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1. Introduction

Rational recursive systems are also called rational difference equation systems. These systems
have been studied in many branches of mathematics as well as other sciences for the years.
There are many applications in several branches of science [1, 2] 3], 14} [7, [9]. These types seem
very simple and some of their properties can also be observed and conjectured by computers
simulations, however, it is extremely difficult to prove completely the properties observed and
conjectured by computers simulation, for example, see [5, 6, [10]. In this study, we consider the
following systems by using the results in [8]

Ayn_1 B B
Xn+1= L + s Ynel=———, (1.1)
Yn(Yn-2+2n-2) Yn-1+2n-1 Yn-1+2n-1
C B
Zp+l = - , (0=n), (1.2)
Xpn-1—Yn-1 JYn-1t2p-1
with initial values X-1,%0,Y-2,Y-1,Y0,2-2,2-1,20, A737C € R+a (x—l # Y-1,%0 # yO) and
Ayn_1 B B
Xn+1 = = + y Yn+l= (1.3)

—’
yn(yn—3 + 2n—3) Yn-2+2n-2 Yn-2+2p-2
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C B

- ’
Xn-2—Yn-2 Yn-2+2p-2

Zn+1 = (0=n), (1.4)

with initial values x_9,x_1,%0,v-3,Y-2,Y-1,50,2-3,2-2,2-1,20,4,B,C € R*, (x_o #Z y_9,x_1 #
Y-1, X0 # ¥0)-

Firstly, we give basic preliminary definitions and a theorem. Let I;,I5 and I3 be some
intervals of real numbers and let F{ :Ig x I3 — I1,F9:Iox1I3— Io and Fg:11x1IgxI3— I3be
three continuously differentiable functions. For every initial condition (xg, ys,25) € I1 x g x I3, it
is obvious that the system of difference equations

Xn+1=F1(¥n,21), Yn+1=Fo(yn,2n), 2n+1=F3(xn,yn,2n) (1.5)
has a unique solution {x,, y,, z,}.

* A solution {x,,y,,2z,} of the system of difference equations (1.3) is periodic if there exist a
positive integer p such that

Xn+p =%Xn, Yn+p =Yn> Zn+p =Z2n,

the smallest such positive integer p is called the prime period of the solution of difference
equation system (1.3).

* A point (%,y,2) € I x I9 x I3 is called an equilibrium point of system (1.3), if
5c=F1(5/,2), y:F2(5),2)7 §:F3(-7235}9§)'

¢ The equilibrium point (%, y,2) of the difference equation system (1.3) is called stable (or
locally stable), if for every € > 0, there exist 6 > 0 such that for all (xg,ys,25) € I1 xI9 x I3
with

||(x87ys’zs)_(3_cay’2)”<6 lmphes ||(xnayn,2n)—(9_5,5’,§)||<€

for all n = 0. Otherwise equilibrium point is called unstable.

* The equilibrium point (%,y,Z) of the difference equation system (1.3) is called
asymptotically stable (or locally asymptotically stable), if it is stable and there exist
Y > 0 such that for all (xg, ys,25) € I'1 x I3 x I's with

I1CGxs, y5,25) = (X, 7,2) <y implies  lim [lCxp, yn,2n) = (%, 5,2)l = 0.

* The equilibrium point (%, y,2) of the difference equation system (1.3) is called global
asymptotically stable, if it is stable and for every (xs, ys,25) € [1 x I3 x I3 we have

llm ”(xn’ynazn) - (D_C,_)_/,Z)ll = 0
n—o0

e Let I1 x I3 x I3 be an interval of real numbers. For all initial values x_9,x_1,%0 € I1,
y-3,Y-2,¥-1,Y0 €Iz and z_3,z_9,2-1,20 € I3, (x_2 # y-2,%_1 # ¥-1,%0 # Yo), if we have

lim |[(xp,, yn,20)ll = (%, ,2),
n=oo

then the equilibrium point (&, y,Z2) of the system of difference equations (1.3) is global
attractor [7, 9].
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2. Main resulis

In this section all results have been obtained by using [8]. The following theorems show us the

period of solutions of the systems (1.1)-(1.2) and (1.3)-(1.4).

Theorem 2.1. Suppose that {x,,y,,2n} are the solutions of the difference equation system (1.1)-
(1.2). All solutions of the system (1.1)-(1.2) are periodic with period 6 if and only if A =C.

Proof. From the system (1.1)-(1.2), it is obtained the following equalities
Ay n-1 n B

Xn+1 = ,
i Yn(Yn-2+2pn-2) Yn-1+2n-1
B
Ynv1=—7""—",
i Yn-1t+2p-1
C B
Zn+l = - ’
Xn-1—Yn-1 JYn-1t2n-1
Ay, N B
X = ,
n+2 B Y+ 2n
_ B
yn+2 - yn +Zn ’
C B
Zn+2 = + ’
Xn—Y¥Yn Yntzn
A B(xp-1—Yn-1)
Xn+3 = + ’
Yn-1+2p-1 C
_ B(xp-1—yn-1)
Yn+3 = C s
o Conlns+tzns) Bln-1-yn-1)
n+3 Ayn—l C ,
A B(xn —yn)
xn+4 = + )
Yo +2n C
B(xn —yn)
Yn+4 = T,
> _ BC _ B(xn _yn)
n+4 Ayn C ’
s = A(xp-1—Yn-1) N BAy,-1
i C Cyn(yn—2 +2n—2)’
Viss = BAyn_1
+o — ’
" Cyn(yn-2+2z,-2)
Znig = C(yn-1+2n-1) _ BAy, 1
o A Cyn(yn—Z +Zn—2),
A A
Xn+6 = E(xn —Yn)+ Eyn = Exn,
A C A
Yn+6 = Eyn, 2n+6 = Z(yn +2,) - Eyn-
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From A = C, all solutions of the system (1.1)-(1.2) are periodic with 6 period. Thus we have

Xn+6 =%Xn, Yn+6=Yn, 2n+6=2n. O

Theorem 2.2. Suppose that {x,,yn,2,} are the solutions of the difference equation system (1.3)-
(1.4). All solutions of the system (1.3)-(1.4) are periodic with period 8 if and only if A =C.

Proof. From the system (1.3)-(1.4), it is obtained the following equalities
Ay n—1 n B

xn+1 = ’
Yn(Yn-3+2pn-3) Yn-2+2n_2
B
Yn+r1=—""—"7,
Yn-2+2n-2
C B
Zn+l1 = - )
Xn-2—~Yn-2 Yn-2t2n-2
Ay, B
Xn+2 = + ’
B Yn-1+2p-1
B
Yn+2=—"7"""———"°7,
Yn-1t2p-1
C B
Zn+2 = - )
Xn-1—Yn-1 Yn-1t2n-1
A B
Xn+3 = + ’
Yn-2+2p-2 Yntzp
B
yn+3 = s
Ynt2n
C B
Zn+3 = -

Xn—Yn yn+zn,
A + B(xp—2— yn—2)

ned = Yn-1t2pn-1 C ’
_ B(xy-2—yn-2)
yn+4 - C )
5 _ Cyn(yn-3+2z,-3) _ B(xp—2—yn-2)
n+4 Ayn_l C P
. _ A + B(xp-1—yn-1)
n+5 yn +Zn C )
_ B(xp-1 _yn—l)
yn+5 - C )
. _CB_ BGni-y)
n+5 Ayn C s
Axp—2 _yn—2) B(x, _yn)
xn+6 = C + C ’
B(x, — yn)
Yn+6 = T,
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C(yn—2+2,-2) _ B(x, — yn)

Zn+6 =

A C ’

o = AXp-1—Yn-1) N AByn-1 ,
C Cyn(yn—3 +2p-3)

y — AByn—l

" Cyn(Yn-s +2n-3)’

i Clyn-1+2n-1)  AByn_1 ’

A Cyn(yn-3+2zn-3)
A
Xn+8 = E(xn —yn)+ o= g

A LCly A
Yn+8 = Cyn, Zn+8 = A Yn TZ2n Cyn-

From A = C, all solutions of the system (1.3)-(1.4) are periodic with 8 period. Thus we have

Xn+8=%Xn, Yn+8=DYn, 2n+8=2n. O

Theorem 2.3. Suppose that {x,,yn,2,} are the solutions of the difference equation system (1.1)-
(1.2) with initial values x_1=a, xo=b, y_9=c¢, y-1=d, yo=e,z_9=f,2-1=g, 20=h, A,B,C
(x_1 #y-1, x0 # yo) € R*. For n =0, all solutions of the system (1.1)-(1.2) are periodic with
period 6

Ad N B
X =
bl e+ f) d+g’
B
Yén+1 = m,
A B
z6n+1_a_d d+g7
Ae B
x6n+2—f+e+h;
B
Yén+2 = m,
A B
Z6n+2_b—e e+h,
A B(a—d)
X6n+3 d+g A )
B(a—d)
y6n+3 - A ’
Ae(c+f) B(a-d)
26n+3 = Ad - A )
A B(b-e)
x6n+4 = e +h + A )
B(b—e)
y6n+4 = A ’
B B(b-e)
Z28n+4 = ; - A )
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Xen+5 =(b—e)+

e(c+f)
_ Bd
Yén+5 = e(c+f)’
Bd
n = d - )
Z6n+5=(d +8) et/
Xen+6 = b,
Yén+6 =€,
26n+6 = h.

ifand only if A =C.

Proof. Let us use the principle of mathematical induction on n. For n =0, it is easy to see.
Assume that it is true for all positive integers n. From the system (1.1)-(1.2), it is obtained the
following equalities

Ay6n+5 B Ad B
X6n+7 = + = + .
Yen+6(Y6n+a +26n+4) Yen+s5+2en+s elct+f) d+g
B B
Yen+7 = = ,
nr Y6n+5 1 26n+5 d+g
C B A B
Z6n+7 = - = - ,
X6n+5— Y6n+5 Yén+5+2en+s a—d d+g
A B A B
X6nig = Y6n+6 + _ 4ae =
B Yén+6+t26n+6 B e+h
B B
Yén+8 = = ,
P eni6+26ns6  €+h
C B A B
26n+8 = + = + ,
X6n+6—Y6n+6 Yén+6+Z2en+6 b—e e+h
. _ A +B(x6n+5—y6n+5) A +B(a—d)
6n+9 = - ’
" Yenes + 26045 C d+g A
B(xen+5—y6n+5) _Bla—d)
y6n+9 = C = A ’
; _ CY6n+6(Yon+at+2zen+a) Ben+5—Yen+s) _ Aelc+f) Bla-d)
6n+9 Ayn—l C Ad A ,
. _ A +B(x6n+6—y6n+6) A +B(b—e)
or+10 Y6n+6 T 26n+6 C e+h A
B(xen+6 —Yen+6) B(b—e)
Y6n+10 = C = A )
; _ _BC  B(xen+6—Yen+6) _ B B(b-e)
6n+10 Ayorcs C ST A
A(x6n+5— Y6n+5) BAyen+s Bd
Xen+11 = + —(b—e)+ —
fr+ll C Cyen+6(Yen+a + 26n+4) e(c+f)
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Yén+11= BAYon+s = Bd )
Cyen+6(Yen+a+26n+a) elc+f)
eniil = C(Y6n+5+26n+5) BAyen+s g Bd |
A Cyen+6(Yen+da +2Z6n+4) e(c+f)
A
X6n+12 = Ex6n+6,
A
Yén+12 = Ey6n+67
26n+12 = Z(y6n+6 +26n+6) — CYon+6:

From A = C, all solutions of the system (1.1)-(1.2) are periodic with 6 period. Thus we have

X6n+12 =0, Yen+12=¢€, Zen+12=h.
Therefore we have the required formulates on n. O

Theorem 2.4. Suppose that {x,,Yn,2n} are the solutions of the difference equation system (1.3)-
(1.4) with initial values x_9 =a, x_1=b, xo=c¢, y-3=d, y9=e, y_1=f, yo=g&, z_.3=h,
Zo=p,z.1=r,20=8, A,B,C (x_9#y_9,x_1ZYy_1, X0 Z Y0) ER™. For n =0, all solutions of the
system (1.3)-(1.4) are periodic with period 8

Af N B
X = )
8+l gd+h) e+p
B B
y8n+1_e+p7
A B
z = — ,
8n+1 a—e e+p
Ag+ B
X8n+2 = —7— )
B f+r
B
y8n+2:f+r7
A B
28n+2:m—f+r,
A N B
X =— ,
Bn+3 e+p g+s
3 B
y8n+3_g+s,
A B
28n+3 = -
c—g g+s
A +B(a—e)
X
8n+4 f+r A ’
B(a—e)
y8n+4— A ’
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g(d+h) _B(a-e)

28n+4 =

f A 7
__A  BG-f)
x8n+5— g+3 A ’
_BOb-)
Y8n+5 = A )
_B _B(b-f)
28n+5— g A ’
B(c-g)
x8n+6:(a—e)+Tg,
_B(c—g)
y8n+6— A ’
B(c—g)
zgn+6 = (e +P)—Tg,

Bf
x8n+7—(b—f)+m,

__Bf
y8n+7 - g(d +h),

Bf
28n+7—(f+’”)—m,
X8n+8 = C,
y8n+8:g,

Z8n+8 = S.

ifand only if A =C.

Proof. Let us use the principle of mathematical induction on n. For n =0, it is easy to see.
Assume that it is true for all positive integers n. From the system (1.3)-(1.4), it is obtained the
following equalities

Aysn+7 B Af B
X8n+9 = + = + ,
Y8n+8(¥8n+5+28n+5) Ysn+6+28n+6 &Zd+h) e+p
B B
y8n+9 = = )
Y8n+6 +28n+6 €+p
C B A B
28n+9 = - = - ,
X8n+6 —Y8n+6 Y8n+61T28n+6 Qa—€ e+p
Aysnsg B Ag B
X8n+10 = + =— ,
B Yen+7t28p47 B f+r
B B
Y8n+10 = = ,
i Y8n+7+28n+7 [T
C B A B
28n+10 = -

= - ’
X8n+7— Y8n+7 Y8n+7+28n+1 b—f f+r
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A B A B
X8n+11 = + = + ,
Ys8n+6 +28n+6 Ysn+8+t28,+8 €e+p gZ+s
B B
Y8n+11 = = ,
Ysn+8 t28n+8 & +S
C B A B
28n+11 = - = - ,
i X8n+8 —Y8n+8 Y8n+81+28n+8 C—8 &£+s
_ A B(xgn+6—ysn+6) A  Bla—e)
X8n+12 = + = + )
Y8n+7+ 28n+7 C f+r A
B(xgn+6 — ysn+6) Bla—e)
Y8n+12 = C = A ,
a1y = Cy8n+8(¥8n+5 +28n+5) _B(Xgn+6 —ysn+re) _g(d+h) Bla—e)
" Ayspn C f A
B A B(xgn+7—Ysn+7) A B(b-f)
X8n+13 = + = + ,
Y8n+8+28n+8 C g+s A
_ Blxgn+7—y8n+7) _ B(b—f)
Y8n+13 = C i
5 _ CB B(xgn+7— Y8n+7) _ B B(b-f)
8n+13 = - ==
o Aygnis C g A

_ A(xsn+6— Ysn+6)  B(xsn+s —Ysn+8) _ B(c-g)
X8n+14 = C + C _(a_e)+T’

. B(x8n+8 - y8n+8) . B(c _g)

Y8n+14 = C = A ,

_ C(ysn+6+28n+6) B(xgnis—Ysn+8) _ B(c—g)
28n+14 = A - C =(e +p)—T,
N A(X8n+7 = Y8n+7) N ABysn+7 _(b-f)+ Bf

" C Cysn+8(¥8n+5+28n45) g(d+h)
Y8n+15 = ABYsn+1 = Bf
i Cysn+8(ysn+5+28n+5) &g(d+h)’
I C(ygn+7 +28n+7) ABygn 7 S (F i) Bf
" A Cy8n+8(¥8n+5+28n+5) gd+h)
A
gn+16 = 5C;
A
Y8n+16 = Eg,

C A
28n+16 = Z(g+3)— &

From A = C, all solutions of the system (1.3)-(1.4) are periodic with 8 period. Thus we have

X8n+16 =C, Y8n+16 =8, 28n+16=S.

Therefore we have the required formulates on n.
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3. Conclusion

The difference systems given in (1.I)-(1.2) and (1.3)-(1.4) can be generalized to high order
difference system. Thus the solutions and period of this new system can be examinated again.
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