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1. Introduction

The contraction is important tools for proving the existence and uniqueness of a fixed point in
fixed point theory. Banach contraction principle [6] is one of most useful tools in the study of
nonlinear equations. Many authors were motivate to extend and generalizations of Banach’s
contraction mapping principle in the literature (see in [2,(7,{10,/11},/16,(17,21]). Nadler [21]
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studies multi-valued contraction mappings, he proves some fixed point theorem for multivalued
contraction mappings by combined the ideas of set-valued mapping and Lipschitz mapping. The
concept of fuzzy sets was introduced by Zadeh [27] in 1965.

In 1981, Heilpern [17] achieve a fixed point theorem for fuzzy contraction mappings, he
also proved the existence of a fuzzy fixed point theorem which is generalization of Nadler’s
fixed point theorem for multivalued mapping. Phiangsungnnoen and Kumam [23] studied fuzzy
fixed point theorems for multivalued fuzzy contractions in b-metric spaces. In addition, many
author studied about fixed point results of fuzzy mappings is referred to [1,4}/15,24]. Bakhtin [5]
introduced the concept of b-metric space, which is a generalization of metric spaces. On the
other hand, in 2012, Wardowski [25] suggested the concept of contraction and prove a fixed
point theorem which generalizations Banach. Since then, many authors investigated fixed point
theorem for F-contraction mappings [[18-20,22,26].

In this paper, we suggest the new concept of multivalued fuzzy F-contraction mappings in
b-metric spaces. We prove the existence of an a-fuzzy fixed point theorem in b-metric spaces.
Our results improve and extend some fixed point results in original multivalued mappings and
also in b-metric spaces.

2. Preliminaries

Firstly, we recall some basic definitions and results which will be used in the sequel. Throughout
this paper, N, R and R* denote the set of natural numbers, real numbers and positive real
numbers, respectively.

Definition 2.1 ( [5]]). Let X be a nonempty set and let s = 1 be a real number. A function
d: X xX —[0,00) is said to be a b-metric on X if it satisfies for all x,y,z € X, the following
conditions:

(1) d(x,y)=0if and only if x = y;
(i1) d(x,y)=d(y,x) for all x,y € X;
(iii) d(x,z)<sld(x,y)+d(y,2)].

A pair (X,d) is called a b-metric space.

Remark 2.2. From the definition of b-metric spaces if we set s =1, it turns into normal metric
spaces. Therefore, b-metric spaces are the extension of metric spaces.

Example 2.3 ( [8]). The space [/, with 0 <p <1, define [, = {{xn} cR: Y |x,|P< oo}, together
n=1
with the functiond :/, xI, - R,

»

d(x7y):( |xn_yn |p) )

=1

1 1
where x = {x,}, ¥y ={yn} €1, is a b-metric space with coefficient s = o = 27 > 1. By an primary
calculation we obtain that
1
d(x,z)<2r[d(x,y)+d(y,2)].
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Example 2.4 ([8]). Let ¢ € [0,1], the L, (0 < p <1) of all real function x(¢) such that
fol | x(¢) |P dt < oo, is b-metric space if we take

1 1
d(x,y) = [fo | x(t) — y(2) |P dt ’

forall x,ye L,.

Definition 2.5 ( [9]). Let (X,d) be a b-metric space.

(i) The sequence {x,} in X is called convergent to x € X if and only if d(x,,x) — 0 as n — oo.
(i1) The sequence {x,} in X is called Cauchy sequence if and only if d(x,,x,,) — 0 as m,n — oo.

(iii) The sequence {x,} in X is called complete if and only if every Cauchy sequence is
convergent.

Let (X,d) be a b-metric space, denote CL(X) be the class of all nonempty closed subset of X.
CB(X) be the collection of nonempty, closed and bounded subsets of X. And K(X) be the family
of all nonempty compact subsets of X. For A,B € CL(X) and x € X, we define

d(x,A)=inf{d(x,a):a € A},

Y(A,B) = supd(a,B).
acA

The generalized Hausdorff b-metric H on CL(X) inducted by d is defined as
H(A,B)= {max{Y(B ,A),y(A,B)} if the maximum exists;

+00 otherwise,
for every A,B € CL(X).

Lemma 2.6 ([12-14]). Let (X,d) be a b-metric space. For all x,y € X and for all A,B,C € CL(X),
we have the following:

(i) d(x,b)=d(x,B) for every b € B;
(i1) H(A,B)=d(x,B) for every x€ A;
(iii)) H(A,B)=vy(A,B);
(iv) H(A,A)=0;
(v) H(B,A)=H(A,B);
(vi) s(HA,B)+H(B,C))=H(A,C);
(vii) s(d(x,y)+d(y,A))=d(x,A).
Let (X,d) be a b-metric space. A fuzzy set D in X is a function from X into [0,1]. If x€ X,
then the function value D(x) is called the grade of membership of x € D. .%#(X) is the collection
of all fuzzy sets in X.

For a €[0,1] and D € .#(X). The notation [D], is called a-level set (or a-cut set) of D and is
defined as follows:

[D]y ={x:D(x)=a}if a €(0,1],
and
[D]o = {x:D(x) > 0},
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whenever B denotes the closure of the set B in X .

Let A and B are fuzzy set in X. A fuzzy set A is said to be more accurate than fuzzy set B,
denote by A c B if and only if A(x) < B(x) for all x in X where the membership function of A
and B denote by A(x) and B(x), respectively.

For A,.Be #(X),x€X, a€[0,1] and [A],,[Bl, € CB(X), define

d(x,A)=infd(x,a),
a€A
DPalx,A)= aé[%a d(x,a),

A,B) = inf
pa( ’ ) ae[A]lar,le[B]ad(a,b)’

p(A,B)=suppq(A,B),
a

H([A]a,[B]a):maX{ sup d(a,[Bly), sup d(b,[A]a)}.
a€l[Alq be[Blg

Definition 2.7. Let X be an arbitrary set and Y be a b-metric space. A mapping T: X — .Z#(Y)
is called a fuzzy mapping over the set Y.

Definition 2.8. Let (X,d) be a b-metric space and T': X — .7 (X) be a fuzzy mapping. A point ¢
in X is called an a-fuzzy fixed point of T' if ¢ € [T'cly(c)-

Next, we consider the following conditions for a mapping F: R — R.
Let F* be the set of all functions F : R* — R satisfying the following conditions:

(F1) F is strictly increasing, that is, for all a, 8 € R* such that a < § implies F(a) < F(f);

(F2) for each sequence {a,},cn of positive numbers nlim a, =0 if and only if nlim F(a,)=—oc;
— 00 —00

(F3) there exists % € (0,1) such that 11%1 afF(a)=0.
a—0t

Definition 2.9 ( [25]]). Let (X,d) be a metric space and a mapping 7' : X — X is said to be an
F-contraction on X if F' € F'* and there exists 7 > 0 such that

Vx,yeX,[d(Tx,Ty)>0 = 1+F(d(Tx,Ty))<F(d(x,y))].
Example 2.10 ( [25]). The following function F:R™ — R in F* :

(1) F1(t1) =1Intq, with 1 >0,
Vx,yeX, d(Tx,Ty)<e 'd(x,y)

(2) Fa(tg) =Intg +tg, with 9 >0,
vayex, TN arety-dwy o -
d(x,y)

(3) Fs(tg) = —, with ¢3>0,
Vi3

1
Vx,yeX, d(Tx,Ty)< 2ol(x,y).

(1+7v/d)
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Remark 2.11. Warodowski [25] concluded that every F-contraction 7' is a contractive mapping,
i.e., d(Tx,Ty) <d(x,y), for all x,y e X, Tx # T'y. Hence, every F-contraction is a continuous
mapping.

3. Main Results

In this part, in the framework of a b-metric space, we state and prove the existence result of an
a-fuzzy fixed point theorem for multivalued fuzzy F'-contraction mappings as follows:

Theorem 3.1. Let (X,d) be a complete b-metric space and coefficient s =1, let T : X — .7 (X) be
a fuzzy mapping and a : X — (0,1] such that [Tulyw) is a nonempty closed subset of X for all
ueX and F € F* if there exists T > 0 such that for all u,v EX,H([Tu]a(u),[Tv]a(v)) >0 implies

T+ F (H ([Tulaw), [Tvlaw)) < F (d(u,v)), (3.1)
then T has an a-fuzzy fixed point.

Proof. Let ug€ X and u1 € [Tuolag)- Since [Tu1lqw,) is a nonempty closed subset of X. Clearly,
ifug=wuyorui €[Tuilaw,),so u1 is an a-fuzzy fixed point of T'. So the proofis complete. Suppose
that ug # w1 and w1 € [Tu1law,)- Then, since [Tu1law,) is closed, d (u1,[Tw1laqw,)) > 0. On the
other hand, from

d (w1, [Tu1)awn) < H ([Twolatue) [T1)atwy)
and by (F1), we have
F(d(u1,[Tu1law,)) = F (H ([Twolawe), [Tu1lawy)) -
From (3.1), we can write that
F(d@1,[Tuilaw,) < F (H ([ Twolatue) [Tu1law,))) < F(d(uy,u0) - 7. (3.2)

Since, [Tu1]q,) is a nonempty closed subset of X. We obtain that there exists us € [Tu1]lq,)
and u1 # ug such that

d(u1,uz)=d (u1,[Tuilawy))-
Then, from (3.2), we get

F(d(u1,ug) <F (H([Tuolawe) [Tu1lawy)) < F(d(u1,u) - 7. (3.3)
By induction, we obtain a sequence {u,} in X such that u,.1 € [Tuplqu,) and
F(d(unyun+1))SF(d(un;un—l))_T (3.4)

for all n =0,1,2,... If there exists no € N for which {u,,} € [Tunolau,,), then {un,} is an
a-fuzzy fixed point of T and so the proof is complete. Thus, suppose that for every n € N,
{un} ¢ [Tunlaw,) Let ¢, :=d(uy,upe1) for n=0,1,2,... then ¢, >0 for all n € N and using (3.4),
the following hold:

F(cn) = F(Cn—l)_ T
<F(c,-92)-21

<F(cg)—nr. (3.5)
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Since, F' € F'*, from (3.5), we obtain n}im F(c,) =—o00. Thus, from (F2) we have
— 00

lim ¢, =0.
n—oo

From (F3), there exists £ € (0,1) such that
lim ¢*F(c,)=0.
n—0o0

By (3.5), the following holds for all n € N,
c]fLF(cn) - cﬁF(co) < —cﬁnr <0.

By taking lim as n — oo in (3.6)), we obtain

lim ncﬁ =0.
n—oo

From (3.7), there exists n1 € N such that
ncﬁ <1

for all n = ny. This implies that

Cp <

S
e =

foralln=n;.
Next, we show that {u,}7 ; is a Cauchy sequence.

Let m,n € N with m > n, we have
dUn,um) <sldun,un+1)+dWni1,Un+2) + -+ dWUm-1,um)]

=s(cp)+s(cpt1)+---s(em-1)

o ]
By the convergence of the series } — passing to lim n — co, we get
i=17%

dWw,,um)—0 as n— oco.

(3.6)

3.7

(3.8)

3.9

Hence, {u,}°° , is a Cauchy sequence in X. Since (X,d) be a complete b-metric space, the
n=1

sequence {u,} converge to some point u* € X that is, from (F1), for all u,v € X with
F (H([Tulaw),[Tvlaw)) < F(d(u,v))

and so
H ([Tulaw), [Tvlaw) < d(u,v)

for all u,v € X. Then
d (n+1,[Tu" lawn) < H ((Tunlaw,), [T law)

<d(un,u”).

Commaunications in Mathematics and Applications, Vol. 7, No. 3, pp.|179 , 2016



Fuzzy Fixed Point Theorems for Multivalued Fuzzy F-Contraction ...: D. Hunwisai and P. Kumam 185

On the other hand, we have
d (", [Tu"law) < sd (", [Tunlaw,)) + s ([(Tunlaw,), [Tu law)
=sd (u",un+1) +8d (un+1,[Tu" lawm)
<sd(u",un+1)+sd (un,u”).
Passing to lim n — oo, we have
d(u",[Tu"lgw) = 0.
Thus, we get u* € [Tu*lyy*), that is, u™ is an a-fuzzy fixed point of 7. This complete the
proof. O

Corollary 3.2. Let (X,d) be a complete metric space, T : X — .7 (X) be a fuzzy mapping and
a:X — (0,1] such that [Tulyw) is a nonempty closed bounded subset of X for all u € X and
F € F* if there exists T > 0 such that for all u,v € X,H ([Tulaw),[Tvlaw)) > 0 implies

T+F (H ([Tulaw), [T]aw)) < F (d(u,v)),

then T has an a-fuzzy fixed point.

Remark 3.3. In Corollary [3.2] we set s = 1, so b-metric spaces it is turns into complete metric
spaces.

Corollary 3.4. Let (X,d) be a complete b-metric space, let coefficient s=1and T : X — K(X) be
a multivalued mapping such that Tu is a nonempty closed subset of X for all ue X and F € F*
if there exists T > 0 such that

T+ FH(Tu,Tv)) <F(d(u,v)),
forall u,ve X, then T has a fixed point in X.

Remark 3.5. In Corollary if we set s = 1, we find theorem of Altun et al. [3]. Therefore,
Corollary[3.4]is and extension the result of Altun et al. [3]l.

4. Conclusion

In this work, we first suggest the new concept of multivalued fuzzy F'-contraction mappings.
We also prove the existence of an a-fuzzy fixed point theorem in b-metric spaces. Our results
improve and extend some fixed point results for multivalued mappings in b-metric spaces and
also extension the result of Altun et al. [3].

Acknowledgements

This work was supported by the Higher Education Research Promotion and National Research
University Project of Thailand (NRU). The first author was supported by the Petchra Pra Jom
Klao Doctoral Scholarship for NRU Research Cluster. The second author was supported by the
Theoretical and Computational Science (TaCS) Center (Project Grant No.Tacs2559-2).

Competing Interests
The authors declare that they have no competing interests.

Commaunications in Mathematics and Applications, Vol. 7, No. 3, pp.|179 , 2016



186

Fuzzy Fixed Point Theorems for Multivalued Fuzzy F-Contraction ...: D. Hunwisai and P. Kumam

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

References

H.M. Abu-Donia, Common fixed point theorems for fuzzy mappings in metrics space under ¢-
contraction condition, Chaos Solitons Fractals 44 (2007), 538—543.

R.P. Agarwal, D.O. O'Regan and N. Shahzad, Fixed point theorem for generalized contractive maps
of Meir-Keeler type, Mathematische Nachrichten 276 (2004), 3-22.

I. Altun, G. Minak and H. Dag, Multivalued F'-contractions on complete metric spaces, Journal of
Nonlinear and Convex Analysis 16 (4) (2015), 659-666.

A. Azam, M. Arshad and 1. Beg, Fixed point of fuzzy contractive and fuzzy locally contractive maps,
Chaos Solitons Fractals 42 (2009), 2836—-2841.

I.A. Bakhtin, The contraction mapping principle in quasi-metric spaces, Funct. Anal. Unianowsk
Gos. Ped. Inst. 30 (1989), 26-37.

S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fundam. Math. 3 (1922), 133-181.

T.G. Bhaskar and V. Lakshmikantham, Fixed point theory in partially ordered metric spaces and
applications, Nonlinear Anal., Theory Methods Appl. 65 (2006), 1379-1393.

M. Boriceanu, Fixed point theory for multivalued generalized contraction on a set with two b-
metrics, Studia Univ Babes, Bolya: Math. LIV (3) (1989), 1-14.

M. Boriceanu, M. Bota and A. Petru, Multivalued fractals in b-metrics, Central European J. Math.
8 (2010), 367-377.

A. Branciari, A fixed point theorem for mappings satisfying a general contractive condition of
integral type, International Journal of Mathematical and Mathematical Sciences 29 (2002), 531—
536.

D. Butnariu, Fixed points for fuzzy mappings, Fuzzy Sets and Systems 7 (1982), 191-207.

S. Czerwik, Contraction mapping in b-metrics, Acta Mathematica et Informatica Universitatis
Ostraviensis 1 (1993), 5-11.

S. Czerwik, Nonlinear set-valued contraction mappings in b-metrics, A¢ti Sem. Mat. Univ. Modena
46 (1998), 263-276.

S. Czerwik, K. Dlutek and S.L. Singh, Round-off stability of iteration procedures for operator in
b-metrics, J. Natur. Phys. Sci. 11 (1997), 87-94.

V.D. Estruch and A. Vidal, A note on fixed fuzzy point for fuzzy mappings, Rend Ist. Mat. Univ.
Trieste 32 (2001), 39-45.

Y. Feng and S. Liu, Fixed point theorem for multi-valued mappings and multi-valued Caristi type
mapping, Journal of Mathematical Analysis and Application 317 (2006), 103-112.

S. Heilpern, Fuzzy mappings and fixed point theorem, Journal for Mathematical Analysis and
Application 83 (1981), 566—569.

A. Ishak, M. Giilhan and D. Hacer, Multivalued F-contractions on complete metric spaces, Journal
of Nonlinear and Convex Anlysis 16 (2015), 659-666.

Commaunications in Mathematics and Applications, Vol. 7, No. 3, pp.|179 , 2016



Fuzzy Fixed Point Theorems for Multivalued Fuzzy F-Contraction ...: D. Hunwisai and P. Kumam 187

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

E. Karapinar, M.A. Ksutbi, H. Piri and D. O’'Regan, Fixed points of conditionally F-contractions in
complete metric-like spaces, Journal of Nonlinear and Convex Anlysis 16 (2015), 659—-666.

D. Klim and D. Wardowski, Fixed points of dynamic processes of set-valued F-contractions and
application to functional equations, Fixed Point Theory and Applications 22 (2015), 9 p.

S.B. Nadler, Jr., Multivalued contraction mappings, Pacific Journal of Mathematicals 30 (1969),
475-488.

A. Padcharoen, D. Gopal, P. Chaipunya and P. Kumam, Fixed point and periodic point results for
a-type F-contractions in modular metric spaces, Fixed Point Theory and Applications 39 (2016),
12 p.

S. Phiangsungnoen and P. Kumam, Fuzzy fixed point theorem for multivalued fuzzy contractions
in b-metric spaces, J. Nonlinear Sci. Appl. 8 (2015), 55—-63.

D. Turkoglu and B.E. Rhoades, A fixed fuzzy point for fuzzy mapping in complete metrics spaces,
Fixed Point Theory Appl. 94 (2012), 6 p.

D. Wardowski, Fixed point theory of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl. 94 (2012), 6 p.

D. Wardowski and N.V. Dung, Fixed points of F-weak contractions on complete metric spaces,
Demonstr. Math. 1 (2014), 146-155.

L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965), 338—-353.

Commaunications in Mathematics and Applications, Vol. 7, No. 3, pp.|179 , 2016



	Introduction
	Preliminaries
	Main Results
	Conclusion
	References

