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1. Introduction

It is well known that the tensor product (or Kronecker product) plays a fundamental role in
linear algebra, functional analysis and related fields. Nowadays, theory of tensor products
of operators is still developing, see [[18] for instance. Recently, the authors of [[12]] introduced
the Tracy-Singh product of operators which generalizes both tensor products of operators and
Tracy-Singh products of complex matrices [[17].

On the other hand, geometric means of positive definite matrices arise naturally in several
areas of pure and applied mathematics. There are at least two types of geometric means.
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The first one is the metric geometric mean, introduced by Ando [3]. Recall that the set of n-by-n
positive definite matrices is a Riemannian manifold, in which the Riemannian metric between
two matrices A and B is given by

8(A,B) = llogA"2BA 2|5,

here, ||-|l2 denotes the Frobenius norm. The metric geometric mean A#B is indeed the unique
metric midpoint of the geodesic line containing A and B (see, e.g., [9]). The second one is the
spectral geometric mean f, introduced by Fiedler and Ptak [6]. In fact, the square of AhB is
similar to the product AB, and in particular, its eigenvalues coincide with the positive square
roots of the eigenvalues of AB. See more information about metric/spectral geometric means in
[4,10] and [5, Chapters 4 and 6].

These two kinds of geometric means can be extended to multiple matrices by iterative
processes, see e.g. [8]. Another such iterative geometric mean is the Sagae-Tanabe geometric
mean, introduced in [15]. One of the most interesting properties of geometric means is the
arithmetic-geometric-harmonic means (AM-GM-HM) inequalities. Indeed, the AM-GM-HM
inequality concerning the metric geometric mean was established in [4]. Another version
concerning the Sagae-Tanabe geometric mean were discussed in [1,15].

The Kronecker product of matrices turns out to be compatible with the metric geometric
mean in the sense that

(A#B)e (C#D)=(A® C)#(B®D) (1D

for positive semidefinite matrices A,B,C,D of appropriate sizes (see [4]]). Of course, the similar
result for the spectral geometric mean is also true ([8]). Moreover, Kilicman and Al-Zhour
[8] discussed relations between Tracy-Singh products and metric geometric means, spectral
geometric means, and Sagae-Tanabe geometric means of several positive definite matrices.

In this paper, we develop further theory for geometric means of Hilbert space operators. We
investigate relationship between metric/spectral/Sagae-Tanabe geometric means and Tracy-
Singh products in terms of operator identities and inequalities. In particular, we obtain various
generalizations of the property (1) and the AM-GM-HM inequality and its reverse. Moreover,
we introduce the weighted Sagae-Tanabe spectral geometric mean for several positive operators
and deduce its properties related to Tracy-Singh products.

This paper is organized as follows. Section [2| consists of prerequisites on Tracy-Singh and
Khatri-Rao products for Hilbert space operators. In Section (3, we establish certain identities
and inequalities between metric geometric means and Tracy-Singh products of several positive
operators. Sections 4] and [5| deal with spectral geometric means and Sagae-Tanabe metric
geometric means, respectively. In Section [6] we define the weighted Sagae-Tanabe spectral
geometric mean for several positive operators and prove certain results related to Tracy-Singh
products.
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2. Preliminaries on Tracy-Singh and Khatri-Rao Products
for Operators
Throughout this paper, let H and K be complex separable Hilbert spaces. When X and Y are
Hilbert spaces, denote by B(X,Y) the Banach space of bounded linear operators from X into
Y, and abbreviate B(X,X) to B(X). For Hermitian operators A,B € B(H), the notation A > B
means that A — B is a positive operator, while A > 0 indicates that A is positive and invertible.
The projection theorem for Hilbert spaces allows us to decompose

m n
H=PH; K=PK
=1 =1

where all H; and K; are Hilbert spaces. Each operator A € B(H) and B € B(K) thus can be

expressed uniquely as operator matrices
A=[Ay]]7 and B=[Bpyly),
where A;; € B(H;,H;) and By; € B(K;,Kg) foreach i,j=1,...,m and k,l=1,...,n.

Definition 1. Let A =[A;;17", € B(H) and B =[By,],"_; € B(K) be operator matrices defined

1,j=1
as above. The Tracy-Singh product of A and B is defined to be the operator matrix
AXB =[[Aij®Bply],;, (2)

which is a bounded linear operator from @7;" H; ®Kj into itself.
Note that if m = n =1, the Tracy-Singh product A X B reduces to the tensor product A ® B.

Lemma 1 ([12,(13]). Let A,C € B(H) and B,D € B(KK) be compatible operator matrices.

(i) The Tracy-Singh product is compatible with the usual product in the sense that
(AXB)YCXD)=ACKXBD.

(1) If A,B >0, then (AXB)* = A*X B for any real number a.

(iii) If A,B >0, then AXB > 0.

(iv) If A,B>0, then AXB > 0.

W) IfFA>C>0and B>=D >0, then AXKB>CKXD.

The notion of Khstri-Rao product for operators was introduced in [[11].
Definition 2. Let A = [A;;]]"", € B(H) and B = [B;;]]”; € B(K) be operator matrices. The
Khatri-Rao product of A and B is defined to be
AllB= [Aij®Bij]lele1 (3)

as a bounded linear operator from @;* ; H; ® K; into itself.

Note thatif m =1, then ADB=A®B. Weset B_;A;=A;=[]_;A;. ForreN—{l} and a
finite number of operator matrices A; € B(H;) (i = 1,...,r), denote

r r
XA =((A1XA)YK---KA,_ DKRA,, [JA;=(A10A)E---DA, LA,
i=1 i=1
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Lemma 2 ([14]]). Let r € N—{1}. There exists an isometry Z such that
r r
(A =z* XA
i=1 i=1

forany A; e BH;), i=1,...,r.

zZ 4)

3. Metric Geometric Mean

In this section, we establish certain operator identities and inequalities involving metric
geometric means and Tracy-Singh products. First of all, we recall some background about
metric geometric means.

The metric geometric mean for matrices/operators was firstly defined by Ando [3]:

A#B = A1/2(A_1/ZBA_1/2)1/2A1/2, A,B > 0. (5)

This formula comes from two natural requirements. First, it should coincide with the usual
geometric mean for positive real numbers: A #B = (AB)Y2 provided that AB = BA. The second
condition is the congruent invariance

T*(A#B)T =(T*AT)#(T*BT)

for any invertible T' € B(H). Now, consider positive invertible operators A and B in B(H) and let
w €[0,1]. The w-weighted geometric mean of A and B is defined by

A#wB :AI/Z(A_1/2BA_1/2)wA1/2.

For arbitrary positive operators A and B, we define the w-weighted geometric mean of A and B
to be

A#,B = liI(I)l (A+eD)#,(B+el).
e—0*

Here, the limit is taken in the strong-operator topology. For briefly, we write A#B for A#,9B.

Theorem 1. Let A1,A9,B1 and By be positive operators in B(H) and w € [0,1]. Then
(Aq#,A9) X (B1#,B2) = (A1 X B1)#,(As X By), (6)
(A1#,A2)1(B1#,B2) < (A1 B)#,(A2[1By). (7

Proof. First, consider the case A1,A9,B1,B2> 0. By using Lemmal I} we get
(A1 B B1)#y(As K By) = (A1 MB1)"2 (A1 KB (A2 MB)( A1 KBy 2] (A1 KBy

_ (Ai/Z &B%&) [(AIM &Bil/z) (Ay X Bs) (AII/Z &Bim)]w (Ai/Z @Bi&)
_ (A}/Z @Bi/z) [(AIWAQAIW) X (BI1/2B2BIU2)]“’ (A%/z @Bi/z)

_ (Ai/Q @Bi/z) [(Afl/zAzAIm)w X (BIUZBzBIl/z)w] (Ai/z @Bi/z)

_ [Aim (AIl/zAzAIUZ)wA%/Z] X [31/2 (BII/2BZBII/Z)LUB%/2]

= (A1#,A2) X (B1#,Bs).

Ando’s result [4] states that if ®@ is a positive linear map, then for all A,B >0,
O(A#,B) < D(A)#,D(B). (8)
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By applying Lemma [2] and inequality (8), we have
(A1#,A2)(B1#,B2) = Z™ [(A1#,A2) X (B1#,B2)1Z
=Z"[(A1 XA)#,(A2XBy)1Z
<[Z*(A1XB1)Z#,[Z" (A2 X Bo)Z]
=(A1B1)#,(A2[[1By).
For arbitrary A1,A9,B1,Bs > 0, perturb each of them with &I and then take limit as e — 0. [J

Corollary 1. Let r e N and w €[0,1]. For each 1<i<r, let A;,B; € B(H) be positive operators.

Then
r r r
X(A#,B;) = |X|Ai)#w X Bi|. 9)
i=1 i=1 i=1
Proof. The proofis by induction on r. O

In [8], Kilicman and Al-Zhour invesigated weighted metric geometric means of any finite
number of positive definite matrices. Now, we will extend this geometric mean to the case of
finite number of positive operators.

Definition 3. Let r € N—{1}. For each 1 <i < r, let A; € B(H) be a positive operator. Let
a; €[0,1] for each 1 <i <r-1 and denote a = (a1,...,a,_1). We define

Ga,(A1,A2)=Ag #4, Ay
Now continue recurrently, setting
Sa(A1,..,Ar) = Ga, 1(Ga(A1,...,Ar-1),Ap)

where @ =(aq,...,a,-2). We call G,(A1,...,A,) the iterative a-weighted metric geometric mean
of Aq,...,A,.

The next two results asserts the compatibility between Tracy-Singh products and iterative
weighted metric geometric means.

Theorem 2. Let r € N—{1}. For each 1 <i <r, let A;,B; € B(H) be positive operators. Let
a; €[0,1] foreach 1 <i<r—1. Then
Ga(A1XBy,...,A.XB,)=5G4A1,...,A, )X G,(B1,...,B;) (10)
Proof. We use induction on r. By continuity, we may assume that A;,B; >0 foralli=1,...,r.
When r =2, we have by Proposition |1|that
Ga(A1XB1,A3XBy) =(As X Bg)#,(A1XB1)
=(Ag#, A1) X (Bo#,B1)
=5Ga(A1,A2)XG4(B1,Bs)

where a € [0,1]. This gives the claim when r = 2. Suppose that the property holds for
r—1(r>3). Let a =(ay,...,a,—1) and @ =(a1,...,a,_2) where a; €[0,1] forany 1 <i <r-1.
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Using Theorem [I, we have
Ga(A1XBy,...,A; XB,) =G4, ,(Ga(A1XBy,...,A,-1XB,_1),A,XB,)
=94,.,(Ga(A1,..., A, 1)X¥G4(By,...,B,-1),A,KB,)
=94,.,(Ga(A1,...,Ar1),A)X G, (Sa(By,...,B,-1),B;)
=Gu(Ay,...,A))NG.(By,...,B,). O

Corollary 2. Let r e N—{1} and seN. Foreach 1<i<r, 1< j<s, let A;; € B(H) be a positive
operator. Let a; €[0,1] for each 1 <i<r—1. Then

S S S
Sa(&Alj,...,&Aﬁ):&SQ(AU,...,AU). (11)
j=1 j=1 j=1
The Thompson metric [16] on the open convex cone of positive invertible operators is defined
for each A,B >0 by
d(A,B) =max{logM(A/B),log M(B/A)},

where M(A/B) =inf{A > 0: A < AB}. The diameter of {A4,...,A,} with respect to the Thompson
metric d is defined by

A(Aq,...,Ay)=max{d(A;,A;):1<i,j<r}

Lemma 3. Let r e N—{1}. Let A; for each 1 <i <r and B be positive invertible operators on H.
Let a; €[0,1] for each 1 <i<r—1. Then

d(ga(Aly"'yAr)yB)gA(A]_,"'yAryB)- (12)
Proof. See [1, Proposition 3.1]. O

The next result is a generalization of inequality (12).

Proposition 1. Let r e N—{1} and s € \. For each 1<i<r, 1<j<s, let A;;,B; € B(H) be
positive invertible operators. Let a; € [0,1] for each 1 <i<r—1. Then

S S S S S
d|XGa(A1js...,A:),XBj| <A X A1, DA, X Bj | (13)
j=1 j=1 j=1 =1 j=1
Proof. This proposition follows from Lemma |3|and Corollary O

4. Spectral Geometric Mean

Recall that for positive definite matrices A and B of the same size, its spectral geometric mean
[6] is defined by

AfB = (A"4#B)2A(A"14B)z,
Now, let A and B be positive invertible operators in B(H) and w € [0, 1]. The w-weighted spectral
geometric mean of A and B is defined by

Af,B=(A"#B)YA(A™#B)¥.
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For arbitrary positive operators A and B, we define the w-weighted spectral geometric mean of
A and B to be

AnyB = lim (A+ D)ty (B +el).
=0+

Theorem 3. Let A1,A9,B1 and By be positive operators in B(H). Then
(A1 X B (A2 X Bg) = (A1, A2) X (B1l,Ba). (14)
Proof. By continuity, we may assume that A{,A9,B1,Bs > 0. It follows from Lemma (1| and
Proposition [I] that
(A1XB1)h,(A2 X Bg) = [(A1XB1) #(A2 X By)]|” (A1 K B1) [(A1 X B1) #(A2 K By)]
= [(A7'RB{HY#(A3 X By)]" (A1 X B1) [(AT KB H#(A3 K By)|”
= [(A]'#A2) X (B #B2)]|” (A1 X B1) [(A]'#A2) K (B #By)]”
= [(A]'#A2)" (B #B2)”| (A1 X By) [(A]'#A2)" K(B #B2)" ]
= [(A] #A2)" A1(AT #A2)" | K [(B]'#B2)” B1(B] ' #B3)" |
=(A1h,A2) X (B1h,B2). O

Corollary 3. Let r e N— {1} and w € [0,1]. For each 1 <i <r, let A;,B; € B(H) be positive
operators. Then

&Ai) hw | DX B;
i=1 i-1

Proof. The proofis by induction on . We have that the property holds for r = 2 by Lemma
Suppose that the property holds for r —1 (r > 3). By using Lemma [3] we get

= X|(A;bwBi). (15)
i=1

(gAi)ﬂw gBi = [(E!;Ai)&Ar]hw %Bi)&Br

[

r-1
= (lE(ALthl)) X (Arthr)

i=1

= X|(AitwB)). O
=1

In [8], Kilicman and Al-Zhour studied weighted spectral geometric means of any finite
number of positive definite matrices and proved several properties related to Tracy-Singh
products. Now, we will extend this geometric mean to the case of any finite number of positive
operators.

Definition 4. Let r e N—{1}. For each 1 <i < r, let A; € B(H) be positive operators. Let a; € [0, 1]
for each 1 <i <r-1. We define

Gl (A1,A9) = Ailia, As.
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Now continue recurrently, setting for each r > 3,
S (A1,...,A) =54 (5T (A4,...,A,-1),A;)

ar-1
where @ = (a1,...,a,_9). We call G3P(A1,...,A,) the iterated a-weighted spectral geometric mean
of Aq,...,A,.

From Definition 4] we can rewrite in Corollary [3]to be
r r r
ol (leAiallei) =X S (A;,B))
i=1  i=1 i=1
where a =w.

Corollary 4. Let r e N—{1}. Let A; and B; be compatible positive operators in B(H) for each
i=1,...,r. Then

S (A1XBy,...,A,MB,) =G (A1,...,A)) RG] (By,...,B,). (16)
Proof. The proof is by induction on . By Theorem |3, we have that the property is true for
r = 2. Suppose that the property is true for r — 1. By Theorem [3] we obtain
5o (A1®By,...,A,®B,) =G, (57 (A1XBy,...,A;1 ¥B,1),A, K B, )

ar-1
=5 (SP(Ay,...,Ar-)RGF(By,...,Br-1),A, X B,)
=GP (S°P(Ay1,...,Ar1),A,) XSSP (G (By,...,B,-1),B;)
=G (A1,...,A)KGYL By,...,B,). u

Corollary 5. Let r e N—{1} and s € N. Let A;; € B(H) be a positive invertible operator for each
i=1,...,r, j=1,...,s. Then

S S S
o IEAlj,---a|X|Arj):lzlgfxp(Alj,---,Arj)- amn
j=1 J=1 J=1
Proof. The proof is by induction on s. O

5. Sagae-Tanabe Metric Geometric Mean

Let r e N—{1}. Foreach 1 <i <r,let A; € B(H) be a positive invertible operator. Let ¢ = (¢1,...,¢,)
where ¢; €[0,1] for each 1<i<rand };_,¢; = 1. The weighted arithmetic and harmonic means
of Aq,...,A, are defined by

-1
‘At(Ala-"aAr): ZtiAi’ g—ft(Alr"?Ar): (ZtlAl_l) .
i=1 i=1

Sagae and Tanabe [|15]] proposed weighted geometric means of severable positive definite
matrices as follows.

Definition 5. Let A and B be positive invertible operators in B(H) and let v = (v1,v2) where
v1, v2 €[0,1] and vy +ve = 1. We define

9.,(A,B)=A#,B
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where @ = 1—vy. Let r e N—{1}. For each 1 <i <r,let A; € B(H) be a positive invertible operator.
Let ¢t = (¢1,...,t,) where t; €[0,1]foreach 1<i<rand Y’ ,¢;=1.Foreach1<i<r-1,let

1+1
a; = 1—(ti+1/ztj).
j=1
The Sagae-Tanabe weighted geometric mean of Aq,...,A, is defined by
9t(A1, e >Ar) = gar_l(SZ(Al, L) 7Ar—1)7Ar)

where G3(Aq,...,A,_1) is the Sagae-Tanabe weighted geometric mean of Aq,...,A,_; with
weighted 7 = (¢1,...,£,_1) where £; = ti/Z;;l t; for each 1 <i <r-1. Note that

9t(A1" . -,Ar) = ga(A]." .. :Ar)

where G,(A1,...,A,) is the weighted metric geometric mean of Aq,...,A, in Definition |3| with
weight a = (a1,...,a,-1).

Theorem 4. Let r e N—{1} and s€N. Foreach 1<i<r, 1<j<s, let A;; € B(H) be a positive
invertible operator. Let t =(t1,...,t,) where t; €[0,1] for each 1 <i <r and Zle t; =1. Then

S¢

&Alj"",gArj):&St(Alj"-wArj)' (18)
j=1 j=1

j=1
Proof. Let a; =1 —(ti+1/Zj.j t;) for each 1 <i <r-1 and denote a = (ay,...,a,_1).
By Definition [5] we have
Gi(A11XA,..., A1 XA =G,(A11 XA y,...,A,;KB,)).
Applying Theorem [2| we obtain
Ga(A11 X Aqg,...,A;;XB,j) = Ga(A11,...,Ar1) K Ga(Arg,...,Ar).
This implies that
Gi(A11 X Ags,..., A1 XA 9) = G(Aqy,..., A1) K Gi(Ag, ..., Are).
We get the result by using induction on s. O
Lemma 4. Let r e N—{1}. For each 1 <i<r, let A; € B(H) be a positive invertible operator and
let t =(t1,...,t,) where t;€[0,1] fori=1,...,rand }’_,t; =1. Then
Hi(A1,...,Ar) < Gu(Ag,...,Ap) < AAg,..., Ap). (19)

Proof. See [1, Proposition 2.4]. O

We extend [8, Theorem 4.6] to AM-GM-HM inequalities involving Tracy-Singh product of
positive invertible operators as in the next two results.

Corollary 6. Let r e N—{1} and s€N. Foreach 1 <i<r,1<j<s, let A;j € B(H) be a positive
invertible operator and let t =(t1,...,t;) where t;€[0,1]fori=1,...,rand Y. _;t;=1. Then

S
X H(Ayj,..., Ar) < G
j=1

S S S
&Alj’---,lerj)<|E-At(A1j,---7Arj)- (20)
j=1 j=1 j=1
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Proof. Lemma [4] tells us that
HAyj,...,Ar ) < G¢(Arj,..., Arj) SAUA4j,..., Arj)
for each 1 < j <s. By using Lemmal[l] we get
S S S
X H(A1, ..., Ar) <XGe (A1), .., Arj) S X AAL), ..., Ar)).
Jj=1 j=1 j=1
Applying Theorem [4], we obtain

X Gi(A1j,..., Arj)) =G (lX’Alj,---,@Arj)

J=1 J=1 =
and the inequality follows. O

Corollary 7. Let r e N—{1} and s €N. Foreach 1 <i<r,1<j<s, let A;j € B(H) be a positive
invertible operator and let t = (t1,...,t,) where t; €[0,1] for i=1,...,r and Z;Zl ti=1. Then

S S S S S
%t(&Alj,.--,IXlArj) <X GiAqj,... Ar)) <A DX ALy, XA (21
j=1 J=1 J=1 J=1 J=1
Proof. It follows directly from the AM-GM-HM inequality and Theorem O

We now turn to the AM-GM-HM inequality involving Khatri-Rao products.

Corollary 8. Let A;; € BH) 1 <i<r, 1< j<s, r>2) be compatible positive invertible
operators and let t =(t1,...,t,) where t; €[0,1]for i=1,...,r and Zgzlti =1. Then

S S S S
EJ—Ct(Alj,...,Arj)gDSt(Alj,...,Arj)gflt(BAlj,...,DArj). (22)
j=1 j=1 j=1 j=1
Proof. We have by Lemmas [2| and [4] that
S S
(1% AL,..., A = 2" X KA L., A | Z
j=1 j=1
S
<Z* &&(Alj,---,Arj))Z
j=1
S
:Dgt(Alj,...,Arj).
j=1

Using Lemma [2] we get

At(ﬁAlj,...,QA,j)]z:z* [

Z*

J=1 J=1

=1 j=1
s
:At(DAljy ,DAr])
j=1 j=1
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Applying Lemma [2| and Corollary [7, we obtain

S
[]G:(Ayy,..., A )=Z" Z

=1

S
X GiAyj,..., AL
j=1

<Z" Z

S S
At(gAlj,...,&Arj
J=1 =1

s s
:-At(DAlj,---yIZIArj)- L]
j=1

J=1
The next result is a generalization of Lemma

Proposition 2. Let A;j and B; (1<i<r, 1< j<s, r>2)be compatible positive invertible
operators and let t = (t1,...,t,) where t;€[0,1]1for i=1,...,rand Y. _;t;=1. Then

S S S S S
d &St(Alj,...,Arj),&Bj) <A (lXIAle"’lEArj?lXIBj) . (23)
j=1 J=1 J=1 J=1 J=1
Proof. The desire result follows from Lemma [3|and Corollary [2| O

For h,x > 1, the (generalized) Specht ratio is defined by

h*—1 hx(h’“—l)_1
Sh(x):( ) for A #1 and Si(x)=1.
elogh*
We denote S (1) by Sj,. See [1,|7] for more information. The next result is a reverse version of

AM-GM-HM inequality involving Tracy-Singh products via Specht ratio.

Proposition 3. Let A;; (1<i<r, 1<j<s, r=>2)be compatible positive invertible operators
and let t =(t1,...,t;) where t; €[0,1]fori=1,...,rand Y. _;t;=1. Then

S S s
At (®A1j’ e &A’J') <8 IX 9t(A1j,---,Arj)) (24)
J=1 j=1 j=1
where h = eA@qulj’-"ﬂjﬂArj).
Proof. By using Lemma [3|and Corollary 2, we get the result. 0

Lemma 5. Let A; € B(H) (1 <i <r,r > 2) be positive invertible operators and t; (1 <i <r) be
real numbers such that t1>0,t; <0(2<i<r)and ¥;_,t; =1 Then

A(Aq,...,A) < Gi(Ag,...,A)p). (25)
Ify: 4 tiAi_1 >0, then

Gi(Aq,...,A;) <HH(Aq,...,A,). (26)
Proof. The proof'is similar to the case of matrices, given in [2, Theorem 2.1]. O

We now obtain reverse AM-GM-HM inequalities involving Tracy-Singh products as follows.

Theorem 5. Let A;; € B(H) (1< i <r, 1< j<s, r>2) be compatible positive invertible operators
and t; (1<i<r) be real numbers such that t1>0,t; <0 2<i<r)and X7 ;t;=1.
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Then

@At(Alj,---,Arj)éSt(IZIAlj,---,&Arj). (27)
j=1

j=1 j=1
If Hi(Aqj,...,A;;))>0forall j=1,...,s, then

S S
9t(|EA1j,---aX|Arj
-1

J=1 Jj=

S
<X H(A, ..., Ar)). (28)
j=1

Proof. It follows from Lemma [5] that
AiAqj,.. . Ar) <G (Avjy..., Arj) SH(Aqj,..., Arj)

for each j=1,...,s. Since Ay(Ayj,...,A;j) >0 forall j=1,...,s, we have by Lemmas 1| and [5|
that

Gt (&AU,---JXlArj) =X15:(A1j,..., Arj) = X AlAL, ..., Ar)).
j=1 j=1

j=1 j=1
Since H;(Ay;,...,A,;)>0forall j=1,...,s, we obtain by Lemmathat

s
&ﬂ‘ft(Alj,...,Arj) > 0.
Jj=1

The proof is complete by applying Lemma [5|and Corollary O

Theorem 6. Let A;j € B(H) (1< i <r, 1< j<s, r>2) be compatible positive invertible operators
and t; (1 <i<r)bereal numbers such that t1>0,t; <02 <i<r)and Z;zl ti=1. Then

S S S
At(gAlj,...,gA,j) <XISuAL,..., Ar). (29)

j=1 j=1 j=1
If 9, (R, Arjy.., Ry Ars) > 0, then

&Alj,...,lzlArj). (30)
j=1

S
& 9t(A1j7' . '7A7‘S) < j{t
j=1 j=1

Proof. By applying Lemma [5|and Corollary [4] we get the results. O

Corollary 9.Let A;; € BH) A1 <i<r, 1< j<s, r>2) be compatible positive invertible
operators and t; (1 <i <r) be real numbers such that t1 >0,t; <02 <i<r)and Z;zl t; = 1.
Then

S S S S
Ay (DAlj,---,DArj) <[]GeAsj,. ., Ar) <[] Hi(Agj,. .. Arj). (31)
j=1 j=1 j=1 j=1
Proof. This result is a direct consequence of Theorem [6|and Lemmas 2| and O

6. Sagae-Tanabe Spectral Geometric Mean

We introduce the following definition:

Definition 6. Let r e N—{1}. For each 1 <i <r, let A; € B(H) be a positive invertible operator.

Let t =(t1,...,t,) where t;€[0,1] foreach 1<i<rand }’_;¢;=1.Let a; = 1—(ti+1/2§.zll t;)
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for each 1 <i <r—1. The Sagae-Tanabe spectral geometric mean of A1,...,A, is defined by
Sjp(Aly e ,Ar) = 9'{5'1p(A1’ s ,Ar)
where a =(aq,...,a,-1).

Proposition 4. Let A; and B; (1 <1 <r,r > 2) be compatible positive operators in B(H) and let
t=(t1,...,t;) where t;€[0,1]1fori=1,...,r—1land ¥’ _;t;=1 Then

9;P(A1XBy,...,A,MB,) = §;"(Ay1,...,A,) NG (By,...,B,) (32)
r r r

:p (&Ai,&Bi) :lzlgip(Ai,Bi). (33)
=1 =1 =1

Proof. Let a; = 1—(ti+1/Z§.ill t;) for each 1 <i <r-1and denote a =(aq,...,ar_1). By Definition
[6, we have

9:p(A1 XBi,...,A,XB,) =G (A1 XBy,...,A,XB,)
i’ (&Ai,&Bi) =5 (|X|Ai, IXIBi)-
i=1  i=1 i=1  i=1
By Corollary (4] we get (32). Applying Corollary 3| we obtain (33). O

Corollary 10. Let A;; € B(H) 1 <i<r, 1< j<s, r=2) be compatible positive invertible
operators and let t = (t1,...,t;) where t; €[0,1] for i=1,...,r—1and };_;t;=1. Then

jp(gAlj,...,ﬁA,j)=®9§P(A1j,...,A,j). (34)
j=1 j=1 j=1
Proof. From (32), we have
GP(A11 X Aqg,...,Ar1 KA 9) = GP(A11,...,Ar )R GP(A2),...,A9).
We obtain by induction on s. O

7. Conclusion

Several relations between metric/spectral/Sagae-Tanabe geometric means for several positive
operators and Tracy-Singh products are established in terms of identities and inequalities. In
particular, we obtain noncommutative arithmetic-geometric-harmonic means inequalities and
their reverses. Moreover, we define the weighted Sagae-Tanabe spectral geometric mean for
several positive operators and deduce its properties related to Tracy-Singh products.
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