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1. Introduction

Zadeh [15] introduced Fuzzy Sets (FSs) in 1965. Fuzzy sets are extensively used in many
different industries. They offer a useful approach to communicating imprecise notions in
a common language and provide a boarder means to quantify uncertainties more effectively.
It is well known that most systems built on ‘two-valued logic’ or ‘crisp set theory’ have difficulty
processing ambiguous and imprecise data. Fuzzy sets can therefore be utilised to deliver more
practical answers to a wider range of issues.
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In real-world scenarios, it is not always valid to assume that degree of non-membership is
simply complement of degree of membership, as classical fuzzy sets are restricted to membership
values between 0 and 1. To address this limitation, Atanassov [5] extended the concept of fuzzy
set theory and introduced Intuitionistic Fuzzy Sets (IFSs). An IFS incorporates not only a degree
of membership (1) but also a degree of non-membership (v), along with a degree of hesitation
or uncertainty, defined as uncertainty = 1 —(u + v). This extension enhances the reliability and
applicability of fuzzy modeling. In IFSs, each element is characterized by a pair of values
(u,v), where p and v denote membership and non-membership degrees, respectively, subject to
condition u+v<1.

Yager [12], and Yager and Abbasov [13] expanded the condition p+v <1 to ,u2 +v2 < 1.
They also presented a class of PFSs with membership values represented by ordered pairs
(u,v) that satisfy necessary condition p2 +v? < 1. These PFSs can be applied in multicriterion
decision-making and have different aggregation procedures. Pythagorean Membership Values
(PMVs) are also part of space of all Intuitionistic Membership Values (IMVs), although PMVs
are not required to be IMVs. For example, PFSs can be used when pu=0.7 and v = 0.4, however,
IFSs cannot be used in this case since p+v > 1, but u? +v? < 1. Because PFSs are broader
than IFSs, they may address a boarder range of real world issues involving uncertainty and
imprecision. IFSs are an extension of PFSs with the added benefit of not having underlying
constraints. Researchers have recently interest in PFSs (Adak and Kumar [2]]), as they provide
an effective tool for modeling uncertain data.

Since natural language claims are modeled by FSs in many applications, ambiguity is
frequently unavoidable. For instance, a patient’s blood pressure or temperature may be
measured very precisely, but symptoms like sleeplessness or headaches can only be expressed in
natural language. The fuzzy logic of level sets studies operations with these kinds of arguments.
This provides academics with sufficient motivation to re-examine several ideas and findings on
level sets within a boarder fuzzy network. ‘Different kinds of cut sets of interval-valued IFSs’
were shown by Adak et al. [[4], who also introduce the ideas of decomposition theorems on these
findings. ‘(a, f)-Cut of Intuitionistic Fuzzy Ideals’ was presented by Basnet [7]]. Some results on
‘level sets and minimal volume sets of probability density functions’ are presented by Garcia et
al. [9]]. The Lebesgue measure of a-cuts technique for determining the height of the membership
function was presented by Pap and Surla [11]. “Three novel cut sets of F'Ss and new theories of
FSs’ were introduced by Yuan et al. [14].

Rest of the paper is organized as: Section |2/ contains introductions and definitions of terms
such as FSs, IFSs, PFSs, ¢-norm, and s-norm. Section [3| presents the idea of the (I,u)-level set
of PFSs and highlights some of the key ideas of the PFNSR. There is a conclusion in Section

2. Preliminaries and Definitions
We review relevant concepts of F'Ss, IFSs, and PFSs in this section.
Definition 2.1 ([15]). A fuzzy set F' in X is defined as
F={v,pr)):veX},

where pr : X —[0,1] is a membership function.
The complement of p is p(v) =1 - p(v), for all v € X and denoted by p.
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Definition 2.2 ([5]). An Intuitionistic Fuzzy Set (IFS) A in X is
A={{,04),04W0)):veX]},

where pa(x) is MG and 0 4(v) is the NMG of v € X, respectively.

Also, pa : X —[0,1], 54 : X —[0,1] and satisfies
0<pa()+074(v)<1, forallvelX.

The indeterminacy hs(v) =1—-pa(v) -5 4(v).

Sometimes, the condition 0 < p(v) + o(v) <1 may not be true. For example, 0.5+0.7=1.2>1,
but 0.52+0.72 <1, or 0.6+0.6 =1.2> 1, but 0.62+0.62 < 1. To demonstrate this issue, Yager [12],
and Yager and Abbasov [[13] proposed Pythagorean fuzzy sets in 2013.

Definition 2.3 ([12]). A Pythagorean fuzzy set P in X is
P ={(v,pp(0),55)) v e X},

where pp(v): X —[0,1] indicates MG and 6 5(v) : X — [0, 1] represents NMG of v € X with
0<(PpW)?+@ )2 <1,

forallve X.

Indeterminacy 4 (v) = \/1 —(pp)? - (G p())2.

v(x)

0<pl(x)+vi(x)<1

O<spx)+vix)<1

Figure 1. Comparison spaces for intuitionistic fuzzy and pythagorean membership grades

2.1 Some Operation of Pythagorean Fuzzy sets

Two PFNSRs, P; and Ps, are considered, then the following operations and relations can be
defined as

P, c Py iff pp (v) < pp,(v) and 6p () 255, (v), forallv e E,
Py =Py iff pp (v) = pp,(v) and Gp () =G5, (v), forallv e E,
Py n Py = {(v-min(pp (v),pp,(v)),max(@p (v),5p5,)) :v € E},

Py UP; = {(v-max(pp, (), pp,(v), min(@p (v),5p,)) :v € E}.
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Definition 2.4. Two PFSs, P and Q , are considered in R.
Then P + Q is
P+Q =1, pp,5),5p,50):veX},
where
N V' (pp(0)Apg2), ifv=y+z,
Ppigv) =4 v=r+2
0, otherwise
and
N (PpVpga), ifv=y+e,
5ﬁ+Q(U) — Jv=y+z
1, otherwise.
Definition 2.5. Let P and Q be two PFSs in R.
Then Po Q is
PoQ= {(v,Ppea(v),Tpegv)) :v e X},

where

)
ey
®
Q)

~

S

|

V (0p(y) A ﬁQ(Z)), ifv=yz,
— Jv=yz
0, otherwise
and
R N (Pp(y)V pg(2)), ifv=yz,
OpagU) =472

1, otherwise.

Example 2.1. Let Z5 = {0,1,2,3,4} and consider the ring (Z5, x5, +5). P and Q be two PFSs,
where
P =1{(0,(0.5,0.3)),(1,(0.4,0.4)),(2,(0.7,0.2)),(3,(0.8,0.1)),(4, (0.6,0.6))}
and
Q = ((0,(0.4,0.8)),(1,(0.5,0.7),(2,(0.4,0.5)),(3,(0.5,0.6)), (4, (0.9,0.1))}.
Then,
P+@Q =1(0,(0.5,0.4)),(1,(0.7,0.2)),(2,(0.8,0.1)),(3,(0.6,0.5)), (4, (0.5,0.3))}
and

Po@ ={(0,(0.5,0.6)),(1,(0.5,0.4)),(2,(0.4,0.6)),(3,(0.5,0.5)),(4,(0.6,0.6))}.

Definition 2.6. Triangular norm (¢-norm) is a mapping 7 : [0,1]% — [0, 1], satisfies:
() T(x,T(y,z))=T(T(x,y),z), for all x,y,z€ X.
(i) T(x,y)=T(y,x), for all x,ye X.
(1i1) If xq1,x9,x3,x4 €[0,1] and x1 < x9, x3 < x4, then T'(x1,x3) < T(x2,x4).
@iv) T(x,1)=x«,forall x€ X.

The most commonly used ¢-norms are
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1) Ta(x,y)=min{x,y}, for all x,y €[0,1].
(i1) Tp(x,y)=max{x,y}, for all x,y €[0,1].
(iii) Tr(x,y)=max{x+y—1,0}, for all x,y €[0,1].

Definition 2.7. Triangular conorm (¢-conorm) is a mapping S : [0, 1]2 — [0, 1], satisfies:
1) S(x,S(y,2))=S(T(x,y),2), for all x,y,z€ X.
@1i) S(x,y)=S(y,x), for all x,ye X.
(1i1) If xq1,x9,x3,x4 €[0,1] and x1 < x9, x3 < x4, then S(x1,x3) < S(x2,x4).
@iv) T(0,x)=x, for all x€ X.
The most commonly used ¢-conorms are
1) Spy(x,y)=max{x,y}, for all x,y €[0,1].
(i) S(x,y)=x+y—xy, for all x,y €[0,1].
Definition 2.8. A Normed Ring (NR) is a ring possess a norm || ||, that is a non-negative real
valued function || || : NR — R, satisfies
@) llx=0=x=0.
@) flx+yl < lxll+ Iyl
(i) [yl < lxlliyl.
@Gv) llxll=ll—xl|, for all x,y € NR.
Definition 2.9. A PFNSR P = {(v, pp(v),05()):v € NR} is called Pythagorean Fuzzy Normed
Subring (PFNSR) of the normed ring (NR, +,-) if it satisfies
(i) pp(v—r)=min{pp), pp(r)},
(i) pp(vr)=min{pp), pp(r)},
(iii) op(v —r)<max{op(v),op5(r)},
(iv) op(vr) =max{op(),05(r)}, for all v,r e NR.
Definition 2.10. Let NR be a normed ring. A Pythagorean fuzzy subring P of NR is
Pythagorean fuzzy normed normal subring of NR if
(i) pplvr)=pp(rv),

(ii) op(vr)=0p(rv), for allv,re NR.

3. Main Results

In many practical applications, it is often necessary for a given PFNSR to consider the subsets
of elements whose assigned grades meet or exceed a prescribed threshold. In this context, level
sets of PFSs play a crucial role. In this section, we introduce (I, u)-level sets of PFSs, establish
several important results concerning these levels, and validate the findings with appropriate
examples.
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Definition 3.1. Let P = {(v,05()),0p5(v):v € NR} be a PFNSR of a normed ring NR. The (/,u)-
level set of P is

L14(P)={veNR :pp(v)=1 and 55(v) < u},
where [ +u<1and /,u€[0,1].

Theorem 3.1. Let P be a PFNSR. Then L4 isa PENSR of NR if pp(0) =1 and 05(0) < u with
l+u=<1l.

Proof. Clearly, £; ,(P)# @, since 0 € £;,(P). Let v1,vs € £;,(P).
Then,

ppv1) =1, pplv) =1
and

op(v1)=<u, op(v2) <u.
Then

pp(v1—v2) 2min{ps(v1), pp(v2)} =1
and

G p(v1 —v2) <max{G 5(v1),0p(2)} < u.
Thus,

v1—v2 € Ly ,(P).
Therefore, £, is a subring.
Now, let r e NR,

pp(v1r) =2min{pp(v1), pp(r)t = pp(v1) =1
and

pp(rv1) zmin{pp(r), pp(v1)} = ppv1) 2 1.
Also,

0p(w1r) =max{G5(v1),0p(r} <o) <u
and

G p(rv1) =max{op(r),0p(v1)} <Gpv1) < u.
Thus, vir and rvi€ Ll,u(ﬁ).
Therefore, £; ,(P) is a PFNSR of NR. O

Theorem 3.2. If P is a PFNSR in NR, then L;,(P)< Ly, (P)if =0 and u<y.

Proof. Letve £;,(P). Then pp(v)=1 and 55(v) < u.
Asl =0 and u <y, then

pp(v)=1 =0 and op(v)<u=<y.
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Therefore,

veLp,(P).
Hence,

L1u(P)S Lo o(P).

Example 3.1. Let P be a PFSs and

P =1{(0,(0.7,0.2)),(1,(0.6,0.4)),(2,(0.8,0.4)),(3,(0.5,0.6)), (4, (0.8,0.3))},
for /=05,u=0.2;and 0=0.4, y=0.7,so that / =60 and u <v.
We have L; ,(P)={0} and Ly ,(P) = {0,1,2,3,4}. Clearly,

L;u(P)S Lo (P).

Theorem 3.3. If I +u <1, then L1, ,(P)< £;,(P)< Ly 1-1(P).

Proof. Asl+u<1,then 1-u=1[. Then,
L1-uu(P) < L1 u(P).

Also, u<1-1, then
L1u(P)S Ly 1-1(P).

Therefore,

L1_yu(P)S Ly (P)S L1 1(P).

O]

Theorem 3.4. Let £ l,u(ﬁ) be a Pythagorean fuzzy normed normal subring with | +u <1 and

1,u €[0,1], then P is a PFNSR in NR.

Proof. Let vi,vz € NR and I = pp(v1) A pp(ve) and u =0 5(v1) VG s(va).
ppv1) =1, 6p(v1) <u and pp(ve) =1, 0p5(ve) < u.

Then, vy,vs € L7, (P). Since, £;,(P) is an ideal of NR, so v1 —vg € £;,,(P).
Therefore,

pp(v1—v2) =1l ={pp(v1) A pp(ve)}
and
0p(v1—v2)=u={0p(1) vop(va)h
Assume, 1 = pp(v1) vV pp(ve). Without loss of generality, let A = ps(v1).
Since,
ppv1)+0p(v1) =1,
)
op(v1)=1-ppv1)=1-A4,
then
v1€L1-2(P).

Since, £, 1-2(P) is an ideal of NR, so v1vg € £ 1-2(P).
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Thus,
pp(v1ve) = A =pp(v1) Vv pp(va).
Similarly, it can be proven that
0p(w1v2) =0 p(v1) AT p(V2).

Hence, P is a PFNSR of NR.

Theorem 3.5. Let P and @ be two PFNSR of NR. If P < Q, then £;,(P)< L1 ,(Q).

Proof. Let v e Ll,u(ﬁ), then pp(v) =/ and 05(v) <u. As Pc Q implies ﬁ@(v) = pp(v) =1 and

o) =) =u.
Hence, pg(v) =1 and 64(v) <u. So, v e £;,(Q).
Therefore, Ll,u(ﬁ) c Ll,u(é).

Example 3.2. Consider two PFSs P and P such that
P =1{(0,(0.8,0.2)),(1,(0.7,0.6)),(2,(0.9,0.2)),(3,(0.6,0.2)),(4, (0.8,0.5))},
Q =1(0,(0.9,0.1)),(1,(0.8,0.2)),(2,(0.9,0.12)),(3,(0.7,0.1)), (4, (0.8,0.2))},
where P c Q; for 1 =0.4, u =0.6; Ll,u(f’) =1{0,1} and Ll,u(Q\) =1{0,1,2,3,4}.
Therefore, Ll,u(ﬁ) c Ll,u(é).

Theorem 3.6. If P; and Py are two PFNSR of NR. Then,
L1,(P1nP3) =L, (P1)N L1 (Pa).

Proof. Since, ﬁl 0132 c 131 and 131 ﬁﬁz c ﬁg.
Therefore,

L1, (P1nPo) < Ly ,(P1) and L ,(P1nPg)=L;,(Py).
Hence

L1u(P1nPa) < Ly,(P1)N L1y (Ps).

Also, let v € £;,(P1)N L} ,,(Pg) implies v € £; ,(P1) and v € £;,(Py).
Then,

pw) =1, ,6132(0) =] and 0p(v)<u, 6132(0) <u,
min{ps (v),0p,()} =2/ and max{Gp (v),05,W}=u
Pp,np,(0) =1 and 0p p, <u.

Therefore,
ve Ly, (P1nPy).

Thus,
L1,u(P1)N Ly y(P2) € L1,4,(P10 Py).

Hence, from equations and (3.2), we have
L1,(P1nP3) =L, (P1)N L1, (P).

Commaunications in Mathematics and Applications, Vol. 16, No. 3, pp.[703 , 2025
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Example 3.3. Two PFSs 131 and ﬁg, where
P1=1(0,(0.6,0.4)),(1,(0.8,0.2)),(2,(0.5,0.6)),(3,(0.9,0.1)),(4,(0.6,0.7))},
Py =1(0,(0.5,0.4)),(1,(0.6,0.4)),(2,(0.9,0.2)),(3,(0.7,0.6)), (4, (0.8,0.4))},
then
P1nPy=1{(0,(0.5,0.4)),(1,(0.6,0.4)),(2,(0.5,0.6)),(3,(0.7,0.6)),(4,(0.6,0.7)},
for ] =0.4,u =0.6;
L;,(P1nPy)=1{0,1,2,3},
L;,(P1)=10,1,2,3}, L;,(P2) ={0,1,2,3,4}
= L;u(P1)NL;,(P3)=10,1,2,3}
Hence,
L1y (P1nPs)=L;,(P1)N Ly, (Po).

Theorem 3.7. £; (NP |k € K) = n{L; ,(Pp)Ik € K}.

Proof. Let v € £1,(nPy) < (npp,)(v) =1 and
(ﬂ&ﬁk)(v) <u

— ﬁﬁk(v)zl and 6ﬁk(v)s u

< vE Ll,u(ﬁk), for all &

= venl;,(Py)

Therefore,

L1,u(NPylk € K) = n{L,(Pp)Ik € K).

Theorem 3.8. If 131 and 132 are two PFNSR of NR. Then,
L1,u(P1)U L1, (Pg) € L1, (PyUPy),
equality holds if | +u = 1.

Proof. Since 131 gﬁl Uﬁz and ﬁz c 131 Uﬁz.
Therefore,

L1u(P1) € L1, (P1UPy) and Ly, (Pg) € £1,,(P1UPy).
Hence,

L1, (P ULy, (Py) S L1,(P1UPy).
We now prove that Ll,u(ﬁl)uﬁl’u(ﬁz) = Ll,u(ﬁl uPy)ifl+u=1.
Let v e £;,(P1UPy), then p5  p, () =1 and pp ,p,V) < u.
So, max{ﬁﬁl(v),ﬁﬁz(v)} =] and min{&pl(v),ﬁpz(v)} <u.
If pp,(v) =1, then Gp (V) =1-pp (W)=1-I=u.
It follows that v € £; ,(P1) € £;,(P1)U L] ,(P2).
Similarly, if pp (v) 27, then 5p,(v)<1-pp, (V)<1-l=u.
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It follows that v € £;,(P2) € £;,,(P1)U L, (Py).
Therefore, v € £;,,(P1)UL; ,(Po).
Hence,
L1u(P1UP2) S Ly (P1)U Ly y(Py). (3.4)
Hence by and (3.4),
L1,u(PD) ULy, (Pg) = Ly, (PyU P
Example 3.4. Let Z5 ={0,1,2,3,4} and consider the ring (Z5, x5, +5). P; and P be two PFSs,
where
P1=1(0,(0.6,0.2)),(1,(0.7,0.2)),(2,(0.5,0.5)),(3,(0.8,0.4)), (4, (0.6,0.4))}
Py =1(0,(0.7,0.3)),(1,(0.6,0.3)),(2,(0.5,0.2)),(3,(0.8,0.2)), (4, (0.5,0.3))}
P1UPy={(0,(0.7,0.2)),(1,(0.7,0.2)),(2,(0.5,0.2)),(3,(0.8,0.2)),(4,(0.6,0.3))}
for ] =0.6, u =0.3;
L;u(P1UP3)=1{0,1,3,4},
L1u(P1)=1{0,1}, L;,(P2) ={0,1,3}
= L;,(P1)UL;,(P3y)=1{0,1,3}
Clearly,
L;u(P1)UL;y(Po) S Ly (P UPy).
Again, for [ = 0.6, u =0.4;
L;4(P1UP3)=1{0,1,3,4},
L;4(P1)=1{0,1,3,4}, L;,(P3)=10,1,3)
= L;,(P1)UL;,(P3)=10,1,3,4} = L; ,(P1 UPy).
Therefore, if [ + u = 1; then
Ly u(P1) ULy, (Pg) =Ly (P1UPy).

Definition 3.2. Let ﬁl and ﬁg be two PFNSR in NR. Then,

L1u(P1+P2)={,pp,,p,w)=1 and 65 ,p,(V)<u):veNR}.

Theorem 3.9. For any two Pythagorean fuzzy normed ideal P1 and Py in NR, Ll,u(ﬁl) +
L1.,(Pg) € L, (P1 + Py) and equality holds if | +u = 1.

Proof. Let x=y+z€L;,(P1)+L;,(P2) such that y € £; ,(P1) and z € £; ,(Py).
Then ﬁﬁl(y) =1, ﬁﬁz(z) =] and 6131(3/) <u, 6p2(z) <u, ﬁﬁl(y)/\ ﬁpz(z) =] and ﬁﬁl(y)vﬁﬁQ(z) <u.

Therefore,
\/ (ﬁﬁl(y)/\ﬁﬁQ(z))zl and /\ (6131(y)v6ﬁ2(z))5u.
x=y+z x=y+z

So,

Pp,.p,(®) =1 and Gp ,p (x)<u.
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Therefore,

x € Ly, (P1+Py).
Hence

L1u(P1)+ L1, (Py) < L1, (P1 +Po).
For the second part, let /+u =1 and let x € Lm(ﬁl +132),
Then,

Pp,+p,(¥) 2l and Gp ,p (¥)<u.
Take,

P55, %) 21

= (Pp, (NN Pp,(2) =1

x=y+z

= pp,)Vpp, ()=,
for some x =w +v.
Therefore,

pp,w)=!l and pp (v) =1
Also,

0p,w)=1-pp(w)sl-l=u and Gp,(V)=1-pp (WV)=1-Il=u.
Thus,

0p,w)=u and 0p,W) <u.
Hence,

we Ly, (P1) and ve Ly, (Py).
Then

x=w+vel;,(P1)+L;,([Ps).
Thus,

L1,u(P1+P3) € L1,u(P1) + L1,u(Py).
From equations and we get

L1,u(P1+P3) € L1,u(P1) + L1,u(Py).

Definition 3.3. Let P; and Ps be two PFNSRs in NR. Then,

£1,.u(P10P) = {(x,pp,op,(0) 2 | and Gp op,(x) Su):x € NR}.

(3.5)

(3.6)

Theorem 3.10. For any two PFNSRs ﬁl and ﬁg of a normed ring NR, Ll,u(ﬁl)ﬁl,u(ﬁz) c

Ll,u(ﬁl oPy) and equality holds if | +u =1.

Proof. pp ep,(X)= V (pp,(0)APp,(2)) and 05 op,(x)= N (05 (y)VTp,(2)).
x=yz x=yz

Let x = yz € £;,(P1)L;,,(P3) such that
ye€Lyu(Py) and z €L, (P).
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So,
Pp, ()21, 65 (y)<u and pp (2)=1, Gp,(2)<u.
Hence,
Pp,05,0) =\ (05, (9) A Pp,(2)
x=yz
= pp,(¥) A Pp,(2)
=y
and
05,08, = N\ @p,()VFp,(2)
x=yz
=0p,(yV0p,(2)
<u.
Therefore,
“:€/514A1310232)
Then,
Ll,u(ﬁl)Ll,u(ﬁz)gﬁl,u(ﬁl oﬁz), 3.7

To prove £, (P1)L1,(P2)=L;,(P1oPs),let (I +u=1) and (x € £;,(P10Py)).
Then,
Pp,0p,(*) =1 and Gp 5, (¥) <u.
Now,
Ppop, (1) 21

=V (05,0 A pp,(2) =1

x=yz

= pp,(MNAPp,(2)=1.

Then

ﬁpl(y)zl and ﬁﬁQ(z)zl.
Also,

6131(y)51—ﬁp1(y)51—l:u and 6p2(z)sl—ﬁﬁ2(z)sl—l:u.
Then,

0p,(»)<u and Gp (2)=su.
Hence,
y€Ly,(Py) and z€ Ly, (Py).
So,
x € L7,,(P1)L7 ,(Py).
Thus,
L1, (P10P3) < L1,(P1)L1,(Po). (3.8)
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Therefore,

L£1.,(P1)L; (Pg) = L1, (P10Py). O

4. Conclusion

The concept of PFNSR is of importance for quantifying an ill-quantity. We introduced the
concept of (/,u)-level sets of PFSs. In this paper, we build up a connection between PFNSR and
(1,u)-level set of PFSs. Some important links between PFNSR with (I, u)-level sets of PFSs were
established. Two new operations on PFSs are defined and applied these results on level sets.
Future research may extend this work by introducing upper and lower level sets for various
extensions of FSs-such as interval-valued fuzzy sets, type-2 FSs, fuzzy multi-sets, hesitant FSs,
and Fermatean fuzzy sets-and applying them to semi-groups, ternary semigroups, and logical
algebras to better handle imprecise and vague information.
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