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1. Introduction

The Tetranacci sequence was defined by Feinberg in [3]]. Then, some new properties and
theorems were obtained from this definition in [[13[l, [8], [9], [12] and [1]. In [14], Waddill
defined new Tetranacci sequences by choosing arbitrary integers as initial conditions. Weisstein
determined prime Tetranacci numbers by choosing prime numbers for initial conditions in [[10].

In this study, we define Gaussian Tetranacci numbers by using Gauss integers as initial
conditions. In [4] Giirel used Gauss integers in Tribonacci sequence and thus defined Gaussian
Tribonacci numbers. On the other hand, Gauss integers have extremely been used in Fibonacci
sequence studies, some of which are [2], [5], [[11] and [7]. Indeed, the idea of using complex
numbers in Fibonacci sequence belongs to Horadam [6].

The Tetranacci sequence is the sequence of integers M, defined by the initial values
My=M1=0, My = M3 =1 and the recurrence relation [3],

M,=M, 1+M, o+M, 3+M, 4 foralln=4 (1.1)
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The first few values of M,, are 0,0,1,1,2,4,8,15,....

2. Gaussian Tetranacci Numbers
Gaussian Tetranacci numbers are defined by
GM,=GM,_1+GM,_9+GM,_3+GM,_4 (n=4) (2.1
for the initial conditions
GMy=GM1=0,GM3=1 and GM3=1+1.
We note that
GM, =M, +iM,_;. (2.2)

The first few values of Gaussian Tetranacci numbers are given the following table.

(n Jol1]2] 3 | 4 5 6 7 8 |
(GM, |00 |1]1+i|2+i[4a+2i|8+4i15+8i ...

Theorem 2.1. The generating function of Gaussian Tetranacci numbers,

xZ+i-x8

g0 =Y GM,«" = (2.3)

=0 1-x—x2—x3—x*
Proof. Let

oo
g(x)=GMo+GM1-x+GMz-x*+GMs3 %> +---+GM,, x" = Y GM,, -x"
n=0

be generating function of Gaussian Tetranacci numbers. Then we have
g(x)-x=GMy-x+GM71-x*>+GMqg-x> +GM3-x* + -+ GM 1 -x" +---
g(x)- 22 =GMy-x% +GM1 x>+ GMo-x* + GM35 x5+ -+ GMp,_g X" + -
g(x)-x3 =GMo-x®+ GM1 -x* + GMg-x® + GM35 5%+ -+ GM,_g -x" +---
and
g(x)-xt=GMy-x*+GM1-x° +GMo-x® +GMs-x" + -+ GM 4 -x" +---
So, we obtain
8(x) - g(x)-x - g(x) - 2% - g(x)-x° — g(x) - x*
= GMo+(GM1-GMg)-x +(GMs—GM1 - GM)) - x*
+(GM3-GM2-GM1-GM,)-x*
+(GM4-GMs3-GMs—GM1-GM)-x*
+(GM5—GM4—GMs—GMs—GM1-GMo) - x° + -+
+(GM,-GM,_1-GM,_5—-GM,_35—GM,_4)-x" +---
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gx)- 1-x—x2—x3—xh=x2+i-x

3
or

x2+i-x8

)= 1-x—x2—x3—x*

The roots of the equation ¢* — ¢ -2 —¢—1=0 are
a=-7.6379x1072-0.8147i,
B=-7.6379x10"2+0.8147i,
y=-0.7748,
0=1.9276.

We note that, a+f+y+60=1and a-p-y-0 = —1. As well known, the Binet-like formula of
Tetranacci numbers is

n+3 n+3
a p

M, =
@-p) (a7 (@=0)  P-m-Bp-7)-p-0)
Yn+3 0n+3

T -0 O-aO-p-O-7)

(2.4)

Now, we give the Binet-like formula for Gaussian Tetranacci numbers.

Theorem 2.2. The Binet formula for the Gaussian Tetranacci numbers is
an+3 ,Bn+3

(a—ﬁ)-(a—)f)-(a—e)+(ﬁ—a)-(,3—y)-(,6—9)
Yn+3 0n+3

=0 -p- -0 O-a-O-p-O-7)
an+3 ﬁn+3

@B -@a-p-@-0 B-a-B-7-F-0)
Yn+3 0n+3

+ + )
y-a)-(y=p)-(y-0) @-a)-(0-p)-(0-7)
Proof. Considering eq. (2.2) the proof is easily seen. O

GM,, =

+i-

(2.5)

3. Equations

Theorem 3.1. Sum of Gaussian Tetranacci numbers;

n 1
Z GMk = g[GMn+4_GMn+2 _2GMn+1 _(1+l)] (31)
k=1

Proof. Using the recurrence relation,

GM,=GMp 1+GMp_o+GMp_3+GMp_4, k=4,

Commaunications in Mathematics and Applications, Vol. 8, No. 3, pp.[379 , 2017



382 Gaussian Tetranacci Numbers: D. Tasct and H. Acar

we have
GMy=GM4—-GM3s—-GMs—-GM;
GM1=GM5-GM4—GMs—-GM,
GMy=GMg—-GM5—-GM4—GM3
GM3s=GM7-GM¢—GMs5—-GM4

GMy_3=GM}p,1—GM—GM}_1—GM}_o

GMy _o=GMp2—GMp1—GMp —GM}

GMy-1=GM}p,3—-GMp,o—GMp 1 —GM,
GMy =GMp,4—GM}y 3—GM}p 2 —GM} 1

If the equations are added side by side, we obtain

n
1 .
Z GM;, = g[GMk+4_GMk+2 —2-GMp 1 —(1+1)]. O
k=1
Theorem 3.2.
n
Y GMy,-GMpi1 =My (Mpi1—Mu_1)+i- (M2 +Mpyi1-My_1). (3.2)
k=0

where M,, denotes nth Tetranacci number.

Proof. If the equation GM,, = M, +i-M,_1 is used, then we write
GM,-GM,;1=M,+i-M,_1)-(Mp1+i-M,)

=Mp -Mu1+i-Mp-My+i-Mp_1-Mpi1—Mp-My1
=Mp-Mps1+(GMpi1-Myi1)-Mp +(GMp—My) - My1—Mp-Mp_1
=M, My1+GMp 1My —Mpy1-My+GMy-My1—My-My1—My-M, 1
=M, Mp1+i-M,-M,_D)+i-Mpi1-Mp_1
=My -Mu1+i-My—My My 1+i-Myi1-My
=M, - (Mpi1—My_1)+i-(M2+Mp1-M,_1). O

Theorem 3.3. For n=1,

n
GM% =(M2-M2_)+2-i-My_1-M,. (3.3)
k=0
Proof. If the equation GM,, =M, +1i-M,_; is used, then we write
GM, -GM, =M, +i-M,,_1)- (M, +i-M,_1)

=M, M,+i- M, My, 1+i- M, 1-M,-M,_1-M,_1
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=M2+2-i-M, -M,_1-M>_,
=M2+2-i-Mu(GM, -M,)- M2_,
=M2+2-M, GM,-2-M2-M?2_,
=M2+2-My-(My+i-My_1)-2-M2-M?_,
=M2+2-M2+2-i-My -My_1—-2-M2—M>2_,
=M, -M, | +2-i-My 1-M,.

Theorem 3.4. For n=>1,

k=1

Proof. The following equations are written by using eq. (2.1).
GM,=GM;_1+GMp_o+GMp_3s+GMp_4 (k=4).
GM4=GM3+GMo+GM1+GM
GMg=GM5+GM4+GM3+GM,
GMg=GM7+GMg+GM5+GM4

GMq19o=GMg+GMg+GM;+GMg

GMsop2=GMop1+GMo, +GMg, 1 +GMoy .
If the equations are regulated,;
GM3=GM4—-GM2—-GM1-GM,
GM5=GMg—-GM4—GMs—GM,
GM7;=GMg—-GMg—-GM5—-GM4
GMy=GM,0-GMs—-GM7;—-GMg

GMop1=GMop2—GMg, —GMg,_1—-GMao,_3.

From here,
n 2n—1
GMopi1=GMopio—GMo— ) GMj,
k=1 k=1

1
=GM2y 2 —GMo -3 [GM2,+3—GMop1—2-GM2, —(1+1)]

1
=3 [3-GMap+2—3—-GMaopi3+GMons1+2-GMop —(1+1)]
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n
1 .
Y GMopi1 = 3 [GMop 2 +GMap 1 +2-GM2, + GMoy o +i —2].

(3.4)
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[2-GMoy 2 -3 +GMop2+GMoy 1 +GMoy —GMoy 3+ GMo, —(1+1)]

Wl Wl WlH

‘[GMop 12+ GMop12-3—-GMop_1+GMa, +(1+1)]

-[GM2n+2 +GM2n+1 +2-GM2n +GM2n_2 +i—2]. L]

Theorem 3.5. For n=1,

& 1
Z GMg;, = 5[2-GM2,L+1 +GMo,—1-GMo,_o+1-21]. (3.5)
k=1
Proof.
2n+1
Z GMk =GM1+GM2+GM3+---+GM2n+1,

k=1

n
Z GM2k+1 :GM1+GM3+GM5+'-'+GM2n+1,

k=1

2n+1 n

Z GM - Z GMop.1=GMo+GM4+GMg+---+GMo,
k=1 k=1

1 .
=3 [GM 2,15 —GMop3—2-GMo, 2 —(1+1)]

1
+ g -[GM2n+2 +GM2,L+1 +2-GM2,L +GM2n_2 +1—2]
[GM2p4—2-GM2y10-2-GMoy —GMo, 2 +1-2-1]

‘[GMsopi3+GMopi0+GMop 1+ GMo, —2-GMop, 9 —2-GMg, —GMo,_9+1—2-1]

| = Wl W

'[2’GM2n+1+GM2n_1—GM2n_2+1—2'i].

3
In this section,we give two new generating matrices for Gaussian Tetranacci numbers. Then we

get an explicit formula for the sums.

Let 04, R4 and E4 , matrices are defined as follows. 0 is the analogue of the Qmatrix in [4].

(1 1 1 1
g |1 000
4710 1 0 of’
0010
[1+i 1 0 0
1 0 0 i
Ra=l0o 0o i 1-i
0 i 1-i -1
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and

GMn+3 GMn+2 GMn+1 GMn
GMn+2 GMn+1 GMn GMrL—l

Bon=GMy  GM, GMaor Moo .
GM, GM,.1 GM,_s GM,_3
Theorem 3.6. For n =3,
0y Ry=Ey4,. (3.6)
Proof. (Induction on n) If n =1, then 04-R4 = E4 1. Suppose that the equation holds for n -1,
which means 02‘1 ‘R4 =E4 1. Then we show that the equation holds for n.
07 -Ry=04-07"1-Ry
=04-Espn1
=Ey4,.
Thus the proof is complete. O
Theorem 3.7. For n =1,

1+L _ GMn+3

n . —
h 1 GM,,.» (3.7)
0 GMn+1
Proof. (Induction on n) If n =1, then
[2+i] [4+2i GMs5
ol. 1+i| | 2+i |  |GMy
4 1| |[1+i| |GMs|®
| 0 | 1 GM,
Suppose that the equation holds for » — 1. Then we show that the equation holds for n.
[2+1] 2+i
1+1: -1 |1+:
or . ) =04-0071 )
| 0 | 0
GMn+3
— 94 . GMn+2
GMn+1
GM,,
GMn+4
GMn+3
GMrL+2
GMn+1
Thus the proof is complete. O
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