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1. Introduction

Let } a, be an infinite series with s, as its n-th partial sum. Let (o}) and (¢) be the n-th
Cesaro means (C,a) of order a(a > —1) of the sequences (s,) and (na,) respectively, i.e.,

a 1 ¥ pa-1 a 1 ¥ pa-1 a a _ (a+1)(a+2)..(a+n) a
Oy = aw ZOAn_VsV and ¢y, = Az ZlAn_vvav, where Aj =1, A} = o and A%, =0,
v= v=

(n € N). The concept of absolute_summability of order £ was defined by Flett [7] as follows.
A series Y a, is summable |C,alz, k=1, if

o0
Y n* ol -0 |F < 0. (1.1)
n=1

On the other hand, in view of the well known identity ¢;; = n(o}; — o _;), the condition (L.1I) can
be stated by
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Y —ltgl® <oo, [8I (1.2)
n=17

The summability |C, a|; is one of ancestor summability methods and includes all Cesaro methods
depending on a and %, for example, |C,al; is identical to |C,a|. Now we denote by |C,|z the
set of series summable by the summability method |C, a|;,. Then a series ) a, is summable by
|C, al iff a = (a) € |Cylp, where

1 n
nl/kAa

n v=

oo k
1ICalr = {a =(ay): ), A% lya,| < oo}. (1.3)
n=1 1

Let X and Y be any two sequence subsets and A = (a,,) be an infinite matrix of complex
numbers. Then we say that A defines a matrix transformation from X into Y, i.e.,, A € (X,Y) if
Ax=(A,(x)) €Y whenever x € X, where

A, (x)= i ApyXy (1.4)
v=0

provided that the series on the right side of (1.4) converge for each n.

Das [6]] defined a matrix A to be absolutely 2-th power conservative for £ = 1if A € B(Ap,Ap),
where

[e.0]
-1
oy, = {s =(sy): ) VvEls, — s, <oo}
v=1

and proved every consersative Hausdorff matrix H € B(.<7,, .%,). Note that there exists a relation
between A and |Cyl; obtained in the special case a =0 if A lower triangular matrix. In fact,
a€|Cylp ifand only if s€e Ay, and so A € (Ap,Ap), iff A € (|Col,|Colz), where

n
(@nr—ap-1,), 0<v<n
dnv _ rgv nr n—-1,r (1.5)

0, v>n.

According to the terminology in [15], if A is a Riesz matrix, i.e., a,, = % for 0<v<n, and
0 otherwise, then } a, is summable |R,p,l|; iff (R,(a)) € |Col, where Ro(a) = ag,R,(a) =
n

P 11’3” - > P, 1a,,n=1,(p,)is a sequence of positive constants such that P, = pg+p1+...+p, —
nEnTly=1

oo as n — oo. So, if we say |R,|; as the set of series summable by |R,p,|z, then we can write
Rplr ={a = (av) : (Bp(a)) € |Colr}. For real number a and nonnegative integers n we write

oo
A%, =Y AY, lx,, whenever the series convergent, and
v=n

[e.°]
XxF = {8 =(&y): Z £,xy is convergent for every x € X} ,
v=0

which is the  dual of X. Also we need the following notations for v=1,2,...

=

Commaunications in Mathematics and Applications, Vol. 7, No. 1, pp. , 2016

I, = {E A% (%V) exists, sup

m,r

m g L
rA%Y =AY
v

v—=r
v=r
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k*
<oo}

and

Vk qa X Ev 1
a —a—
r Ar Z VAV_,.

v=r

m r=1

k" = {E'A“ (E—V) exists supi
a * v ’

where £ >1, 1/k +1/k* = 1.

2. Main Results

The problems of absolute summability factors and comparision of these methods goes to old
rather and uptill now were widely examined by many authors, (see, [1-91, [10,11,[23], [25,26]).
By other viewpoint we note that most of these results correspond to the special matrices
I,We(Cyl,|ICslz) or I, W € (|Cylz,|Cs]) where I is an identity matrix and the matrix W = (w,,,)
defined by w,, = €, for v = n, zero otherwise.

In the present paper giving some algebraic and topological properties of |C |, we characterize
the classes of all infinite matrices (|Cy,l,|Cslz) and (|Cy4lz,|Csl), show that each element of this
classes corresponds to a continuous linear mapping, which also enables us to extends some well
known results of Flett [7]], Orhan and Sarigél [15]], Bosanquet [2], Mehdi [13], Mazhar [11],
and Sarigol [18]], where |C,|;, is the space of series summable by the summability |C,al,. Our
theorems read as follows.

Theorem 2.1. Let a > -1, 1<k <ooand 1/k+1/k* =1. Then,
ICalk}P =T% and {IC.If =T,.

Theorem 2.2. Let a« > -1 and k= 1. Then |C,l is a BK-space with respect to the norm

r Vk
||a|||ca|k={|a0|k+z } : 2.1)

Theorem 2.3. Assume that 1<k <oo, a > -1, 6 > —1. Then, (|IC,|,|Cslr) € B(|C4l,|Cslz) and
A €(|Cyl,|Cslp) if and only if

1/kAa ZA

1
A (—_avj) exists for j,v=1,2,..., (2.2)
J
mo1
sup jA;‘Z—A;_“j_law <oo forv=0,1,..., (2.3)
msj rzjr
flliA“ k< (2.4)
=) v avo 0o .
n=1"1 A(rslv "

and

<o0. (2.5)

Commaunications in Mathematics and Applications, Vol. 7, No. 1, pp. , 2016
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Theorem 2.4. Assume that a > -1, 6 > -1, 1<k <oo, 1/k+1/k* = 1. Then, (|Cylz,ICs]) c

B(|Cyl,1Cs1) and A € (|ICql,|Cs) if and only if holds,

m k*
supz <oo, v=0,1,...,
m =1

mo1

-1/k az -a-1

J AJ .;Ar_j avr
r=j

n
6-1
Z VAn_VaV()

v=1

<0

X 1
X —%
n=1NMAy

and
k*

} <oo.

3. Needed Lemmas

1k A
JRAS

nA?

n 1
Y vASTIAC (—,aw-)
v=1 J

We need the following lemmas for the proof our theorems.

Lemma 3.1 ([17]). Let 1<k <oo. Then, A € (I3,1) if and only if

o0 o0 k*
Y (Z Iam,l) < o0.
v=0\n=0

Lemma 3.2 ([10]). Let 1<k <oo. Then, A €(l,l}) if and only if

[o,@]
k
sup Z la,v]” < oo.
V. n=0

Lemma 3.3 ([24]). (a)

lima,, exists for each v,

Ae(l,c) =
suplany| <oo.
n,v

(b) Let 1<k <oco. Then

lima,, exists for each v,

A€e(lp,c) = oo i
k

sup Y lapvl® <oo.

n v=0

Lemma 3.4 ([13]). Let > -1, 1<k <ooand o <. Then, for k=1,

v =

o F1, o<-1
O(v=F*9), o>-1

and
O(vkP-1y, o<-1/k
E,={0(Ww*F1logv), o=-1/k
O(v—kB+kay o>-1k
o |AZ_ Ik
for 1<k <oo, where E, = Y —ﬂforvzl.
n=v n(An)k
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o0

Proof of Theorem [2.1] Let ¢ € {ICqlz}P. Then, Y &,x, is convergent for every x € [Cylp. But
v=0

x €|Cqylp if and only if T € [, where

1
Tg =xo, T = 1/kAa Z Al” vxv, for n=1. (3.5)

By inversion of (3.5), we write, for r > 1,

ZA a-1 l/kAaTtI (3.6)
and so
m m v
Z Evy :gOT(c)z Z _V Z a 1 1/kAaTa
v=0 v=1 VY r=1
m
=eoTG+ ) rl/kA“Z ey e I A
r=1 v=r V
m
= Z W TY
r=0
where
£, r=0
m
W = 4 PVEAC Y Z A1 1 op o (3.7
v=r V
0, r>m

e €{|Cylp}P < W €}, c). Therefore it follows from Lemmathat € €{|Cylp)P iff
k*
SupZ|wmr| —Sup{|80| +Z }<OO

r=0 r=1
€ R
and limw,,, = A* (—r) exists for r =1,2,..., that is to say, ¢ € F'; , completing the proof. O
m r

l/kAaZ Aal

V"V

The second part of the lemma is similarly proved by Lemma

Proof of Theorem It is easily seen from Minkowski inequality that |C,|; is a normed space
with norm (2.1). Now, take a Cauchy sequence ¢ = (™) where (™ =(a]') € |Cylr, (m =0,1,...).
Given € > 0. Then there exists at least a positive integer ny such that

€™ =&l \our, < € (3.8)

for m1,mg > ng. This implies that |a}* —a’'?| — 0 as m1,mg — oo. This means that (a}'!) is a
Cauchy sequence in C and so there exists limit a}'' — x, (v=0,1,...) as mj — oo, say. So it
follows from that (™ —xll|c,|, <€ for m1 >ng and x € |Cylr. Therefore |C,l; is a Banach
space. Finally, a coordinate functional P, : |C,l; — C, P,(a)=a, (n =0,1,...) is continuous since

IPn(@)l = lanl < [ = ZIA VRA Jallc,,

by (3.5) and (3.6). This completes the proof. O
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Proof of Theorem First part is seen by applying Banach Steinhause theorem in usual way
since |C,| is a BK-spaces by Theorem Now take A € (|C,l,|Cslz). Then A, (x) = apyvxy
is convergent for every x € |Cy| and Ax = (A, (x)) € |Csl. This also means that (a,g,an,1,...) €
{IC¢|1}? which is equivalent to and by Theorem Now the statement with
k=1 gives

1
Ty =xo, Ty = AaZA vxv, forn=1. (3.9)
of which inversion implies x, = = Z A lvA“T"‘ r=1. Also, x€|Cy| < T*€l. Then we get

V_

L0 = Z aovxy =Ty =xp and forn > 1
v=0

Z ASTIVvA (x)

n nl/kA5

1
—TEAD ZA vZawxr

n v=1

_ 1 o— 1 a 1 a-1 ama
@; VA (av()T +r;aw-rZA JA T

1
. TYY: Z vA® L@, TS +U,), say.

n v=1

On the other hand, it follows from (2.3) that the series

o a L l -a-1
> jA%| Y. Tauar

= B

a
T;

convergent in uniformly in m, and so we get

Uv—lunZaw ZA “JAYTS

< 1 a- 1 a
=1 Z (Z —a,AC )T
j=1 r=j
= ijA?‘A“(m)T@.
o J J J

Therefore

1 a
6 _ 5— -1 vJj
L, = ThAs E vAj {avoT“+ E JA“A“( )Tj
nt*AS V21 j= J

1 5-1
1/kA6{ZVAn v“v0T0+ZZVA JAaAa( F )TJ"‘}

1 Jj=1v=1

= b, T
j=0
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where
1 n
5-1 _
nl/kA‘,Sl Vg VA, a0, Jj=0,n=1

sz5 1A“( V,j), n>1,j>1

1/kA5 J

o0
Now, A € (|C,|,|Cslz) <= B €(l,l}), i.e., equivalently, sup Y |bnj|k < o0 by Lemma Thus, it
j n=0
follows from the definition of the matrix B that

SUPZIbnjl —Sup{ZIbn0| +Z|bnj| }

J n=0 Jjz1 1 n=1

which is satisfied if and only if the conditions (2.4) and (2.5) hold, completing the proof. O

since |Cql is a BK-spaces by Theorem [2.2| Now take A € (|Cqlz,|Csl). Then A, (x) = Z ApyXy 18

convergent for every x € |Cy |z and A(x) = (A,(x)) € |Cs|. This also gives us (a,0,a,1,-- ) €{|Cqlr}P

which is the same as (2.2) and (2.6). Now by considering (3.5) we write that x € |Cy |, <= T* €},
and

Proof of Theorem First part is seen by applying Banach Steinhause theorem in usual way
'2

0o
An(x) = Z AnrXr

r=0

—anoT“+Zanr ZA “VEALTS
=1 rv=1

m m 1

. 1k —-a-1

:anng+11r}ln Zlv Ag(z ;Arfv anr) T;.
V= r=v

As in proof of Theorem [2.3]

1
Ap(x)=anoTS + Z vikA® (Z rA,_f‘v_lanr) T,

v=1 r=v
Now A(x) A,(x) € |Cs| means that L% = (L‘;) € [, where Lg = Ap(x) = x9 and L‘EL =
A9 — Z A5 1vAV(x) for n = 1. On the other hand, we can write
n

1 & s
L% = W Y AJTIvA ()
5 =

Z A Z AyrXy

nA‘S

1 _ _ 1
_6{ Y vAla, 0TS + Z]l/kA“ Z vASTLp® (;avj)}TJq

I’LAn v=1 J_l v=1

=Y dn;T¢
j=0
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where
szAfs Lavo j=0,n=1
nAS vy v ’
d .
nj jl/kAj.‘

By Lemma 3.1} A € (|ICq4lg,|Csl) iff D € (I3,1), i.e., equivalently,

*

> (Z |dnj|) < o0. (3.10)
n=0

But, (3.10) holds if and only if

n0| Aé la 0| <00
ngl Z=: A;‘Z vg'l '
and
] Do RS of Dokt oV S |
j=1\n= j=1 =1 nAy b= J
Therefore the proof is completed. O

4. Applications

Our theorems include some well known results. Now we list them with our notations.

Corollary 4.1 ([7]). If a > -1, B>a+ & and k=1, then I €(ICql,|Cpglp).

Proof. Consider the special case A =1 in Theorem [2.3] Then, it is clear that (2.2), (2.3) and (2.4)
hold. On the other hand, since

o 1 1A;f‘j‘l, 1<j<v
( aw): ZA T aym =" (4.1)

we have, by Lemma (3.4],

f i pirafl [ A
sup vA;,_ A“( —-a ) —sup(]A"‘) — <o
J 1/kAﬁ i =y n(ADy
1
for B> a+ 7 So (2.5) holds, which completes the proof. O

It is well known that the case £ =1 and > a of this result was given by Kogbetliantz [8].

Commaunications in Mathematics and Applications, Vol. 7, No. 1, pp. , 2016
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Corollary 4.2 ([7]). If a,f> -1 and k> 1 then I ¢ (ICB)l,|Cy)).

Proof. Take the special case A = I in Theorem Then, using (4.1) we have, by Lemma [3.4]

o [ o .1/kA]§ " (1 k* “ e Az_f_l k*
vAYT A (—,a ) =) (j*AY) - =00,
J; r;l nAjy v;l S WA J; J nz:“] n(Ag)
i.e., (2.8) does not hold. This completes the proof. O

Corollary 4.3 ([13]). If k> 1, =0 and «a is nonnegative integer, then W € (|Cql,1Cglz) if and
only if

(i) A%, =0(v"%)
(ii.a) &, = OWP 2 1tVk) (B < a + 1/k™),
(ii.b) &, =O0((logv)™V*) (B=a+1/k"),

(ii.c) &, =0(), (B> a+1/k*)

When g = ,% (i) has to be strengthened by factor (logv)~Vk. Conditions for the case k = 1 were
obtained by Bosanquet [2]l, Chow [5] and Peyerimhoff [16]; cf. also Bosanquet and Chow [4].

Proof. Put A =W in Theorem Then the conditions (2.2), (2.3) and (2.4) are satisfied and
the condition (2.5) is reduced to

N E 1 4Bl —a-1 *
sup(jAF)" ), ———1) AnA, % ey| <oo (4.2)
J n=j n(An) v=j
which are equivalent to the conditions of Corollary [4.3] see, for detail, in [13]. O

Corollary 4.4 ([11]). Let « =0, k> 1. Then, W € (|ICylp,|C1|) if and only if

we ()

@) OZO V(a'+1)k* -1
v=1

< oo

.o m 1 k*
(i1a) Y —leyl® <oo, ¢ <1,
v=1V

S5 * * *
(ib) ¥ v E e B <00, a> 1.

v=1
Proof. In Theorem take A =W and 6 = 1. Then it is clear that the conditions (2.2), (2.6)
and (2.7) are satisfied, and also (2.8) is reduced to the condition

n

Y A;f‘j_lsv

v=j

o k1 gkt ) e 1
ZIJ (Aj) {Zn(n+1)

k*
} <00 (4.3)
Jj= n=j

Commaunications in Mathematics and Applications, Vol. 7, No. 1, pp. , 2016
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which is the same as the above conditions. In fact, for @ =0, since |Cy|, < |Cylr by Kogbetliantz
=8 *
[8], we get W € (|Cy|z,|C1]) whenever W € (|Cylp,|C1]). Now, it follows from (4.3) that Y %|€V|k <
v=1

00, and so |&,| = O(vkl*). Using (4.3), we have the condition (i) since

o al al 1
Z ZIA eyl = ZIA 5V|Z my—

n(n +1) =

ATOT lgV
—Z‘ .

—0<1>ZIA “1) < 0.

=Jj

Similarly, (4.3) directly implies (iib). Therefore the conditions (i), (iia) and (iib) are necessary.
O

Sufficiency is shown as in [11].

Corollary 4.5 ([15]). Let k = 1. Then, I € (IR,|,|R4l) if and only if

P,q, _ O(V(l/k) ~1),
Qvpy

i) ¢.K,=0(5),

(ii1) QVKV = 0(1),

()

where

Proof. In Theorem take we take the matrix A as

QanPv—lA(Qv—l), l<v<n-1

QnQn—lpv Pv—l

Anyv = 4 QnPn, v=n
QnDn
0, v>n.

Then, it is easy to see that, I € (IR ,|,IRz) iff A € (|C¢l1,]Colr) and moreover the condition (2.5)

is reduced to

k
sup { (Vk_l quv) N ‘PVPH A(QH)
v Pv—l

k
(K, }F } <o (4.4)

Qvpv Dv

which is equivalent to the conditions (i), (ii) and (iii) of Corollary
The case k£ =1 of this result was given by Bosanquet [2] and Sunouchi [26].
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Corollary 4.6 ( [18]). If A is a lower triangular infinite matrix then A € (o/1,%%,), k=1, if and
only if

o0
sup Z nk_lldnvlk < 00.

vV n=v

Proof. If A is defined by (1.5), then, A € (21, .9%,) iff A e (ICol,I1Cplz). Thus, the result is obtained
from Theorem O

5. Conclusion

In the present paper new series spaces have been introduced making use of absolute Cesaro
summability |C, a|;, and some algebraic, topological properties and matrix operators on that
space have been investigated. And so it has been brought a different perspective and studying
field.
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