {y,} in X are such that x, — x and y, — y as n — oo, with
x#£y, and x, #x, yo Zy for n € \. Then, we have
1
—d(x,y) <liminfd(x,,y,) <limsupd(x,,y,) < sd(x,y).
S n—oo n—o0
(b) If y € X and {x,} is a nonconstant Cauchy sequence in X with x, # x,, for all n # m,

converging to x Z vy, then

1
—d(x,y) < linminfd(xn,y) <limsupd(x,,y) <sd(x,y),
S —00

n—oo

forall xe X.

Definition 1.5 ([3]). A mapping f :[0,00)> — R is called a C-class function if it is continuous
and satisfies the following axioms:

(1) f(s,t)<s for all s,t€[0,00);
(2) f(s,t)=s implies that either s =0, or £ =0.
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We will denote the family of C-class functions as C (see also, [19]). Note that for some F € C,
we add the condition F'(0,0) = 0.

Example 1.6 ([3]). The following functions F :[0,00)?2 — R are elements of C, for all s, € [0, 00):
(1) F(s,t)=s—t;

(2) F(s,t)=msfor0<m<1;

3) F(s,t)= ﬁ for r € (0,00).

Definition 1.7 ([18]])). A function v :[0,00) — [0,00) is called an altering distance function if the
following properties are satisfied:

(i) v is non-decreasing and continuous,
(i) y()=0if and only if £ =0.
Remark 1.8. We let ¥ denote the class of the altering distance functions.

Definition 1.9 (3]). An ultra altering distance function is a continuous and nondecreasing
mapping v : [0,00) — [0,00) such that w(¢) > 0 for all ¢ > 0.

Remark 1.10. Let @, denote the set of all ultra altering distance functions.

Definition 1.11. Let y € ¥, ¢ € @, and F € C. The tripled (y,¢,F) is said to be monotone if for
any x,y € [0,00)

x<y= F(y(x),px)) < F(y(y), p(y)).

Example 1.12. Let F(s,t) =s —t, ¢(x) = \/x and
x if0<x<l1,
plx) = {\/_ '

x2, ifx>1,

then (v, ¢,F) is monotone.

Example 1.13. Let F(s,t) =s—t, ¢p(x) = x?

w(x)z{ﬁ ifo<sx<1,

x2, ifx>1,

then (y,¢,F) is not monotone.

Example 1.14. Let F(s,?) = 135, ¢(x) = {/x and

S if0<x<1
w(x):{\/a_c if0<sx<1,

x3, ifx>1,

then (v, ¢, F) is monotone.
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Example 1.15. Let F(s,t) =s—t, ¢(x) = x> and

Jx if0<x<1,
pw =1V
x°, ifx>1,

then (y,¢,F) is not monotone.

Example 1.16. Let F(s,t) = 1og(tff:), w(x) = x and ¢(x) = e*, then (y,$,F) is monotone.

2. Main Results

Our first main result is

Theorem 2.1. Let (X, <,d) be a complete b-g.m.s. and f : X — X be an increasing mapping with

respect to < such that there exists an element xg € X with xo < fx9. Suppose that
w(sd(fx,fy) < F(y(M(x,y)), p(M(x,y))) (2.1)

for all comparable elements x,y € X, where w eV, ¢ € ®,, F € C, such that (y,¢,F) is monotone.
Assume also that y(r +t) <w(r)+w(t) and
dx,fx)d(y,fy) d(x,fx)d(y,fy)
1+d(fx,fy) ~  1+dx,y) ~
d(x, fx)d(x, f%y) d(x, fx)d(x,fy) }
1+sld(x, fx)+d(y, fy)+d(fy, f2y)] 1+d(x,fy)+d(y,fx)]
If f is continuous, then [ has a fixed point. Moreover, the set of fixed points of [ is well ordered if

M(x,y)= max{d(x,y),

and only if f has one and only one fixed point.

Proof. Let xy € X. Taking x,, = f"x¢. If x,, = x,,+1 for some n € N, then x,, = fx,, i.e., x, is a fixed
point of . From now on, we suppose that x, # x,+1 for all n € N. Since x¢y < fx¢ and f is an
increasing function, we get

x0 = fao=<f2xg == [fTxo=f"ag=---
Step 1: We shall prove that
lim d(x,,x,+1)=0. (2.2)
n—oo
Having in mind x, < x,.1 for each n € N, then by Definition in (2.1), we get
W(Sd(xn,anrl)) = W(Sd(fxn—ly fxn))
< F(y(M(xp-1,%0)), p(M(x,-1,%5)))
< F(y(max{d(x,-1,%,),d(xn,xn+1))), pmax{d(x,—1,%,),d(x,,xn+1)). (2.3)

We used that
d(xXn-1,fxn-1)dxn, fxn) dxn-1,f%n-1)d(xy, fxn)
1+d(fxn-1,f%a) 1+d(xp-1,%5) ’
d(xp-1, fxn—l)d(xn—l;f2xn)
1+s[d(xn_1,f%n-1)+dxn, F,) +d(fxn, f2x,)]

M(x,-1,x,) = max{d(xn—lyxn)a
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d(xp-1,fxn-1)d(xn-1,fxn) }

1+d(xn-1,fxn) +d(xp, f2n-1)

d(xp-1,%0)d X0, Xn+1) A(Xn-1,%0)d(Xn,2Xn+1)

1+d(xn,xn+1) ’ 1+d(xp-1,%x,)

d(xp—1,%n)d(xy-1,%n+2)

1+3[d(xn—1,xn)+d(xn,xn+l)+d(xn+1,xn+2)],
d(xn-1,%p)d(Xn-1,%n+1) }

1+d(xp-1,%n41) +d(xp,x,)

= maX{d(xn—:L,xn),

< max {d(xn_l,xn),d(xn_1,xn),d(xn,xn+1),

d(xp-1,%p)8ld(xn-1,%5) + d(xp, %0 41) + d(Xp11,%042)]
1+sld(xp—1,%,) +d(Xp, Xn 1) + d(Xp41,%042)]
d(xn—laxn)d(xn—l,xn+1)}
1+d(xp-1,%14+1)

)

<max{d(x,-1,%n),d(xX,,%n+1}.
If for some n = 1, max{d(x,-1,%,),d(xn,%Xn+1)} = d(x,,%n+1), then from we obtain
Y(sd(xn,xn+1)) < F(Y(d(xn,%n+1)), P(d(xn,%n+1)))
=yY(d(xn,%n+1)) S Y(sd(xy,%p41)). (2.4)

Thus y(d(x,,xn+1)) = 0 or @(d(x,,x,+1)) = 0. This implies that d(x,,x,+1) = 0, which is a
contradiction. We deduce that max{d(x,_1,x,),d(x,,x,+1)} = d(x,—-1,x,) for all n = 1. Again

by (2.3), we have
Y(sd(xn,xn+1)) = F(@(d(xn-1,20)), p(d(xn-1,21)))
S y(d(xp-1,%p)) S Y(sd(xp_1,%,)),
which implies that
dx,,xn+1) <d(x,-1,x,), foralln=1. (2.5)
The sequence {d(x,,x,+1)} is decreasing, and so there exists r = 0 such that ;}1—»120 d(x,,xpns1)=T.
Assume that r > 0. Letting with n — oo in (2.3)),
w(sr) < F(y(r),o(r) <y(r) <y(sr).
So w(r) =0 or ¢(r) = 0. This implies that r = 0, which is a contradiction. Hence is proved.
Step 2: We have x, # x,, for all n,m e N.
We argue by contradiction. Assume that x, = x,, for some n >m, so x,+1=fx, = fXm = Xm+1.
By continuing this process, x,,.% = x,,.% for each £ € N. Then implies that
W(d(xm, Xm+1)) = w(d(xn, Xn+1))
<y(sd(xn,xn+1)) =w(sd(fx,-1,fx,))
<F(y(M(xp-1,%n)), p(M(x,-1,%1)))
< F(y(max{d(x,_1,%n),d(xn, Xn+1)), @(max{d(tp—1,%n),d(xn, % +1)}).
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If max{d(x,-1,%,),d(xpn,xn+1)} = d(x,,%,+1) for some n =1, then
Y(d X, Xm+1)) = W(d(xXn, Xn+1))
< y(sd(xn,xn+1))
=y(sd(fxn-1,fxn))
< F(y(d(xp,%n+1)), (d(xp, %n+1)))
< y(d(xp,%p+1))
=p(d(xm,Xm+1))-
So, w(d(xy,x,+1)) = 0 or @(d(xp,x,+1)) = 0. This implies that d(x,,x,+1) = 0, which is a
contradiction. Thus max{d(x,-1,xp),d(xn,%,+1)} = d(x,—1,%,) for all n = 1. Then we obtain
Y(d (X, X +1)) < P(d(Xp-1,%5))
< F(y(M(xp-2,%n-1)), p(M(xy-2,%1-1)))
< y(d(xp-2,%-1))

< F(y(M(xp,Xm+1)), (M (X1, X1 41)))
=F(y(d(xm,%m+1)), (d (X, Xm+1)))
<Y(d(xpm,Xm+1))-

Thus ¥(d(xm,xm+1)) = 0 or @(d(x,;,xm+1)) = 0. This implies that d(x,,,xn,+1) = 0, which is a

contradiction. That is, we can assume that x, # x,, for all n #Z m.

Step 3: We will show that {x,} is a b-g.m.s Cauchy sequence.
Using the b-rectangular inequality and a property of v in (2.7),
w(d(xy,2xm)) < W(sd(xn,xn+1) +8d(Xn+1,Xm+1) +SA (X +1,%m))
< Y(sd(xn,xn+1)) + P(sd(xn+1,Xm+1)) + W(sd (Xpp+1,%m))
< Y(sd(xn,%n+1)) + F(W(M(xn,%m)), (M (X, ) + W(8d (X, X +1)). (2.6)
But,
d(xp,,xm) <M(x,,xm)
d@xn, fxn)d(Xm, fXm) A, fxn)dXm, fxm)
1+d(fxn, fam) ~— 1+d(n,xm)
d(xn, f2n)d (@, [ m)
1+ sld(@n, f2n) + d@m, fxm) + d(fxm, F22m)]

= max{d(xn,xm),

d(xn,fxn)d(xn; fxm) } (2.7)
1+d(@n, fXm) +dCom, fn) | '
Therefore, from and (2.7)
limsup M (x,,x,) =limsupd(x,,x,). (2.8)

m,n—oo m,n—o0
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Taking limsup as m,n — oo in (2.6) and applying again (2.2), we get
w(imsupd(x,, %)) <limsup F(w(M(x,,xm)), p(M(xy,%m)))

m,n—o00 m,n—00

< F(y(limsup(M (x,,xn)), p(imsup M (x,,x,)))

m,n— 00 m,n—o00

< w(limsup M(xp, %))

m,n—00

<w(limsupd(x,,xm)) (2.9)

m,n—00

which implies that
yw(limsupd(x,,x,;)) =0 or ¢(limsupd(x,,x,))=0.

m,n—o0 m,n—o00

So
lim supd(xy,,x,)=0. (2.10)

m,n—o0

Consequently, {x,} is a b-g.m.s Cauchy sequence in X.

Step 4: We shall prove that f has a fixed point.

Since (X,d) is b-g.m.s complete, the sequence {x,} b-g.m.s-converges to some z € X, that is,
r}Lrglo d(x,,z) = 0. We shall show that such z is a fixed point of /. We argue by contradiction.
Suppose that fz # z. From Lemma it follows that x, dif and only ifers from both fz and z
for n sufficiently large. Using the b-rectangular inequality,

d(fz,z)<sd(fz,fxp)+sd(fxn, [xn+1)+sd(fxn+1,2).
Taking n — oo, the continuity of f yields that fz = z. Therefore, z is a fixed point of f.

Step 5: We shall show that the set of fixed point of f is well ordered if only if f has a unique
fixed point.
Let u and v be two fixed points of f such that u # v. From (2.1), we obtain

w(d(u,v)) =yd(fu,fv)) < Fy(M(u,v)), p(M(u,v)))
=F(y(d(u,v)),p(d(u,v))). (2.11)

But
du,fu)d,fv) d(u,fu)d(,fv)

1+d(fu,fv) > 1+du,v) ’

d(u, fu)d(u, f?v) d(u, fu)d(u, fv) }

1+sld(u, fu)+d@, fv)+d(fv, f2v)]’ 1+d(u,fv)+d, fu)

=max{d(u,v),0} = d(u,v).

Then (2.11) leads to w(d(u,v)) =0 or ¢(d(u,v)) =0. This implies that d(u,v) =0, a contradiction.
Hence u = v, and f has a unique fixed point. Conversely, if f has a unique fixed point, then the

M(u,v):max{d(u,v),

set of fixed points of f is a singleton and hence it is well ordered. O

The continuity of f in Theorem can be dropped and be replaced by the following
hypothesis:

Commaunications in Mathematics and Applications, Vol. 9, No. 2, pp.|109 , 2018
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(H) if {x,} is a nondecreasing sequence in X such that x,, — u as n — oo, then there exists a
subsequence {x,)} of {x,} such that x,) < u for all k.

Theorem 2.2. Assume that all hypotheses of Theorem hold, except that the continuity
assumption on f is replaced by (H). Then f has a fixed point.

Proof. From the proof of Theorem we construct an increasing Cauchy sequence {x,} with
Xp # Xy for all m #n in X such that x,, — z € X. By using (H), we obtain x,) < z. Now, we will
show that fz = z. On contrary, assume that fz # z. From Lemma and (2.1),

1
w(d(z,f2)=v (s§d(z, fz))
<y(s lim supdengo-1, f2))

=limsupy(sd(xy)+1,[2)

k—o0
< F(w(l{}irilosupM(xn(k),z)),w(}girgoinfM(xn(k),z))),

where
dXn), [Xn)d(2, f2) dxnk), fXnr))d(z,f2)
1+d(fxnm),f2) ’ 1+d(xpr),2) ’
d(@n(iy, [20)dEnii), [22)
1+ s[dxXn), f X)) +d(z,f2) +d(fz,f22)]
d(xnk), [ 2Xn)d@nk), [ 2) }
1+ d(xn(k),fz) + d(z,fxn(k)) '
Letting £ — oo and using (2.2)), we get w(d(z,fz)) < F(y(0),9(0)) = 0, a contradiction. This
implies that z = fz. O

M(x,t),2) = max {d(xn(k),Z),

By choosing F(s,t) =rs, where 0 <r <1 in Theorem we obtain the following corollary.

Corollary 2.3 ([21]). Let (X, =<,d) be a complete b-g.m.s. and f : X — X be an increasing mapping
with respect to < such that there exists an element xo € X with xo < fxo. Assume there exists r
with 0<r< % such that

d(fx,fy)<rM(x,y),

for all comparable elements x,y € X, where
d(x,fx)d(y,fy) dx,fx)d(y,[y)
1+d(fx,fy) > 1+d(x,y)
d(x, fx)d(x, f2y) d(x, fx)d(x, fy) }
1+sld(x, fx)+d(y, fy)+d(Ffy, 2] 1+d(x, fy)+d(y,fx)]’
If f is continuous or (H) holds, then f has a fixed point. Also, the set of fixed points of [ is well
ordered if and only if f has one and only one fixed point.

M(x,y) = max{d(x,y),

Corollary 2.4 ([21]]). Let (X, =<,d) be a partially ordered complete b-g.m.s. and f : X — X be an
increasing mapping with respect to =< such that there exists an element xg € X with xy < fxo.
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Assume that
d(fx,fy) = ad(x,y)+ ﬁd(lx;’;x();i;,y f§ : )y 2l ’fo(yy)f Y)
d(x, fx)d(x, f2y) N d(x,fx)d(x,fy)
1+sld(x, fo)+d(y, f)+d(fy,f2]  1+d(x, fy)+d(y,fx)
for all comparable elements x,y € X, where a,f=0and a+B+y+d+1A< % If f is continuous
or (H) holds, then [ has a fixed point.

(2.12)

By choosing F(s,t) =s—t in Theorem we obtain the following corollary.

Corollary 2.5. Let (X,=<,d) be a complete b-g.m.s. and f : X — X be an increasing mapping
with respect to < such that there exists an element x¢ € X with xo < fxo. Assume that

w(d(fx,fy) <yM(x,y) —p(M(x,y)),
for all comparable elements x,y € X, where w,p € ¥ with y(r +t) <w(r)+y(t) and
dx,fx)d(y,fy) dx,fx)d(y,[y)
1+d(fx,fy) ~  1+dx,y) ~
d(x, fx)d(x, f%y) d(x, fx)d(x,fy) }
1+sld(x, fx)+d(y, fy)+d(fy, f2y)] 1+d(x,fy)+d(y,fx))

If f is continuous or (H) holds, then f has a fixed point. Also, the set of fixed points of f is well
ordered if and only if f has one and only one fixed point.

M(x,y)= max{d(x,y),

Corollary 2.6. Let (X,=,d) be a partially ordered complete b-g.m.s. and f : X — X be an
increasing mapping with respect to < such that there exists an element xo € X with xo =< fxo.
Assume that

Y(sd(fx,fy) <F(p(M(x,y)), p(M(x, y))) (2.13)

for all comparable elements x,y € X, where w e ¥V, ¢ € ®,, F € C, such that (v,p,F) is monotone,
w(r+t)<y(r)+y(t) and

1+d(fx,fy)
If f is continuous or (H) holds, then [ has a fixed point. Also, the set of fixed points of f is well
ordered if and only if f has one and only one fixed point.

Proof. It suffices to consider Definition in Theorem O

Next, we give some results for almost generalized weakly contractive mappings. For instance,
let (X,d) be a b-g.m.s and f : X — X be a given mapping. For x,y € X, set

M(x,y) = max{d(x,y),d(x, fx),d(y, fy)}

and

N(x,y) =min{d(x, fx),d(x, fy),d(y, fx),d(y, [ y)}.
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Definition 2.7. Let (X,d) be a b-g.m.s. We say that a mapping f : X — X is an almost
generalized (F,w,p)s-contractive mapping if there exist L =0 and v € ¥,p € ®, and F € C
such that (v, ¢,F) is monotone and y(r +¢) < w(r) + w(¢) with

y(sd(fx,fy) < F(y(M(x,y),p(M(x,y)) + Ly(N(x,y)) (2.14)
forall x,ye X.

We state the following result.

Theorem 2.8. Let (X,=,d) be a partially ordered complete b-gm.s. and f : X — X be a
continuous mapping which is non-decreasing with respect to <. Assume that [ is an almost
generalized (F,y,p)s-contractive mapping. If there exists xog € X such that xo < fxo, then f has a
fixed point. Also, the set of fixed points of [ is well ordered if and only if f has one and only one
fixed point.

Proof. Let {x,} be a sequence in X such that x,.1 = fx,. Having that xo < fxo =x1 and [ is
non-decreasing, we have

X0=X1= =X, =Xp4+1 ="

Suppose that x, = x,, for some n > m, then we have x,,1 = fx, = fx;;, = xm+1. By continuing
this process there is a positive integer & (indeed, 2 =n —m) such that x, = x,,,.2 = %n4%. So we
get x, = [(Xnih-1) = 2(Xpsp_o) == FE(x,). If k =1, then fx,, = x,, so x, is a fixed point of f.
If £ > 1, according to the proof of Theorem 4 in [14], f*~1(x,) is a fixed point of f. The proof is
completed. From now on, we assume that x, # x,, for n # m. By (2.14), we obtain that

'(,U(d(xn,xn+1)) = W(Sd(xn,xn+1))
= w(Sd(fxn—lafxn))

< F(y(M(xn-1,%)), (M (x-1,%))) + LY (N (xp-1, %)), (2.15)
where
M(xy-1,%5) = max {d(x,_1,%,),d(xXn-1, [ Xn-1),d(xp, [ 2,)}
= max {d(x,-1,%n),d (X, Xn+1)} (2.16)
and

N(xp-1,%5) = min{d(xp-1, f%n-1),d®n-1, %), d (%, [ %n-1),d (%, [ %)}
=min {d(x,_1,%,),d(Xn-1,2%,11),0,d(xn, 2,11} = 0. (2.17)
From (2.15)—(2.17) and the properties of ¥ and ¢, we obtain
W(d(xp, xn+1)) < F(y(max {d(x,-1,%0),d(xn, 2n+1)}), @(max {d(x,_1,%,),d(xs,%p+1)})). (2.18)
If for some n, max{d(xn_l,xn),d(xn,xn+1)} =d(xp,,xn+1), then by , we have
W(d(xn,%n4+1)) < F(@(d(xn,xn4+1), p(d (X, %541))).

Commaunications in Mathematics and Applications, Vol. 9, No. 2, pp.|109 , 2018



New Fixed Point Results via C-class Functions in b-Rectangular Metric Spaces: A.H. Ansari et al. 119

So y(d(xp,xn+1)) = 0 or @(d(x,,x,+1)) = 0. This implies that d(x,,x,+1) = 0, which gives a
contradiction. Then for all n > 1

max {d(x,-1,%,), d(*n, %n+1)} = d(2n-1,%).
Therefore, becomes
Y(d(xn,%n41)) < F(y(d(xn-1,%,)), p(d(xp—1,%,))) < p(d(xp_1,%,)). (2.19)

Thus, {d(x,,x,+1)} is a non-increasing sequence of positive numbers. Hence there exists r =0
such that

ggr&d(xn,xn+1) =r.
Taking the limit n — oo in (2.19), we obtain
w(r) < F(y(r),or) <y(r).
Thus w(r) =0 or ¢(r) =0. This implies that » = 0, that is,
r}irgod(xn,xn+1) =0. (2.20)

Next, we show that {x,} is a Cauchy sequence in X. Suppose the contrary, that is, {x,} is not a
Cauchy sequence. Then there exists € > 0 for which we can find two subsequences {x,;} and
{xn,} of {x,} such that n; is the smallest index for which

ni>m;>1i and d(xp,,x,,) = €. (2.21)
That is
d(Xm;,%n,—2) <E&. (2.22)
Taking the limsup as i — oo and using (2.22), we obtain
limsupd(xp,,%n;—2) < €. (2.23)
n—oo
On the other hand, we have
d(Xm;,%n,) <8A(Xm,, Xm;+1) +8A(Xm;4+1,%n;-1) +$A (X, -1,%n;).
Using (2.20), (2.21) and taking the limsup as i — oo, we obtain
€
- <limsupd(xy,+1,%n,-1)- (2.24)
S n—oo
From the b-rectangle inequality, we get
d(xmi 7xni) = Sd(xmi ,xni—z) + Sd(xni—2;xni—1) + Sd(xni—bxni)-

Taking the limsup as i — oo and using (2.20), (2.21), we have
£ <limsupd(em,,xn,2). (2.25)

S n—oo

Using (2.14), we get
Y(sd(Xm;+1,%n;-1)) = Y(sd(f X, f xn;-2))
s Fy(M(xm;,%n;-2)), (M (X %n;-2))) + LY (N (X, Xn,;-2)), (2.26)
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where
M(xp,,;,%n,-2) = max{dXm,, Xn;~2), d (X, [ Xm,), dXn,~2, [ Xn,-2)}
= max {d(xXpm;,%n;-2), d(Xm,, Xm,;+1),d(Xn;-2,%n;-1)}
and
N(xm;,2n,-2) = min{d@m;, fXm,)s d@Xm,;, [Xn,-2),d(@Xn,—2, FXm,), d (X, -2, fXn;-2)}
= min{dxm,, Xm;+1),dEm;,%n;-1), A(Xn; -2, Xm;+1), d(Xn; 2, %n,; 1)}

Taking the limsup as i — oo in (2.27) and (2.28) and using (2.20), (2.23), we obtain

limsup M(xp,;,%n,-2) = max{limsupd(xmi ,%Xn;-2),0, 0} <e.

1—00 1—00
Therefore
limsup M(xp,;,%n,-2) <€,
1—00
and

limsup N(xp,;,x,,-2) = 0.
1—00

Similarly, as i — oo in (2.27) and using (2.20) and (2.25), we obtain

€ .
- <limsupM(xy,;,%n,2).
S [ —00

Now, taking the limsup as i — oo in (2.26) and using (2.24), (2.29) and (2.30), we get
£ .
w(s . ;) < w(sllmsupd(xmiJ,l,xni_l))

1—00

< F(y(limsup M(xp,, n,-2)), limsup o(M (2, n,-2)|

1—00 n—o0

< F(w(g),(p(limsupM(xmi >xni—2)))

1—00

<y(e),
which implies that
w(e)=0 or (p(limsupM(xmi,xni_z)) =0.

[—00

Hence € = 0 or limsup M(x,,,x,,—2) = 0, which is a contradiction with respect to (2.31

1—00

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

. Thus

{x,+1} is a b-g.m.s. Cauchy sequence in X, which is complete, so there exists z € X such that

X, — 2z as n — oo, that is,

lim x,,1 = lim fx, =z.
n—00 n—00

Now, suppose that f is continuous. We show that z is a fixed point of /. Suppose that fz # z.
By Lemma it follows that x,, dif and only ifers from both fz and z for n sufficiently large.

From the b-rectangle inequality, we obtain

d(z,fz)<sd(z,fx,)+sd(fxn, fxn+1)+sd(fxn+1, f2).
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Taking the limit n — co, we have
d(z,fz)<0.
So we get fz =z, that is, z is a fixed point of f. O

Note that the continuity of f in Theorem is not necessary and can be dropped.

Theorem 2.9. Under the hypotheses of Theorem except that the continuity assumption on f
is replaced by the hypothesis (H). Then f has a fixed point in X.

Proof. From the proof of Theorem we construct an increasing sequence {x,} in X such that
X — 2, for some z € X. From the assumption on X, we get that x,) < z, for all 2 € N. Now, we
show that fz = z. From (2.14), we obtain

Y(sd(xXnk)+1,2)) = Y (sd(fxnr), f2))

< F(y(M(xn),2)), 9(M (X k), 2))) + LY (N (Xn(r), 2)), (2.32)
where
M (xyr),2) = max {d (x,z), 2),dXnk), fXnk)), d(z, f2)}
= max {d (X 1), 2), d(Xnk), Xnk)+1), d(2, f2)} (2.33)
and
N (@), 2) = min{d (xn@), f Xnk)s A Xnr), £2),d (2, f2ni)),d(z, f2)}
= min {d(Xnk), Xnk)+1), Xy, £2), (2, Xnk)11), d(2, f 2)} . (2.34)
Taking the limit as & — oo in and (2.34), we obtain
M(xy),2) — d(z,f2) (2.35)
and

N(xyr),2) — 0.
Taking the limsup as £ — oo in (2.32) and using Lemma [1.4] with (2.35), we obtain

1
v(d(z,fz)=y|s- ;d(z,fz))

<y slimsupd(xn<k>+1,fz>)

k—oo

<F|y (lim sup M (x, ), z)) Jimsup (M (xpz), z)))

k—o0 k—o0

<F|y(d(z,fz2),p (lim supM(xn(k),z))) .

k—o0

Therefore, (d(z,/2)) = 0 or ¢(limsupM(x,a),2)) = 0. Consequently, y(d(z,f2)) = 0 or
k—o00
limsup M (x,x),2) = 0. Thus from (2.35), we get z = fz, that is, z is a fixed point of f. O

k—o0

By choosing F'(s,t) = 137 in Theorem we obtain the following corollary.
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Corollary 2.10. Let (X,=,d) be a complete b-g.m.s. and f : X — X be an increasing mapping

with respect to < such that there exists an element xg € X with xo < fx9. Assume that

M)

for all comparable elements x,y € X, where L=0, y € ¥, € ®, and F € C such that (v,p,F) is
monotone and y(r +t) < y(r)+w(t) with

M(x,y) = max{d(x,y),d(x, fx),d(y,fy)}

+Ly(N(x,y))

and

N(x,y)=min{d(x, fx),d(x,fy),d(y,fx),d(y, fy)}.

If f is continuous or (H) holds, then f has a fixed point. Also, the set of fixed points of f is well
ordered if and only if f has one and only one fixed point.

The following example is inspired from [21, Example 3].

Example 2.11. Let X ={a,b,c,0,e} be equipped with the order < given by
<=(a,a),(b,b),(c,c),(6,0),(e,e),(0,c),(6,b),(0,a),(,e),(c,a),(b,a),(e,a)
and let d : X x X — [0, +00) be given as d(x,x) =0 for x € X,

d(x,y)=d(y,x) for x,ye X,
d(c,b)=1,

d(a,c)=d(c,e)=d(b,a)=d(a,e)= %,

1
d(c,6)=d(b,0)=d(b,e) =d(a,6)=d(d,e) = 3
Then it is easy to check that (X,=<,d) is a (complete) ordered b-g.m.s. with parameter s = g.
Consider the mapping f : X — X defined as
f= (a b ¢ 6 e).

a a a c a
It is easy to check that all the conditions of Corollary [2.3|are fulfilled with

1
d(fx,fy)< ZM(x,y).

In particular, the contractive condition in Corollary is nontrivial only in the case when

x€{a,b,c,e} and y = (or vice versa), when it reduces to
1 11 1
d =d =—=—=—<-M .
(fx,fy)=d(c,a) 81251 (x,)
It follows that f has a fixed point (which is z = a).

The following example is inspired from [21, Example 4].
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Example 2.12. Consider the set X = A uUl[2,3], where A ={0,1/3,1/4,1/5,1/6,1/7} is endowed
with the partial order defined as follows:

t<1/4<1/7=<1/6=<13=<0=<1/5 forall te[2,3].
Define d : X x X — [0, +00) by
d(0,1/3) =d(1/4,1/5) = d(1/6,1/7) = 0.16,
d(0,1/4) =d(1/3,1/6) = d(1/5,1/6) = 0.09,
d(0,1/5) =d(1/3,1/4) = d(1/5,1/7) = 0.25,
d(0,1/6) =d(1/3,1/7) = d(1/4,1/7) = 0.36,
d(0,1/7) =d(1/3,1/5) = d(1/4,1/6) = 0.49,
d(x,x)=0 and d(x,y)=d(y,x) for x,yeX,
d(x,y) = (x - ) if {x,y} N[2,3] # @
Obviously, (X,d) is a b-g.m.s. with s = 3. Now, consider the mapping f : X — X given as
7 if x€[2,3],
fx=<1/5 if xe A\{1/4},
1/6 if x=1/4.
It is easy to check that f is increasing with respect to <. Also, there exists x¢ € X such that

x0 = fx¢. In order to show that the contractive condition (2.14) is fulfilled with y/(¢) = ¢, ¢(¢) = L

1000
and F(s,t) = we distinguish the following:

157
1. For x €[2,3] and y € A\{1/4}, we have fx=1/7,fy =1/5 and M(x,y) > d(x,fx) > (13/7)? > 2, so
Y(M(x,y))
d(fx,fy)=02 < ————.
pldrety 1+ p(M(x,y))
2. If xe€[2,3] and y =1/4, then fx=1/7,fy=1/6 and M(x,y) > 2, thus
Yy(M(x,y))
d(fx,fy)=016< ————.
pldrety T+ p(M(x,7)
3. For xe A\{1/4} and y=1/4,fx =1/5,fy = 1/6, M(x,y) = 0.49, we have
y(M(x,y))
1+ @(M(x,y))
Hence, all the conditions of Theorem are satisfied and f has a unique fixed point (which is
u =1/5).

w(d(fx,fy)=0.09<

3. A Note on Erhan’s paper “Fixed points of (v, ) contractions on
rectangular metric spaces”

In 2012, Erhan et al. [14] studied existence and uniqueness of fixed points of a general class of
(v, @) contractive mappings on complete rectangular metric spaces (s = 1). However, there is a
slight flaw in the proof of their main result, which is [14, Theorem 4].

Erhan et al. [[14] obtained the following result:
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Theorem 3.1 ([14]). Let (X,d) be a Hausdorff and complete g.m.s. and let T : X — X be a
self-map satisfying

w(d(Tx,Ty)) <y(M(x,y)) — p(M(x,y))+Lm(x,y) (3.1)
for all x,y € X where v,p eV and L =0 with

M(x,y) =max{d(x,y),d(x,Tx),d(y, Ty)},
with

m(x,y) = min{d(x,Tx),d(y, Ty),d(x,Ty),d(y, Tx)}.

Then T has a unique fixed point in X.

Proof. This above theorem is proved in [[14] by the the following steps:
Step 1. Show that ,}Lm d(x,,x,+1) =0.

Step 2. Show that T has a periodic point, that is, there exist a positive integer p and a point
z€ X such that z=T"z.

Step 3. If p =1, then z =Tz, so z is a fixed point of T'.If p > 1, then show that 7?71z isa
fixed point of 7T'.
Step 4. Show that the uniqueness of fixed point of T'.

In Step 2, in order to show that T has a periodic point, the authors used a reduction
and absurdum and shown that {x,} is a Cauchy sequence. Since (X,d) is complete, then {x,}
converges to a limit u € X.

Authors [14] proved that u is a fixed point of the T'. By taking x = x, and y = u in (3.1)), they
obtained the following inequality

w(d(Tx,,Tu)) <y(M(x,,u)) — (M (x,,u)) + Lm(x,,u), (3.2)
where

M(xp,u) = max{d(x,,u),d(x,, Txy),d(u, Tw)},
and

m(xn,uw) =min{d(x,, Tx,),du,Tu),d(x,, Tu),d(w, Tx,)}.

From Step 1, note that m(x,,u) — 0 as n — oco. In the rest of the proof, the authors [14]
considered the following three cases:

Case 1. M(x,,u)=d(x,,u).
Case 2. M(x,,u)=d(x,,xn+1).
Case 3. M(x,,u)=du,Tu).

Their proof is true only for Cases 1 and 2. But, proof is incorrect and unclear for Case 3.
When taking limit as n — oo in (3.2), the authors [14] used the continuity of function d(x,y) on
rectangular metric spaces (while, we know that this function is not continuous in each of its
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coordinates in general, see [22, Example 1.1]). They also obtained

v(du,Tu)) <y(d(u,Tu))— o(d(u,Tu)).

Then they conclude that u = Tu.
Now, we perfect and simplify the proof of Case 3. If we assume that u # Tu, then by
Lemma[1.4] for s =1 we get

du,Tu) < li’l@infd(Txn,Tu)

<limsupd(Tx,,Tu)

n—o0

<du,Tu).

So lim d(Tx,,Tu)=d(u,Tu). Letting n — oo in (3.2)), we get

n—oo

w(du,Tu)) <y(d(u,Tu))— e(d(u,Tu)).

It follows that u = T'u, which is a contradiction. So u is a fixed point of 7. O

4. Conclusion

We arrived to correct the proof of Erhan et al. [14, Theorem 4]. We also established some fixed

point results in the setting of b-rectangular metric space via C-class functions.
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