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1. Introduction

Fuzzy differential equation models a fluctuating circumstance under ambiguous conditions plays
an important role to several fields of science and engineering. The idea of fuzzy differential
equation was first presented by Kandel and Byatt [13] in 1978. Followed by Dubois and
Prade [6,7] in 1982 discuss about derivative of crisp function and fuzzy function at fuzzy point
and crisp point respectively. In 1985, Kaleva [12] presented an existence and uniqueness of
solution of derivative and integration of fuzzy valued function. Seikkala [22]] has conveyed a
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solution of initial value problems in fuzzy perimeter by means of an extension principle and
provided a solution of fuzzy differential equation in 1987. In the year 1990, Baidosov [2] and
Hullermeier [11] introduced a differential system with fuzzy constraint acknowledged as fuzzy
differential inclusion. In year 1999, Oberguggenberger [17] used Zadeh’s extension principle
and provide a solution of fuzzy differential equation.

In year 2000, Buckley and Feuring [4] presented a new solution of first order fuzzy initial
value problem which depends on various categories of derivatives of fuzzy function. In 2000, Park
and Han [19] deliberated a unique result of differential equation in fuzzy circumference by using
method of successive approximation whereas Chaco-Cano and Romain-Flores [5], projected a
new explanation to the fuzzy differential equation based on generalised H-differentiability and
n-derivative of function. In 2010, Bede and Gal [3] applied L-R type fuzzy number as preliminary
condition of fuzzy differential equation and discussed wide-ranging results for fuzzy differential
equation along with its existence. Duraisamy and Usha [9] solved a fuzzy initial value problem
of first order by using third order Runge-Kutta method with trapezoidal fuzzy number as initial
value. Salahshour [21] established the uniqueness and existence of solution of Nth-order fuzzy
differential equation with generalised differentiability in Banach space. In 2012, Plotnikov
with Skripnik [20] highlighted a new perspective of fuzzy function generalized derivative and
presence of a fuzzy differential equation. In 2014, Mondal et al. [16] studied a solution of
homogeneous first order linear fuzzy differential equation by means of method of Lagrange
multiplier and intuitionistic Triangular fuzzy number and they have encouraged a solution of
non-homogeneous Fuzzy differential equation using method of Lagrange multiplier. In 2020,
Alamin et al. [1] discussed a solution of non-homogeneous difference equation and in 2023,
Padmapriya and Kaliyappan [18] has deliberated a solution of system of non-homogeneous
fuzzy fractional differential equations.

2. Preliminaries

Definition 2.1 (Fuzzy Set [23]). A set A state on universe of discourse X is called to be a
fuzzy set, if V a € X, a membership score of belongings is lies between the range [0,1] c R. It is
denoted and define as

A:{MA (a)‘QEX,ﬂA(a)E[(),]-]}:

a
where 4 : X —[0,1] is denote the degree of belongingness.

Definition 2.2 (a-cut of Fuzzy set [23]). A crisp set attained from a fuzzy set containing all
elements whose membership grade is more than or equal to the value a €[0,1] is recognized as
a-cut of Fuzzy set and represented as

A%={ap |ap € X and us(ar) = a}.
Definition 2.3 (Fuzzy Set Support [23]). A crisp set gained from a fuzzy set with all members
whose membership grade is more than 0 is known support. It is represented as,
Supp(A) ={a|ae€X and pa(a)>0}.
Definition 2.4 (Fuzzy Set Core [23]]). It is Classical Set of elements a € X whose membership
value of belongingness in fuzzy set A is exactly equal to 1 and it is denoted as follows:
Core(A)={a|teX and pa(a) =1}.
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Definition 2.5 (Intervals Arithmetic’s [10]). Let A =[a1,a2] and B =[b1, b2] two closed intervals
defined on set of real numbers R in such a way that here a; <ag and b1 < bg, the arithmetic
operations like subtraction and addition of intervals A and B are done as follows:

(a) A-B=[ai,a2]-[b1,b2]

=[min((a1—-b1),(a1-b2),(a2—b1),(az—b2)),max((a1-b1),(a1—b2),(az—b1),(a2—b2))].
(b) A+B= [al,ag] + [bl,bg]

= [min((a1+b1),(a1+b2),(a2+b1), (a2+bz)),max((a1+b1), (a1+b2),(a2+b1),(a2+b2))].

Definition 2.6 (Fuzzy Number [8]]). A fuzzy set ‘A’ states on real number R is known as a fuzzy
number provided it justify some conditions as below:

(i) Core of fuzzy set A must be non-empty, i.e., set A is normal fuzzy set.

(i1) Support of fuzzy set A must be bounded, i.e., for wi,ws € R there exist real number
a € (—oo,w1) and (wg,00) such that pa(a)=0.

(iii) Fuzzy set A is monotonically continuous and convex, i.e., every a-cut set are closed;
intervals, i.e., for every a € [0,1], A, =[aqy,b] is bounded interval.

Definition 2.7 (Trapezoidal Fuzzy Number (TrFN) [8]). A number A describe by four points
such as [a1,a9,a3,a4], where all a¢; € R, i =1,2,3,4 is known as Trapezoidal Number (TrFN) and
its function of degree belongingness is defined as

0, ift<a;andi>as,
t—aq

e ag—a1’ ifai<t<aqg,
A =

1, ifag<t<as,
as—t .
21-a3’ ifag<t<ay.

An a-cut interval of Trapezoidal Fuzzy Number is denoted and define as follows
Ag=lalaz—a1)+a1,—alas—az) +aql =[al +ai,—ar +a4l,

where (ag—a1)=¢ >0 and (a4 —ag)=r>0.
If r = ¢, Trapezoidal Fuzzy Number A =[a1,a3,a3,a4] is symmetric in nature.

Definition 2.8 (Fuzzy Homogeneous Differential Equation of First Order [12]). An equation
f (t,u, %) =0, U(tg) = Up is said to be a homogeneous fuzzy differential equation of first order,
if initial value Uy is fuzzy quantity and its solution U(¢) is also fuzzy.

Definition 2.9 (Non-homogeneous Fuzzy Differential Equation of First Order [12]). An equation
of the type f (t,u, %) # 0, U(tg) = Up is known as Fuzzy Non-Homogeneous Differential
Equation of first order, if preliminary value Uy is fuzzy value and its result U(¢) is also fuzzy.

Definition 2.10 (Strong solution and Weak Solution [12]]). Let f (t,u, %) =0orf (t,u, %) #0
with preliminary condition U(¢g) = Up is the first order fuzzy differential equation, where
preliminary condition Uy is fuzzy number. A solution U(#) is said to be a strong solution if and
only if it’s a-cut interval, U(¢, a) = [U1(¢, a)Us(t, a)] satisfy following conditions:

) Uy (t,a) >

S 0 and (II) % <0, otherwise it is a weak solution.
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3. Case Study

Consider a non-homogeneous fuzzy differential equation of first order :

dU(¢

% + P@U) = Q(¢) (1)
with U(¢) = U(tg) =la1,a2,a3,a4] is Trapezoidal Fuzzy Number (TFN). Here, P(¢) and Q(t) are
any functions of real valued variable ¢. The solution of equation is value of dependent
variable U(¢) whose a-cut interval is denoted as U(¢) = [infU(z), sup U(#)] = [U1(¢, @), Us(t, )] and
the a-cut interval of given initial condition is denoted as

W(to) =la1 +al,aq — arl = [Us(to, @), Uz(to, @],
where ¢ =(ag—a1)>0and r =(ag—ag) > 0.
Case 3.1: If P(¢) and Q(t) are any real crisp functions.
An a-cut of differential equation (1) is

dUq(t,o<) dUg(t,ox)

+P@) U1 (2, 0x ), Ua(t, < )] = Q(2),

dt  dt
ie.,
% +P() Uyt o) = (), 2)
% +P(t)Ug(t,0¢) = Q(2). 3)
Since P(t) is real valued function, the integrating factor is J(¢) = e/ PWdt and solutions are
Witt,0000 = [ Qwiwar+cy, (4)
Ug(t, o< )I(t) = f Qt)I(t)dt+Ca, (5)

at ¢ = tg, C1 =Us(to,0)I(t0) - (f ADI()dt),_
from equations (@) and (5)), we get

Uy (t,o¢) = I@)) T {f QI+ (a1 + al)I(ty) — (f Q(t)ﬂ(t)dt) }, (6)
t=to

, and Cz = Ua(tg,o<)I(t0) - (f Q) I(H)d¢),_, and

t

Us(t, <) = (I(2) ! { f QBYI(E)dt + (as — ar)(to) - ( f Q(t):l(t)dt) } %
t=tgo

are satisfying a condition of strong solution, i.e.,
oU1(t, @) 0Us(t, )
oa
Hence, based on a-cut interval arithmetic, the solution of differential equation as follows

U(t) = [U1(2,0), U1 (2, 1), Ua(Z,0), Ua(Z, 1)]

= 03(to)I@#) 1 >0 and =—rI(t)I@®)) L <0.

= (It {f Q) I)dt +Ultg)I(tg) — (f Q(t)f](t)dt) } (8)
t=tgo

Case 3.2: If P(¢) is real valued crisp function and Q(¢) is real valued fuzzy function.

Let Q(#) is real valued fuzzy function such that infQ(¢#) = Q;(¢) and sup Q(¢) = Qo(¢) then, a-cut

of differential equation (1) is

dul(t,oc ) dUs(t,x)
dt  dt

] + P@IU; (2, 0¢), Ua(t, x )] = [Q1(¢,0x), Qa(t,x )]
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ie.,
% +POU1(E, <) = Q1 (2, 0¢), 9)
% + P)Usg(t,0¢) = Qo(t,0x). (10)
Since P(t) is real valued function, the integrating factor is J(¢) = e/ PWdt and solutions are
Uy (2,x)I(2) = fﬂ(t)Ql(t,oc)dt+Cl, (11)
Ua(t,x)I(2) = fﬂ(t)Qz(t,oddzHCg, (12)

at t =to, C1=Us(to,0<)I(to)— ([ Q1 (t,0)I@)dt),_
and from equations and (12), we get

Uy(t, o) = (I8 { f 961 (t,00)dt +I(to)ar + al) — ( f IO (¢, o )dt) } (13)
t=to

,and Cz = Ua(to,0)I(t0)— () Qalt, ox )J(t)dt)t:to

t

Us(t, o) = (I() { f I(6)Qa(t, 00 )t +I(to)ag — ar) ( f 9622, ox )dt) } (14)
t=to

are satisfying a condition of strong solution, i.e., W >0 and % <0.

Hence, based on a-cut interval arithmetic, the solution of the differential equation (1) as follows
U(#) = [Us(£,0),Us (2, 1), Ua(2,0), Ua(t, D]

— () { f [91(8), QDI+ Ulko)(t0) — ( f [Ql(t),Qzu)]J(t)dt) } (15)
t=tgo

where Q1(2)=min{Q;(¢,0), 21(¢,1),22(¢,0),22(¢,1)} and Qqa(#) =max{Q1(¢,0),91(¢,1),22(¢,0),22(¢,1)}.

Case 3.3. If P(¢) is real valued fuzzy function and Q(¢) is real valued crisp function.
Let P(#) is fuzzy valued function such that infP(¢) = P1(¢) and sup P(¢) = Pa(2).
Then, a-cut of differential equation (1) is

dU (¢, x) dU(,x)

+[P1(t,0¢), Palt, o)1 [U1 (2, x ), U (2, 0¢ )] = Q(2),

dt ~ dt
ie.,
% +P1(t, 00Ut o ) = (), (16)
% + Po(t, o MUsn(t, o< ) = Q(t). an

Since P(t) is fuzzy valued function, the integrating factors are J{(¢,x) = e/ P1ltodt gng
To(t,ox ) = e/ P2t:x)dt a1 d hence solutions are

ul(t,oc)ﬂl(t,oc):ff]l(t,o<)Q(t)dt+Cl, (18)

Un(t, o VIt ¢ ) = f To(t,0)QB)dE + Cs (19)

at t=ty, Cq :ul(to,O( )jl(t(),O( )—(fjl(t,oc )Q(t)dt)tztg and
Ca=Us(to,x )Ja(to, o< )—( [ Ja(t, o )Q(t)dt)t:to and from equations and (19), we get

Up(t, <) = (J1(t, < )7t {fﬂl(t,cx YAt +I1(tg,x a1+ al)— (f J1(t,x )Q(t)dt) }, (20)
t=tgo
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Us(t,x) = (o2, x ))_1 {fﬂg(t,oc )QA@)d it + Jo(tg,x Nag—ar) — (f Ja(t, x )Q(t)dt) } 21)
t=to

are satisfying a condition of strong solution, i.e., % >0 and % <0.

Hence, based on a-cut interval arithmetic, the solution of differential equation (1)) as follows
U@) = [U1(2,0), Uz (2, 1), Ua(2,0), Ua(z, 1]

= (I(t, o))t {f Q@)I(t, o< )dt +U(to)I(tg,ox ) — (f Q()I(¢,x )dt) }, (22)
t=to

where (J(t,x)) = [(J1(¢, o)), (J2(¢, < )]
Here, J1(t) = min{J;(¢,0),J1(¢, 1),J2(¢,0),J2(¢,1)} and J2(t) = max{J1(¢,0),J1(¢,1),J2(¢,0),Ja(z, 1)}.

Case 3.4. If P(¢) and Q(¢) are real valued fuzzy function.
Let Q(¢) is fuzzy valued function such that infQ(¢) = Q1(¢) and sup Q(¢) = Qa(¢).
Let P(¢) is fuzzy valued function such that infP(¢) = P1(¢) and sup P(¢) = Po(2).
Then, a-cut of differential equation (1) is

dUi(t,o<) dUg(t,ox)

+[P1(t,0¢), Palt, o) [U1 (¢, ox ), Ua(t, o< )] = [Q1(¢,x ), Qa(¢,x )],

dt dt
ie.,
% + P1(¢,00)x1(t,x ) = Q1 (¢,x), (23)
% + Polt, 0 )alt, o< ) = Qo (£, ¢ ). (24)

Since P(t) is fuzzy valued function, the integrating factors are Ji(t,ox) = e/ P1ltodt gng
To(t,ox ) = e/ P2(t:x)dt a1 d hence solutions are

ul(t,o<)51(t,o<)ijl(t,O()Ql(t,O()dt+Cl, (25)

Un(t, o Vot ) = f Jot,0)Qs(t, 0 )dt + Cs (26)

at t =tg, C1 =U1(tg,x)I1(tg,x ) — (fjl(t,O( )Q1 (¢, x )dt)tzto and
Cga = Usa(to,x )a(to,ox ) — (f Ja(t, 00 )Qa(t, ox )dt)tzt0 and from equations and (19), we get

u1(t,0<)=(31(15,0())_l{fQﬂt,O()31(75,0()dt+(a1+a€)31(to,0<)—(fQ1(t,O<)51(t,0<)dt) }, (27)
t=tgo

u2(t,o<):(Jz(t,cx))_l{fQg(t,oc)flg(t,cx)dt+(a4—ar)ﬁ]g(to,cx)—(f Qz(t,o<)32(t,o<)dt) } (28)

t=to

are satisfying a condition of strong solution, i.e., % >0 and % <0.

Hence, based on a-cut interval arithmetic, a solution of differential equation (1) is as follows
U(®) = [U1(2,0), U1 (2, 1), Usa(2,0), Ug(t, D]

_ (:J(t,oc)rl{ f Q¢ o< )t + Ulto)T(to, o< ) — ( f Q(t)ﬂ(t,cx)dt) } (29)
t=to

where (J(¢,0¢)) = [(J1(£,0¢)), (J2(¢,0¢))] and Q(¢) = [Q1(2), Qa(£)].
Here, J1(¢) = min{J1(¢,0),71(¢,1),J9(¢,0),Jo(¢, 1)}, Jo(¥) = max{J1(¢,0),J1(¢,1),T2(£,0),T9(¢,1)},
Q1(#) =min{Q1(¢,0),91(¢,1), Qs(¢,0), Qo(¢,1)} and Qg(#) = max{Q1(¢,0),Q1(¢,1), Qa(z,0), Qo(z,1)}.
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4. Solved Example

Example 4.1. Consider non-homogeneous differential equation dwt ) + 2U(¢) = ¢ with starting
condition Uy = U(tg) = U0) =[0,1,2,3] is trapezoidal fuzzy number

Here, P(¢) =2 and Q(¢) = ¢ are real valued functions

Then, an integrating factor is J(¢) = e/ 2dt = o2t and at to =0, J(to) = e® = 1 and therefore, its
solution (8) is

W) = (@)1 {f Q)I()dt +U(tg)I(ty) — (f Q(t)ﬂ(t)dt) }
t=to

:e_zt{fte2tdt+[0,1,2,3]—(f teztdt) }

t=0
:e_Zt{(E—l e2t+[0,1,2,3]—((£—l)e2t) }
2 4 2 4 20

t 1 1
:e_Zt{(——— e2t+[0,1,2,3]+—}
2 4 4

{332
2 4 4°4°4 4

is the required solution

Example 4.2. Consider non-homogeneous differential equation dwt) +2U(t) =[t—0,t + 6] with
starting condition Uy = U(¢g) = U(0) =[0,1,2,3] is Trapezoidal fuzzy number.

Here, P(¢) = 2 is a real valued crisp function and Q(¢) = [Q1(¢), Qo(#)] = [¢ — 6, ¢ + 6] is a real valued
fuzzy function.

An integrating factor is J(¢) = e/2dt = o2 and at t =ty = 0, I(¢p) = e’ = 1 and hence its solution

from (15) is
Uty = (9t~ { f 104(8), QoI + ko) (20) — ( f [Ql(t),QQ(t)]J(t)dt) }
t=tgo

- e_2t{f[t—6,t+6]e2tdt+[0,1,2,3]— (f[t—6,t+6]e2tdt) }
t=0

R e (R R T 0
[ N N N |

4

_Zt{t 1 913] [ 55]}
=e o A s T + T a’a
44 2’2

is the required solution.

Example 4.3. Consider non-homogeneous differential equation du(t) [ + 1) ] U(t) = 2 with
starting condition Uy = U(¢g) = U(1) =[0,1,2,3] is trapezoidal fuzzy number

Here, P(t) = [P1(t,ox), Po(t,x)] = [% -9, % +6] is a fuzzy function and Q(¢) = 2 is a real valued
crisp function then, an integrating factor is

9(t) = eJ 11704401t _ [of (1-0)dt of (z+0)dt] = 1100t 1601] = [, (2),T(t)],

+[0 1,2,3]+

Commaunications in Mathematics and Applications, Vol. 16, No. 4, pp.|[1167H1177, 2025



1174 Solution of Fuzzy Non-Homogeneous Differential Equation...: D. P. Bawane and L. S. Ladke

at t=t9=1, J(t9) = [J1(¢0), J2(t0)] = [e %, e%] and hence its solution from is

U = ([Jl(t),ﬂz(t)])‘l{fQ(t)[31(t),32(t)]dt+u(to)[31(to),32(to)]
- ( f Q(t)[ﬂl(t),Jz(t)]dt) }
t=tgo
= [te_&,te‘”]_l{f2[te_5t,te6t]dt+[0,1,2,3][e_5,e5]— (fQ[te_5t,te5t]dt) }
t=1
:[te_5t,te5t]_1{ [2fte_5tdt,2fte5tdt +10,1,2,31[e~?,e%]

—([2fte_§tdt,2fte§tdt )tﬂ}

-6t -6t ot ot
e e e e
| Y P e

+[0,1,2,31[e°, %]

)y

+[0,1,2,31[e°, %]

-5 62 6 O
(%5 - %) 2(5 -5}
—{l2 — 2= - =
-5 62 6 O
is the required solution.
Example 4.4. Consider non-homogeneous differential equation % + [% - ,%+5] Ut) =

[t —e€,t + €] with starting condition Uy = U(zg) = U(1) =[0,1,2,3] is trapezoidal fuzzy number.
Here P(¢) = [P1(¢,0¢), Po(t,x )] = [% -9, % + 5] and Q(t) = [t—e, t+€] are real valued fuzzy functions
then, an integrating factor is

9(6) = el 110301t — [ (7000t o] (+0)dt] = [0t 169] = [1,(s), Ta(1)],
at t=to=1, J(to) = [J1(£0), J2(t0)] = [e%,e°] and hence its solution from is

) = ([Jl(t),Jz(t)])'l{ f[Ql(t),Qz(t)][jl(t),j2(t)]dt +W(to)[T1(20), J2(t0)]
-/ [Ql(t),Qz(t)][ﬂl(t),Jz(t)]dt)t | }
=t
:[te-5t,te5t]-1{f2[[t—e,t+e]e-5t,[t—e,t+e]e5t]dt+[0,1,2,3][e-5,e5]
- (f2[[t—e,t+€]e_5t,[t—6,t+€]e5t]dt)t_1}

= [te—‘”,te‘”]—l{ [2f[t —e,t+e]e—5tdt,2f[t —¢,t+eledt| +10,1,2,31[e 0, e’]

—([2/[t—€,t+€]e_6tdt,2f[t—€,t+€]e6tdt}) }
t=1
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28—5t 2e—5t 2e§t 2e5t
_ -0t ot1—1 -5 0
=[te ", te’"] {[(t—e) 5 52 ,(t+¢€) 5 52 +[0,1,2,3][e™7,e"]
2e—5t 26_6t 266t 266t
—[|(t—e) 5 5 ,(t+e)—5 5T -
26—575 26_6t 265t 2e5t
_ -0t ot1—-1 -6 0
=[te™ "%, te’"] {[(t—e) 5 52 ,(t+e€) 5 52 +[0,1,2,3][e™?,e°]
2e 0 270 2¢% 29
(a0 - are -5 )|

is the required solution.

5. Conclusion

In this article, we proposed a method for solving non-homogeneous first-order fuzzy differential
equations with a preliminary condition given as a trapezoidal fuzzy number. We consider four
possible cases for the functions involved in the differential equations. As an illustration, we
solve a representative example using a trapezoidal fuzzy number as the starting condition
and find a strong solution under all four cases and yield strong solutions. Furthermore, we
suggest to extend this approach to first-order non-homogeneous fuzzy differential equations
with various types of fuzzy numbers as initial conditions.
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