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1. Introduction

Stenosis is a Common Cardiovascular Disease (CVD) where blood vessels become narrowed or
constricted, hindering the normal flow of blood. This condition typically develops due to the
gradual build-up of fatty deposits, cholesterol, and other matter on the inner walls of arteries,
a process known as atherosclerosis. As stenosis progresses, it can have serious consequences.
If the stenosis becomes severe, it may result in less blood flow to the heart, causing chest pain
or potentially leading to a heart attack. In cases of stenosis in the carotid arteries (arteries in
the neck that supply blood to the brain), it can result in a cerebral stroke.


http://doi.org/10.26713/cma.v16i3.3341
https://orcid.org/0009-0001-1936-0183

998 Study of Hybrid Nano Particles Flow in an Inclined Circular Artery: Syed Waseem Raja

There have been several theoretical and experimental studies conducted on blood flow under
different situations in the stenotic region (Young [19]], Padmanabhan [14], Misra et al. [13], and
Roy et al. [16]). Most of these investigations have modelled blood as a Newtonian fluid, and it is
accepted that blood, as a cell suspension, behaves as a non-Newtonian fluid at low shear rates
in small-diameter channels.

Post-stenotic dilatation, defined as arterial expansion downstream to a stenosis, is influenced
by hemodynamic factors such as high flow rates and wall shear stress observing the constriction
(Tandon et al. [18]]). Some people have a weak nervous system (particularly the elderly).
When blood clots in a specific position, the arterial wall bulges out (due to increased pressure).
If it continues to rise, it may cause damage to the arterial walls, which also leads to death.

Hybrid Nanofluids are advanced fluids made by suspending two or more types of nanosized
particles, such as metals, metal oxides, or their mixtures, in a base fluid. They provide superior
thermal conductivity and heat transfer efficiency compared to single-particle nanofluids. They
are widely used in heat pipes, heat exchangers, and micro-channels.

Many researchers have extended the use of hybrid nanoparticles, especially in studying
blood flow through narrowed arteries. Ardahaei et al. [3] investigate their properties, while
Das et al. [7] examined how they behave in blood flow with porous materials under magnetic
fields and heat. Other researchers, like Abo-Elkhair et al. [2], Sreedevi et al. [[17], Dolui et al. [9,
looked at medical uses, including drug delivery and treating heart and lung conditions. Further
investigation by Abdelsalam et al. [1], Basha et al. [4]], and Zaman et al. [20] focused on how
these nanofluids behave in arteries.

The flow of hybrid nanoparticles (Cu-CuO/blood) through constricted arteries under strong
electromagnetic fields has not been investigated in previous research. We model electro-magneto-
hydrodynamic flow in a porous tube while taking Hall current effects into consideration in order
to close this gap.

Assuming a low Reynolds number and mild stenosis, the governing equations for the blood
flow model are simplified. The homotopy perturbation method is then used to analytically
solve the normalized momentum equation. This study explores how key parameters affect
physiological flow properties, comparing the behavior of hybrid nanoblood (Cu-CuO/blood) with
conventional nanoblood (Cu-blood). The results are visualized and analyzed through detailed
graphs, offering key insights into flow dynamics under these specific conditions.

2. Mathematical Description of the Problem

Suppose a steady, two-dimensional, incompressible fluid flow in an inclined axisymmetric
artery with stenosis and dilatation over a finite length L and it is concentrated with Hybrid
Nanoparticles (Cu-CuO NPs). Cylindrical polar coordinates (74,6, %) are chosen so that the z-axis
coincides with the tube centreline and, variation 6 is neglected due to axisymmetric flow. Let ‘a’
be an inclined angle of the tube to the horizontal axis as shown in Figure [1l A constant
magnetic field By is applied in the radial direction. A uniform temperature (7)) is maintained
for the stenosis artery. The nanoparticles of Copper (Cu) and copper oxide (CuO) were mixed
with blood to form the hybrid nanofluid. Heat transfer is examined with the assumption that
the arterial wall temperature remains constant.
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Magnetic Field

Heat source

Figure 1. Geometry of the discussed problem

The equation pertaining to the geometry of the wall is given by (Prasad et al. [15]) as

R(g):{l—%"o[1+cos%—’f(§—ai—%)], a; <Z<pBi,

h(z) = Ry

(1)
1, otherwise,

where §; denotes the maximum distance from the ith unusual sections that extends into
the artery lumen. It is negative for aneurysms and positive for stenosis. The artery’s radius
and the radius of the normal artery are represented by Ry and R, respectively. The length of
the ith abnormal segment by L;, and the distance from the starting point to the start of the ith
unusual sections, which is represented as «; is given as:

i
ai:Z(dj+Lj)—Li. (2)
j=1
The distance from the starting point to the the ith unusual sections is denoted by §; and it is

defined as

l

Bi=) (dj+Lj), 3)
j=1

where the distance from the origin to the end of the ith unusual portion from the end of
the (i — 1)th section is represented by d;. Das et al. [[7], and Cowling [6]] gives the formula for
Ohm’s law applied to partly ionized fluid, which is represented as

Vele
Hy

K+

(KxH)opnyr(e+q x H) (4)
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In this formulation, q,H,e,K, 0Ny, v.,0. represent the velocity, magnetic field, electric field,
current density vectors, effective electrical conductivity of the hybrid nanofluid, the electron
collision frequency, and time, respectively.

Electromagnetic influences such as ion slip, thermoelectric effects, and electron pressure
gradients are assumed negligible. The left-hand side of the equation includes two components:
electron-ion drag and Hall currents, the latter resulting from the Lorentz force. Under weak
magnetic fields, Hall effects are minimal, allowing their exclusion. However, in strong fields,
Hall currents significantly influence electromagnetic forces by altering both the direction and
magnitude of current density, making them critical to analyze in blood flow studies.

Given the assumptions stated above, equation (4) for the generalized Ohm’s law becomes

K,wd +mK5:UHNf(57d +VHO), (5)
xHo), (6)
Here (v,)), (K7,,K53), (¢7,,€3) represents velocity, current density, and electric field in radial
and axial components, respectively. The Hall parameter, defined as m = vef,, is the ratio of
the electron collision frequency to the electron-atom collision frequency. The condition F =0

indicates the absence of applied and polarization voltages.
Solving equation (5) and equation (6) for K5, and K5 yields

K7, —mKs =ognrlez —

ounrHo
s = T VD @
_ogngHo,
Kg = Tmz(mv - X), (8)

Changdar and De [5]], Das et al. [8], and Ijaz et al. [12]] provide momentum and energy equations
for blood flow with suspended hybrid nanoparticles in a symmetric artery based on the previously
mentioned assumptions and employing Boussinesq’s approximation as:

1 4 0
> OFd(rdx) ag(V) , 9
(~ d ~a;z) _ 0P P’y 10y 7 ¥
PENT \Xory oz ) ™ "arg N\ or2 T Faorg | 022 7
+ 8B un(T - To)cos a, (10)
(~ ov ~6V) 0p % 1 v v v
— ’v_ = — — — —
PENT (X o5y ™V 0z) = "oz THIN o2 TR a7, 022 R
~ ) oantB3
+8(pB) (T - To)sina - =L+ mp), (11)
1+m
oT _oT 2T 10T o°T
—+Vv—=|=k +— + +Qo. 12
(pepuny (Xa~ de) HNf(a;g 7y 074 022) o (12)
Here, the subscripts denote the partial derivatives:
0 0 92 02
()rzg, ()zzay ()rr:W, ()zz:@,

where Y, v are the velocity components in the radial 7; and axial z directions. Also T.p
denote blood temperature and blood pressure. @ is the constant heat source, whereas g
the acceleration due to gravity. £* is the permeability of the porous media, pgny the density
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and ug Ny denotes the dynamic viscosity. oz denotes electrical conductivity, Sgny the thermal
expansion coefficient, (oc,)pn s represents heat capacitance, and kg indicates the thermal
conductivity of Cu-CuO/blood.

According to the geometry of the problem the boundary conditions are

X _

g —0, a7 T -0 at7 rq=0, (13)

S_0 F R@)

)(—O,T—TO atrd——

Introducing the non-dimensional variables

F z d 8 ¥ v pR T-T

r:r—d, d==2 5:—0,u:ﬂ,w:l,p:£,0: 0, (14)
R() L() Lo R() 5U() U() U()L(),uf T()

where U) is used as the reference velocity.

In microvascular systems, the flow velocity in the radial direction is assumed to be negligible
compared to its axial component. Under the low Reynolds number approximation, the axial
viscous term is ignored. Owing to the minimal radial velocity, the pressure gradlent’s radial
variation g~ within the artery can be ignored. Hence, the axial pressure gTadlent 55 18 treated
as a function of the axial coordinate z only.

Substituting equation into equations (10)-(12) and applying the mild stenosis hypothesis
(6 <« 1) alongside the flow constraint 1{5—2 ~ 0(1), where the stenotic length is significantly smaller
than the artery’s radius (Das et al. [8]).

The governing equations for blood flow reduce to the following dimensionless form as:

Pw 1w 53 1 (dp
— + - ——|=—+0&G =0, 15
orz ' ror (Da & )w 61( ¢aGrsina (15)
020 1 0 S
i =0 16
or? T ror 65 ’ (16)
where
o _ 0rBoRG
M denotes the 2nd power of the squared Hartmann number,
K
Da = —5 the Darcy number,
0
R2T
Gr= gﬁf—oopf the Grashof number,
Uopy
LyU
Re = —0ZoPr the Reynolds number,
Hr
QoR?
S = the heat source parameter, and
krTo
$1= ! {o=(1-¢2) |[(1- ¢1)+¢1& +</>2p82
(1-¢1)%5(1 — )5’
o R 4
HN HN
f3= =1 ¢2) |- 1)+ ] Fpp 2 gy =
o (0B)f (0B)f kr

Since we employed the mathematical relationships between thermophysical properties
of blood, copper Nanoparticles (Cu-NPs), and Copper Oxide nanoparticles (CuO-NPs), along
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with the thermophysical properties of nanofluids and hybrid nanofluids, from Ijaz et al. [12],
Elnaqeeb et al. [10].
Here, the solid volume ratios of (Cu-NPs) and (CuO-NPs) are denoted by ¢1,ps. Further, f
stands for base fluid which is blood, Nf and HNf stands for Cu-blood, and Cu-CuO/blood.
Cu-NPs and CuO-NPs symbolizes s1,s2. Whereas the condition ¢1,¢9 = 0 describes the base
fluid, which corresponds to no Cu and CuO-NPs.

Making use of equation (14) in to equation (1) gives

L;
h(z):R(Z): [1+cosL (z) a;— 7)], a; <z<pi, (18)
Ry 1, otherwise.
Dimensionless boundary conditions obtained as
Atr=0 =0, ¥ =0
67’ 67‘ (19)
Atr=h) : w=0,0=0

Using the boundary conditions (19), on solving equation give the temperature function as:

_ S 2 o
6(7‘,2)—465(}1 r). (20)

3. Method of Solution

The momentum equation takes the form

0w 10
o o AGT-R2)-Bw-C=0, 21)
or2 ' ror
where
¢4SGr 1 E3M? 1dp
= sinq, B=—+———, . (22)
4¢1¢5 Da  &1(1+m?) TG dz
Following HPM, the homotopy equation is defined as:
H(r,§) = (1= PIL@) - LW,)] +GILw) + A(r* ~ h*) - B — C1 = 0. (23)
The initial guess wy is defined by Das et al. [7] as
1
Wo(r,z) = —(r2 - h?), (24)
r
where, we have taken L = 6—2 + %6@.
Define
W(r,z) =wo+wid +wad? +.... (25)

By adopting the same procedure as described by Das et al. [7]], the solution for the axial velocity
w(r,z) for ¢ =1 can be expressed as

w(r,z) = wo+wir? + wer* + wsr®, (26)

where
wo=—-S$h%+ Z(BC -4A)n* +

w1 = Z 1_6(4A —BC)h2,
wg = ﬁ[4(BC—4A)—Bh2],
s (B?—4AB).

o B(B-4A)hS,

(27

w3 2304
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The stream function v describe the blood flow pattern is
_loy

=5

Integrating equation and apply the boundary condition ¥ = 0|,~¢ gives the resulting stream
function as

w (28)

1 1 1 1
w(r,z)= §w0r2 + Zw1r4 + szrﬁ + gwgrs. (29)
The non-dimensional form wall shear stress is computed as:
0
S, =Kt (_“’) = —280h(w1 + 2wah? + SwshY). (30)
1273 or Jr=n

As given by Ijaz and Nadeem [11]], and Das et al. [7]], the dimensionless volumetric flow rate is

h
F:f rwdr 31)
0

The axial pressure gradient can be obtained by substituting equation (26) in to equation (31)),
we get
dp 96¢4 [ Ah 11 8
—=———-—|F+——-——B(B-4A)h"]|. 32
dz (6—Bh?)h* 24 6144 ( ) (32)
Using equation (32), we can determine the pressure drop between the segment z = 0 to

Zz = Lthrough the stenosis, which is defined as

L
Ap :f (—2—p) dz 33)
0

The arterial segment’s resistance impedence to blood flow is calculated using equation as
follows

Ap 1 (L dp)
A=—=—= -—|d 34
F Flo ( dz ) “* 34)
At the wall of the artery coefficient of heat transfer is given by Das et al. [7] as:
1 n6Sh . 1
Z:h29,|r:h:—§ 3 s1n2n(z—d—§). (35)

Here suffix represents the partial derivative.

4. Result and Discussions

The axial velocity, temperature profile, pressure gradient, wall shear stress, and resistance
impedance are expressed by equations (26)), (20), (32), and (34), respectively. The impact
of different flow parameters on these variables has been studied. All graphs were plotted by
taking d1=0.2, d9=0.4, L1 =0.2 and Lo =0.2.

The axial pressure gradient Z—i’ variation with respect to key parameters such as
the magnetic parameter (M?), Hall parameter (m) and Grashof number (Gr) is illustrated in
Figures

Figure [2| shows the M? effects the axial pressure gradient. It’s noticed that higher values
of M? significantly reduce the axial pressure. This happens because a stronger magnetic field
increases the Lorentz force, which opposes blood flow in the artery, hence lowering the pressure

gradient. The pressure gradient is highest when there is no magnetic field (M2 = 0).
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Figure [3| shows Hall parameter (m) effects the axial pressure gradient. As (m) increases,
the pressure gradient rises because the term (1 + m?) in the Lorentz force reduces its strength,
allowing blood to flow faster (see equation (32)). Figure [ illustrates the pressure gradient
increases with (Gr), as higher Gr strengthens thermal buoyancy forces from blood density
variations, overcoming viscous forces and creating stronger convection currents. These findings
highlight the roles of Hall currents and Gr in enhancing blood flow and influencing flow
dynamics.

Figures show how impedance resistance (1) changes with stenotic height (51), (M?),
(m), Darcy number (Da), and heat source parameter (S). In Figure |5 increasing (M?) reduces
A as Lorentz forces oppose blood flow, while Figure [6] shows that higher m increases (1) by
weakening these forces. Figure [7|reveals that (1) rises with (Da) due to stronger blood-artery
wall interactions. Finally, Figures indicate that higher nanoparticle concentrations (¢1,p2)
raise (1) by thickening the blood, making it harder to flow through the narrowed artery.
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Figures show how the dimensionless Wall Shear Stress (WSS) S,, changes with m,
Gr,Da, (61) and S, Srz decreases as m, Gr, S, Da, (01) increase, but it increases with higher
Da, as seen in Figures The decrease in S,, with higher m, Gr, S, and (61) means these
parameters reduce the frictional force at the wall. On the other hand, the increase in S,, with
Da (Darcy number) means that greater permeability increases the shear stress at the wall.
These changes are important for understanding fluid behavior in systems like porous media or
heat exchangers.

The streamline pattern for various effects of M2, m, Da, Gr, ¢1, ¢s in stenosis and dilatation
are observed in Figures[15(a-h). It is observed from Figures [I5(a-b) that the closed region is
moving (occlusion) towards the center axis when the magnetic parameter increases, but the
closed region is not formed in the dilation region, but the width of the center is increasing
(dilation case). This analysis is more useful for doctors in diagnosis. It is noticed that the same
phenomenon is observed in increasing the Da and Gr.
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(b) Stream lines for Dilatation region when M? =5
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(e) Stream lines for Stenosis region when Da = 0.2 (f) Stream lines for Dilatation region when M2 =10
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(g) Stream lines for Stenosis region when Gr =5 (h) Stream lines for Dilatation region when Gr =5

Figure 15

5. Conclusions

The influence of hybrid nano paricles flow in an inclined circular artery with stenosis and
dilatation has been studied. By deriving the solutions to the flow characteristics expressions by
Homotopy method, it was possible to analyses the impact of various parameters on stenosis and
dilatation regions on the axial velocity, temperature profile, pressure gradient, shear stress at
the wall and impedance.

The observations are:

* Axial pressure gradient fli—lz’ increases with m and Gr (buoyancy), but decreases with M?2.

* Wall Shear Stress (WSS) increases with Darcy number (Da) (permeability) and inclination
angle (a), but decreases with M2, Grashof number (Gr), heat source (S), and stenosis
height (61).

* Flow Resistance (A1) increases with stenosis height (61), heat source (S), nanoparticles
(¢p1,¢2), and Darcy number (Da), whereas the reverse occurs with magnetic parameter
M? (due to Lorentz force) and Hall parameter (m) (weakens Lorentz force).
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