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1. Introduction and Preliminaries
The theory of fuzzy sets was introduced by Zadeh [18]. The Fuzzy Metric Space (FMS) was
defined by Kramosil and Michalek [6] and a new form of the FMS was given by George and
Veeramani [2]. Jungck and Rhoads [4], introduced weakly compatible maps and proved some
results in the context of metric spaces, and Pant [9] gave a short discussion of non-commuting
maps. Som [16] generalized some results in FMS and proved Common Fixed Point (CFP) results
for continuous self-maps. Pant and Chauhan [10] gave CFP theorems for two pairs of weakly
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compatible maps in menger spaces and FMS. Kiany and Amini-Harandi [5] gave results for
set-valued fuzzy contraction maps in FMS and Sadeghi et al. [14] improvise the outcomes for
partially ordered FMS. Huang and Zhang [3], introduced the Cone Metric Space (CMS), also
gave topology and related FP results. Öner et al. [8], illustrate a new concept of Fuzzy Cone
Metric (FCM) space, later Öner [7] establishing its topology and a Banach Contraction Principle
(BCP) with the use of Cauchy sequences. In the past few decades, many related results have
been studied in FP theory in metric space and FMS. The idea of contraction mapping was
already introduced in FCM space and established a related CFP theorem in such space. Some
more outcomes in the similar manner can be seen in [11, 12]. Rehman et al. [13], generalize
the result of CFP theorems in FCM spaces. Sunganthi et al. [17], generalized FCM space and
gave contraction theorems in FCM spaces.

In this paper, we obtain some CFP results in generalized FCM spaces for compatible and
weakly compatible self-maps. Some illustrative examples and new FCC theorem in generalized
FCM spaces are also being discussed, including generalized results for self-maps with using a
continuity and without continuity.

Definition 1.1 ([15]). A continuous t-norm (t-conorm) is a binary operation Ŝ : [0,1]2 → [0,1]
which satisfies the following conditions for all d1,d2,d3,d4 ∈ [0,1]:

(T1) Ŝ is continuous, commutative and associative,

(T2) Ŝ(d1,1)= d1,

(T3) Ŝ(d1,d2)≤ Ŝ(d3,d4) whenever d1 ≤ d2 and d3 ≤ d4.

CMS was introduced when the real numbers (R) were replaced by ordering Banach’s space. In
this paper, B represents the real Banach space and N the set of natural numbers, and θ is zero
of B.

Definition 1.2 ([3]). A subset O ⊂B is defined as a cone if:

(C1) O is closed, nonempty and O ̸= {θ},

(C2) d1,d2 ∈ [0,∞) and ϖ,w ∈O, then d1ϖ+d2w ∈O,

(C3) both ϖ,−ϖ ∈O then ϖ= θ.

A partial ordering on a given cone O ⊂ B is defined by ϖ≼ w iff w−ϖ ∈ O. ϖ ≺ w stands for
ϖ≼ w and ϖ ̸= w, while ϖ≪ w stands for w−ϖ ∈ int(O). In this paper, all cones have nonempty
interior.

Definition 1.3 ([2]). The 3-tuple (Ǎ,M,Ŝ) is known as FMS if Ǎ is an arbitrary set, Ŝ is a
t-conorm, M is a fuzzy set in Ǎ× Ǎ× [0,∞) satisfies the following axioms for every ϖ,w,ξ ∈ Ǎ
and s, t > 0:

(FM1) M(ϖ,w, t)> 0,

(FM2) M(ϖ,w, t)= 1 if and only if ϖ= w,

(FM3) M(ϖ,w, t)=M(w,ϖ, t),

(FM4) Ŝ(M(ϖ,w, t),M(w,ξ, s))≤M(ϖ,ξ, t+ s),

(FM5) M(ϖ,w, ·) : [0,∞)→ [0,1] is continuous.
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Definition 1.4 ([8]). A 3-tuple (Ǎ,M,Ŝ) is said to be an FCM-space if a cone O ⊂ B, Ǎ is an
arbitrary set, Ŝ is a t-conorm, and M is a fuzzy set on Ǎ× Ǎ× int(O) satisfying the following
properties for every ϖ,w,ξ ∈ Ǎ, s, t ≫ θ and s, t ∈ int(O):

(FCM1) M(ϖ,w, t)> 0,

(FCM2) M(ϖ,w, t)= 1⇐⇒ϖ= w,

(FCM3) M(ϖ,w, t)=M(w,ϖ, t),

(FCM4) Ŝ(M(ϖ,w, t),M(w,ξ, s))≤M(ϖ,ξ, t+ s),

(FCM5) M(ϖ,w, ·) : int(O)→ [0,1] is continuous.

If we consider B a set of real numbers, O = [0,∞) and Ŝ(ϖ,w) = ϖw, then every FCM space
becomes FMS.

Definition 1.5 ([1]). A pair of self-maps (℘̃,T) of an FCM space (Ǎ,M,Ŝ) is said to be
compatible if lim

m→∞M(℘̃Tpm,T℘̃pm, t) = 1 for t ≫ θ, whenever {pm} be a sequence in Ǎ such

that lim
m→∞Tpm = lim

m→∞℘̃pm =ϖ, for some ϖ ∈ Ǎ.

Definition 1.6 ([1]). Let ℘̃ and T be two self-maps on Ǎ. If ϖ= wT = w℘̃, for some w ∈ Ǎ then
w is called a coincidence point of ℘̃ and T and ϖ is called a point of coincidence of ℘̃ and T .
The self-maps ℘̃ and T are said to be weakly compatible, if they commute at their coincidence
point, i.e., wT = w℘̃, for any w ∈ Ǎ then T℘̃w = T℘̃w.

Definition 1.7 ([1]). Let ℘̃ and T be weakly compatible self-maps of a set Ǎ. If ℘̃ and T have a
unique point of coincidence ϖ= wT = w℘̃, then ϖ is the unique CFP of ℘̃ and T .

Definition 1.8 ([17]). A 3-tuple (Ǎ,M,Ŝ) is said to be generalized-FCM space (M-FCM space)
if a cone O ⊂B, Ǎ ̸= {;}, Ŝ is a t-conorm, M is a fuzzy set on Ǎ3× int(O) satisfying the following
axioms for every ϖ,w,ξ,u ∈ Ǎ, s, t ≫ θ and s, t ∈ int(O):

(FCM1) M(ϖ,w,ξ, t)> 0,

(FCM2) M(ϖ,w,ξ, t)= 1 iff ϖ= w = ξ,

(FCM3) M(ϖ,w,ξ, t)=M(p{w,ϖ,ξ}, t) where p is a permutation,

(FCM4) Ŝ(M(ϖ,w,u, t),M(u,ξ,ξ, s))≤M(ϖ,w,ξ, t+ s),

(FCM5) M(ϖ,w,ξ, ·) : int(O)→ [0,1] is continuous.

The function M(ϖ,w,ξ, t), denotes the degree of nearness between ϖ,w and ξ with respect to t.

Example 1.9 ([17]). Let B = R2 and the cone O = {(s, t) ∈ R2 : s, t ≥ 0}. Consider the t-conorm
defined as Ŝ(d1,d2)= d1,d2. Defined the function M :R3× int(O)→ [0,1] for every ϖ,w,ξ ∈R and
t ∈ int(O) as:

M(ϖ,w,ξ, t)=
{

1

e
|ϖ−w|+|w−ξ|+|ξ−ϖ|

∥t∥

}
.

Then, (R,M,Ŝ) it is an M-FCM space.

Definition 1.10 ([17]). A symmetric M-FCM space is an M-FCM space (Ǎ,M,Ŝ) that satisfies:

M(ϖ,w,w, t)=M(w,ϖ,ϖ, t), for any ϖ,w ∈ Ǎ and t ∈ int(O).
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Definition 1.11 ([17]). Let (Ǎ,M,Ŝ) be an M-FCM space. A self-mapping ℘̃1 : Ǎ→ Ǎ is said to
be M-fuzzy cone contractive (M-FCC) if there exists 0< k < 1 such that{

1
M(℘̃1(ϖ),℘̃1(w),℘̃1(ξ), t)

−1
}
≤ k

{
1

M(ϖ,w,ξ, t)
−1

}
,

for every ϖ,w,ξ ∈ Ǎ and t ∈ int(O). Also, constant k excludes the value zero. If k = 0 then it is
possible to have{

1
M(℘̃1(ϖ),℘̃1(w),℘̃1(ξ), t)

−1
}
> k

{
1

M(ϖ,w,ξ, t)
−1

}
,

for all distinct ϖ,w,ξ ∈ Ǎ, t ∈ int(O) and k can not have any FP.

Definition 1.12 ([17]). In (Ǎ,M,Ŝ) an M-FCM space. Then, FCM M is said to be triangular if
for each ϖ,w,ξ,u ∈ Ǎ and t ∈ int(O),{

1
M(ϖ,w,ξ, t)

−1
}
<

{
1

M(ϖ,w,u, t)
−1

}
+

{
1

M(u,ξ,ξ, t)
−1

}
.

Definition 1.13 ([17]). Let (Ǎ,M,Ŝ) be an M-FCM space, for some ϖ ∈ Ǎ and {pm} be a sequence
in Ǎ. Then

(i) A sequence {pm} is said to converge to ϖ if for every t ∈ int(O),

lim
m→∞

{
1

M(pm,ϖ,ϖ, t)
−1

}
= 0 i.e.,

lim
m→∞pm →ϖ or pm →ϖ as m →∞.

(ii) A sequence {pm} is said to be a Cauchy if for all t ∈ int(O) and n ∈N, we have

lim
m→∞

{
1

M(pm+n,pm,pm, t)
−1

}
= 0.

(iii) M-FCM space (Ǎ,M,Ŝ) in which every Cauchy sequence is convergent is said to be
complete.

Definition 1.14 ([17]). Let (Ǎ,M,Ŝ) be an M-FCM space. A sequence {pm} in Ǎ is M-fuzzy
cone contractive if there is 0< k < 1 such that for any t ∈ int(O):{

1
M(pm,pm+1,pm+1, t)

−1
}
≤ k

{
1

M(pm−1,pm,pm, t)
−1

}
.

2. Compatibility and Weakly Compatible Maps Results in M-FCM
Spaces

In this section, we present CFP theorems for compatible and weakly compatible maps in M-FCM
spaces.

Theorem 2.1. Consider that ζ1,ζ2,ζ3 and ζ4 are self-maps on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies the following conditions for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ2w,ζ2w, t)

−1
}
≤ k1

{
1

M(ζ3ϖ,ζ4w,ζ4w, t)
−1

}
+k2

{
1

M(ζ3ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
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+k3

{
1

M(ζ4w,ζ2w,ζ2w, t)
−1

}
+k4

{
1

M(ζ3ϖ,ζ2w,ζ2w, t)
−1

}
+k5

{
1

M(ζ4w,ζ1ϖ,ζ1ϖ, t)
−1

}
, (2.1)

where ki ∈ [0,∞), for all i = 1, . . . ,5 with
5∑

i=1
ki < 1 and k2 = k3 or k4 = k5. If mappings are

satisfying the conditions: {ζ1,ζ3} are compatible, {ζ2,ζ4} are weakly compatible, ζ1(Ǎ) ⊂ ζ4(Ǎ),
ζ2(Ǎ)⊂ ζ3(Ǎ) and map ζ3 is continuous. Then, maps ζ1,ζ2,ζ3 and ζ4 have a unique CFP in Ǎ.

Proof. In complete M-FCM space
(
Ǎ,M,Ŝ

)
, suppose p0 ∈ Ǎ any arbitrary point. As from the

given hypothesis ζ1(Ǎ)⊂ ζ4(Ǎ), ζ2(Ǎ)⊂ ζ3(Ǎ), we generate a sequence {pm} from Ǎ in such a way
that q2m+1 = ζ4p2m+1 = ζ1p2m and q2m+2 = ζ3p2m+2 = ζ2p2m+1, for each non-negative integer m.

Step (i): Meanwhile, from eq. (2.1), we imply that{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
=

{
1

M(ζ1p2m,ζ2p2m+1,ζ2p2m+1, t)
−1

}
≤ k1

{
1

M(ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
+k2

{
1

M(ζ3p2m,ζ1p2m,ζ1p2m, t)
−1

}
+k3

{
1

M (ζ4p2m+1,ζ2p2m+1,ζ2p2m+1, t)
−1

}
+k4

{
1

M(ζ3p2m,ζ2p2m+1,ζ2p2m+1, t)
−1

}
+k5

{
1

M(ζ4p2m+1,ζ1p2m,ζ1p2m, t)
−1

}
≤ k1

{
1

M (ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
+k2

{
1

M(ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
+k3

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
+k4

{
1

M (ζ3p2m,ζ3p2m+2,ζ3p2m+2, t)
−1

}
+k5

{
1

M(ζ4p2m+1,ζ4p2m+1,ζ4p2m+1, t)
−1

}
≤ k1

{
1

M(ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
+k2

{
1

M (ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
+k3

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
+k4

{
1

M (ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1+ 1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
.

After simplifying further, we observe that{
1

M (ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
≤λ

{
1

M (ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
, (2.2)

for λ= k1+k2+k4
1−(k3+k4) .

In the similar manner by using M-FCC, again preceding from eq. (2.1), one can have{
1

M(ζ3p2m+2,ζ4p2m+3,ζ4p2m+3, t)
−1

}
=

{
1

M(ζ1p2m+2,ζ2p2m+1,ζ2p2m+1, t)
−1

}
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≤ k1

{
1

M(ζ3p2m+1,ζ4p2m+2,ζ4p2m+2, t)
−1

}
+k2

{
1

M(ζ3p2m+2,ζ1p2m+2,ζ1p2m+2, t)
−1

}
+k3

{
1

M(ζ4p2m+1,ζ2p2m+1,ζ2p2m+1, t)
−1

}
+k4

{
1

M(ζ3p2m+2,ζ2p2m+1,ζ2p2m+1, t)
−1

}
+k5

{
1

M(ζ4p2m+1,ζ1p2m+2,ζ1p2m+2, t)
−1

}
≤ k1

{
1

M(ζ3p2m+1,ζ4p2m+2,ζ4p2m+2, t)
−1

}
+k2

{
1

M(ζ3p2m+2,ζ4p2m+3,ζ4p2m+3, t)
−1

}
+k3

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
+k4

{
1

M(ζ3p2m+2,ζ3p2m+2,ζ3p2m+2, t)
−1

}
+k5

{
1

M(ζ4p2m+1,ζ4p2m+3,ζ4p2m+3, t)
−1

}
≤ k1

{
1

M(ζ3p2m+1,ζ4p2m+2,ζ4p2m+2, t)
−1

}
+k2

{
1

M(ζ3p2m+2,ζ4p2m+3,ζ4p2m+3, t)
−1

}
+k3

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
+k5

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1+ 1

M(ζ3p2m+2,ζ4p2m+3,ζ4p2m+3, t)
−1

}
.

On solving, we have{
1

M(ζ3p2m+2,ζ4p2m+3,ζ4p2m+3, t)
−1

}
≤µ

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
, (2.3)

where µ=
{

k1+k3+k5
1−(k2+k5)

}
.

Step (ii): By repeated application of M-FCC and using eqs. (2.2) and (2.3), we obtain{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
≤λ

{
1

M(ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
≤λµ

{
1

M(ζ4p2m−1,ζ3p2m,ζ3p2m, t)
−1

}
≤λµλ

{
1

M(ζ3p2m−2,ζ4p2m−1,ζ4p2m−1, t)
−1

}
...

≤λ(µλ)m
{

1
M(ζ3p0,ζ4p1,ζ4p1, t)

−1
}

(2.4)

and {
1

M(ζ3p2m+2,ζ4p2m+3,ζ4p2m+3, t)
−1

}
≤µ

{
1

M(ζ4p2m+1,ζ3p2m+2,ζ3p2m+2, t)
−1

}
≤µλ

{
1

M(ζ3p2m,ζ4p2m+1,ζ4p2m+1, t)
−1

}
...

≤ (µλ)m+1
{

1
M(ζ3p0,ζ4p1,ζ4p1, t)

−1
}

. (2.5)
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Now, two cases arise:

Case (i): If k2 = k3 then

λµ=
{

k1 +k2 +k4

1− (k3 +k4)

}
·
{

k1 +k3 +k5

1− (k2 +k5)

}
=

{
k1 +k3 +k5

1− (k2 +k5)

}
·
{

k1 +k2 +k4

1− (k3 +k4)

}
< 1 ·1= 1. (2.6)

Case (ii): If k4 = k5 then

λµ=
{

k1 +k2 +k4

1− (k3 +k4)

}
·
{

k1 +k3 +k5

1− (k2 +k5)

}
< 1 ·1= 1. (2.7)

Since FCM M is triangular, for n > m ≥ m0, one can get{
1

M(q2m+1,q2n+1,q2n+1, t)
−1

}
≤

{
1

M(q2m+1,q2m+2,q2m+2, t)
−1

}
+ . . .

+
{

1
M(q2m,q2m+1,q2m+1, t)

−1
}

≤
{
λ

n−1∑
i=m

(λµ)i +
n∑

i=m+1
(λµ)i

}{
1

M(q0,q1,q1, t)
−1

}
≤

{
λ(λµ)m

1−λµ + (λµ)m+1

1−λµ
}{

1
M(q0,q1,q1, t)

−1
}

= (1+µ)
{
λ(λµ)m

1−λµ
}{

1
M(q0,q1,q1, t)

−1
}

.

In the similar way, one can deduce that{
1

M(q2m,q2n+1,q2n+1, t)
−1

}
≤ (1+λ)

{
(λµ)m

1−λµ
}{

1
M(q0,q1,q1, t)

−1
}

,{
1

M(q2m,q2n,q2n, t)
−1

}
≤ (1+λ)

{
(λµ)m

1−λµ
}{

1
M(q0,q1,q1, t)

−1
}

,{
1

M(q2m+1,q2n,q2n, t)
−1

}
≤ (1+µ)

{
λ(λµ)m

1−λµ
}{

1
M(q0,q1,q1, t)

−1
}

.

Then, for some m < n,{
1

M (q2m+1,q2n+1,q2n+1, t)
−1

}
≤max

[
(1+λ)

{
(λµ)m

1−λµ
}

, (1+µ)
{
λ(λµ)m

1−λµ
}]{

1
M(q0,q1,q1, t)

−1
}

,

which tends to 0 as m →∞.
Therefore, it shows that {qm}m≥0 is a Cauchy sequence.

Step (iii): Since by the completeness of Ǎ, there exists ξ ∈ Ǎ such that qm → ξ as m →∞ and for
its subsequences, we imply that

ζ4p2m+1 → ξ, ζ3p2m+2 → ξ, ζ1p2m → ξ and ζ2p2m−1 → ξ. (2.8)

Since, ζ3 is a continuous self-map on Ǎ, therefore we get

ζ3(ζ4p2m+1)→ ζ3ξ,ζ3(ζ3p2m+2)→ ζ3ξ, ζ3(ζ1p2m)→ ζ3ξ and ζ3(ζ2p2m−1)→ ζ3ξ.

As, ζ3(ζ1p2m)→ ζ3 (ξ) and (ζ1,ζ3) are compatible.
Therefore, one can have

lim
n→∞M{ζ1(ζ3p2m),ζ3(ζ1p2m),ζ3(ζ1p2m), t}= lim

n→∞M{ζ1(ζ3p2m),ζ3ξ,ζ3ξ, t}= 1,
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lim
n→∞M{ζ1(ζ3p2m),ζ3ξ,ζ3ξ, t}= 1, for t ≫ θ. (2.9)

Now, we claim that ζ3ξ= ξ, for t ≫ θ,

M(ζ3ξ,ξ,ξ,2t)≥ Ŝ[M{ζ3ξ,ζ1(ζ3p2m),ζ1(ζ3p2m), t},M{ζ1(ζ3p2m),ξ,ξ, t}]. (2.10)

Since maps (ζ1,ζ3) are compatible, using Ŝ operator and eqs. (2.8) to (2.10), we imply that

M(ζ3ξ,ξ,ξ,2t)≥ lim
n→∞Ŝ[M{ζ3ξ,ζ1(ζ3p2m),ζ1(ζ3p2m), t},M{ζ1(ζ3p2m),ξ,ξ, t}]

= Ŝ(1,1)= 1, for t ≫ θ.

Hence, M(ζ3ξ,ξ,ξ,2t)= 1 and ζ3ξ= ξ.
In this way again, we claim that ζ1ξ= ξ, for t ≫ θ,

M(ζ1ξ,ξ,ξ,2t)≥ Ŝ[M{ζ1ξ,ζ3(ζ1p2m),ζ3(ζ1p2m), t},M{ζ3(ζ1p2m),ξ,ξ, t}]. (2.11)

Again, as maps (ζ1,ζ3) are compatible, by Ŝ operator and eqs. (2.8) to (2.11), we get

M(ζ1ξ,ξ,ξ,2t)≥ lim
n→∞Ŝ[M{ζ1ξ,ζ3(ζ1p2m),ζ3(ζ1p2m), t},M{ζ3(ζ1p2m),ξ,ξ, t}]

= Ŝ(1,1)= 1, for t ≫ θ.

Hence, M(ζ1ξ,ξ,ξ,2t)= 1 and ζ1ξ= ξ.
Thus, ζ1ξ= ζ3ξ= ξ.

Step (iv): Now, we claim that ζ2ξ= ζ4ξ.
Since maps satisfy ζ1(Ǎ) ⊂ ζ4(Ǎ), therefore, there exists u ∈ Ǎ such that ζ1ξ= ξ= ζ4u. Again,
from eq. (2.1), we have{

1
M(ζ2u,ζ4u,ζ4u, t)

−1
}
=

{
1

M(ζ1ξ,ζ2u,ζ2u, t)
−1

}
≤ k1

{
1

M(ζ3ξ,ζ4u,ζ4u, t)
−1

}
+k2

{
1

M(ζ3ξ,ζ1ξ,ζ1ξ, t)
−1

}
+k3

{
1

M(ζ4u,ζ2u,ζ2u, t)
−1

}
+k4

{
1

M(ζ3ξ,ζ2u,ζ2u, t)
−1

}
+k5

{
1

M(ζ4u,ζ1ξ,ζ1ξ, t)
−1

}
= k1

{
1

M(ζ3ξ,ξ,ξ, t)
−1

}
+k2

{
1

M(ξ,ζ3ξ,ζ3ξ, t)
−1

}
+k3

{
1

M(ζ4u,ζ2u,ζ2u, t)
−1

}
+k4

{
1

M(ζ4u,ζ2u,ζ2u, t)
−1

}
+k5

{
1

M(ζ4u,ζ4u,ζ4u, t)
−1

}
= (k3 +k4)

{
1

M(ζ4u,ζ2u,ζ2u, t)
−1

}
.

Since (k3 +k4)< 1, as from the given hypothesis
5∑

i=1
ki < 1. Therefore, M(ζ4u,ζ2u,ζ2u, t)= 1, i.e.,

ζ2ξ= ζ4ξ= ξ and by using weakly compatibility of maps ζ2 and ζ4, we get

ζ4ξ= ζ4(ζ2u)= ζ2(ζ4u)= ζ2ξ.

Now, we claim that ζ2ξ= ξ, by eq. (2.1), we deduce that{
1

M(ζ2ξ,ξ,ξ, t)
−1

}
=

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
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≤ k1

{
1

M(ζ3ξ,ζ4ξ,ζ4ξ, t)
−1

}
+k2

{
1

M(ζ3ξ,ζ1ξ,ζ1ξ, t)
−1

}
+k3

{
1

M(ζ4ξ,ζ2ξ,ζ2ξ, t)
−1

}
+k4

{
1

M(ζ3ξ,ζ2ξ,ζ2ξ, t)
−1

}
+k5

{
1

M(ζ4ξ,ζ1ξ,ζ1ξ, t)
−1

}
= k1

{
1

M(ξ,ζ3ξ,ζ3ξ, t)
−1

}
+k2

{
1

M(ζ3ξ,ζ3ξ,ζ3ξ, t)
−1

}
+k3

{
1

M(ζ4ξ,ζ4ξ,ζ4ξ, t)
−1

}
+k4

{
1

M(ξ,ζ2ξ,ζ2ξ, t)
−1

}
+k5

{
1

M(ζ2ξ,ξ,ξ, t)
−1

}
= (k1 +k4 +k5)

{
1

M(ξ,ζ2ξ,ζ2ξ, t)
−1

}
.

As (k1 +k4 +k5)< 1, from given
5∑

i=1
ki < 1.

Then, M(ξ,ζ2ξ,ζ2ξ, t)= 1, i.e., ζ2ξ= ξ, which implies ξ= ζ4ξ.
Thus, ζ1ξ= ζ2ξ= ζ3ξ= ζ4ξ= ξ.
Hence, ξ is the CFP of ζ1,ζ2,ζ3 and ζ4 self-maps in Ǎ.

Step (v) Uniqueness: To prove uniqueness of FP, let u0 be another FP of the self-maps ζ1,ζ2,ζ3
and ζ4, i.e., ζ1u0 = ζ2u0 = ζ3u0 = ζ4u0 = u0. Then from eq. (2.1), for t ≫ θ, we have{

1
M(u0,ξ,ξ, t)

−1
}
=

{
1

M(ζ1u0,ζ2ξ,ζ2ξ, t)
−1

}
≤ k1

{
1

M(ζ3u0,ζ4ξ,ζ4ξ, t)
−1

}
+k2

{
1

M(ζ3u0,ζ1u0,ζ1u0, t)
−1

}
+k3

{
1

M(ζ4ξ,ζ2ξ,ζ2ξ, t)
−1

}
+k4

{
1

M(ζ3u0,ζ2ξ,ζ2ξ, t)
−1

}
+k5

{
1

M(ζ4ξ,ζ1u0,ζ1u0, t)
−1

}
= (k1 +k4 +k5)

{
1

M(u0,ξ,ξ, t)
−1

}
.

Since (k1 +k4 +k5)< 1 as
5∑

i=1
ki < 1, then M(u0,ξ,ξ, t)= 1, i.e., u0 = ξ.

Thus, we established that CFP is unique.

Example 2.2. Let Ǎ= [−1,1] and t-conorm Ŝ be defined by Ŝ(d1,d2)= d1,d2. Define the function
M : Ǎ3 × [0,∞)→ [0,1] for every ϖ,w ∈ Ǎ and t > 0 as:

M(ϖ,w,w, t)= t
(t+|ϖ−w|) ,

then (Ǎ,M,Ŝ) is an M-FCM space with FCM M is triangular.
The self-maps ζ1,ζ2,ζ3 and ζ4 on Ǎ defined as

ζ1ϖ= ζ2ϖ=
{

1
2

(2ϖ
3 + 1

4

)
if ϖ ̸= 0

0 if ϖ= 0

}
and ζ3ϖ= ζ4ϖ=

{(2ϖ
3 + 1

4

)
if ϖ ̸= 0

0 if ϖ= 0

}
.

Communications in Mathematics and Applications, Vol. 16, No. 3, pp. 793–812, 2025



802 Common Fixed Point Results for Self-Mappings in Generalized Fuzzy Cone. . . : Manjeet and R. Singh

Since ζ1(Ǎ)= ζ2(Ǎ), ζ3(Ǎ)= ζ4(Ǎ), we have ζ1(Ǎ)⊂ ζ4(Ǎ), ζ2(Ǎ)⊂ ζ3(Ǎ).
Then from eq. (2.1), for every ϖ,w ∈ Ǎ and t > 0, we have{

1
M(ζ1ϖ,ζ2w,ζ2w, t)

−1
}
=

{
(t+|ζ1ϖ−ζ2w|)

t
−1

}
= |ζ1ϖ−ζ2w|

t
= |ϖ−w|

3t

≤ k1

{
1

M(ζ3ϖ,ζ4w,ζ4w, t)
−1

}
+k2

{
1

M(ζ3ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
+k3

{
1

M(ζ4w,ζ2w,ζ2w, t)
−1

}
+k4

{
1

M(ζ3ϖ,ζ2w,ζ2w, t)
−1

}
+k5

{
1

M(ζ4w,ζ1ϖ,ζ1ϖ, t)
−1

}
.

Thus, from Theorem 2.1 using k1 = 1
2 , k2 = k3 = 1

6 and k4 = k5 = 0 we can imply that 0 is the
unique CFP of maps.

Corollary 2.3. Consider that ζ1,ζ2,ζ3 and ζ4 are self-maps on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies following condition for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ2w,ζ2w, t)

−1
}
≤ k1

{
1

M(ζ3ϖ,ζ4w,ζ4w, t)
−1

}
+k2

{
1

M(ζ3ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
+k3

{
1

M(ζ4w,ζ2w,ζ2w, t)
−1

}
, (2.12)

where ki ∈ [0,∞), for all i = 1,2,3 with
3∑

i=1
ki < 1. If maps are satisfying the conditions: {ζ1,ζ3} are

compatible, {ζ2,ζ4} are weakly compatible, ζ1(Ǎ)⊂ ζ4(Ǎ), ζ2(Ǎ)⊂ ζ3(Ǎ) and map ζ3 is continuous.
Then, maps ζ1,ζ2,ζ3 and ζ4 have a unique CFP in Ǎ.

Proof. One can prove the result using Theorem 2.1 by considering k2 = k3 and k4 = k5 = 0.

Corollary 2.4. Consider that ζ1,ζ2,ζ3 and ζ4 are self-maps on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies following condition for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ2w,ζ2w, t)

−1
}
≤ k1

{
1

M(ζ3ϖ,ζ4w,ζ4w, t)
−1

}
+k2

{
1

M(ζ3ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
+k3

{
1

M(ζ4w,ζ2w,ζ2w, t)
−1

}
, (2.13)

where ki ∈ [0,∞), for all i = 1,2,3 with k1 +2(k2 +k3)< 1. If maps are satisfying the conditions:
{ζ1,ζ3} are compatible, {ζ2,ζ4} are weakly compatible, ζ1(Ǎ)⊂ ζ4(Ǎ), ζ2(Ǎ)⊂ ζ3(Ǎ) and map ζ3 is
continuous. Then, maps ζ1,ζ2,ζ3 and ζ4 have a unique CFP in Ǎ.

Proof. Proof of corollary can be deduced by considering conditions k2 = k3 and k4 = k5 = 0 in
Theorem 2.1.

Corollary 2.5. Consider that ζ1,ζ2,ζ3 and ζ4 are self-maps on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies following condition for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ2w,ζ2w, t)

−1
}
≤ k1

{
1

M(ζ3ϖ,ζ4w,ζ4w, t)
−1

}
, (2.14)
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where k1 ∈ [0,1). If maps are satisfying the conditions: {ζ1,ζ3} are compatible, {ζ2,ζ4} are weakly
compatible, ζ1(Ǎ)⊂ ζ4(Ǎ), ζ2(Ǎ)⊂ ζ3(Ǎ) and map ζ3 is continuous. Then, maps ζ1,ζ2,ζ3 and ζ4
have a unique CFP in Ǎ.

Proof. One can prove the result by Theorem 2.1 as considering k2 = k3 = k4 = k5 = 0.

Example 2.6. Let Ǎ = [0,1] and the t-conorm Ŝ is defined by Ŝ(d1,d2) = d1,d2. Define the
function M : Ǎ3 × [0,∞) → [0,1] for every ϖ,w ∈ Ǎ and t > 0 as: M(ϖ,w,w, t) = t

(t+|ϖ−w|) , then
(Ǎ,M,Ŝ) is an M-FCM space with FCM M is triangular.
The self-maps ζ1,ζ2,ζ3 and ζ4 on Ǎ are defined by

ζ1ϖ= ϖ

(ϖ+6)
, ζ2w = w

(w+10)
, ζ3ϖ= ϖ

3
and ζ4w = w

5
.

Since ζ1(Ǎ)= ζ2(Ǎ), ζ3(Ǎ)= ζ4(Ǎ), we have ζ1(Ǎ)⊂ ζ4(Ǎ), ζ2(Ǎ)⊂ ζ3(Ǎ).
Then from eq. (2.14), for every ϖ,w ∈ Ǎ and t > 0, we get{

1
M(ζ1ϖ,ζ2w,ζ2w, t)

−1
}
=

{
(t+|ζ1ϖ−ζ2w|)

t
−1

}
= |ζ1ϖ−ζ2w|

t
= 1

t

∣∣∣∣ ϖ

(ϖ+6)
− w

(w+10)

∣∣∣∣
= 1

t

∣∣∣∣ 10ϖ−6w
(ϖ+6)(w+10)

∣∣∣∣≤ 1
t

∣∣∣∣10ϖ−6w
60

∣∣∣∣= 1
t

∣∣∣ϖ
3
− w

5

∣∣∣
≤ 1

2

{
1

M(ζ3ϖ,ζ4w,ζ4w, t)
−1

}
.

Thus, from Corollary 2.5 with k1 = 1
2 we can imply that 0 is the unique CFP of maps.

Corollary 2.7. Consider that ζ1 and ζ2 are two self-maps on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies following condition for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ1w,ζ1w, t)

−1
}
≤ k1

{
1

M(ζ2ϖ,ζ2w,ζ2w, t)
−1

}
+k2

{
1

M(ζ2ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
+k3

{
1

M(ζ2w,ζ1w,ζ1w, t)
−1

}
+k4

{
1

M(ζ2ϖ,ζ1w,ζ1w, t)
−1

}
+k5

{
1

M(ζ2w,ζ1ϖ,ζ1ϖ, t)
−1

}
, (2.15)

where ki ∈ [0,∞), for all i = 1, . . . ,5 with
5∑

i=1
ki < 1 and k2 = k3 or k4 = k5. If maps are satisfying

the conditions: {ζ1,ζ2} are weakly compatible, ζ1(Ǎ) ⊂ ζ2(Ǎ) and map ζ2 is continuous. Then,
maps ζ1 and ζ2 have a unique CFP in Ǎ.

Proof. One can easily prove the result by considering ζ3 = ζ1, ζ4 = ζ2 and compatible condition
for two ζ1, ζ2 maps in Theorem 2.1.

3. Generalized Contraction and Fixed Point Results In M-FCM Spaces
In this section, we establish some CFP theorems for weakly compatible maps in M-FCM
spaces. Here, we demonstrate CFP results without using map continuity, in addition some more
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conditions on hypothesis are also inserted. Furthermore, we prove a new-type of FCC theorem
in M-FCM spaces.

Theorem 3.1. Consider that ζ1 and ζ2 are two self-mappings on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies the following condition for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ1w,ζ1w, t)

−1
}
≤ k1

{
1

M(ζ2ϖ,ζ2w,ζ2w, t)
−1

}
+k2

{
1

M(ζ2ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
+k3

{
1

M(ζ2w,ζ1w,ζ1w, t)
−1

}
+k4

{
1

M(ζ2ϖ,ζ1w,ζ1w, t)
−1

}
+k5

{
1

M(ζ2w,ζ1ϖ,ζ1ϖ, t)
−1

}
, (3.1)

where ki ∈ [0,∞), for all i = 1, . . . ,5 with
5∑

i=1
ki < 1 and k2 = k3 or k4 = k5. If mappings satisfy the

conditions: ζ1(Ǎ) ⊂ ζ2(Ǎ), ζ1(Ǎ) or ζ2(Ǎ) is complete and {ζ1,ζ2} are weakly compatible. Then,
maps ζ1 and ζ2 have a unique CFP in Ǎ.

Proof. In complete M-FCM space (Ǎ,M,Ŝ), suppose p0 ∈ Ǎ any arbitrary point. As from the
given hypothesis ζ1(Ǎ) ⊂ ζ2(Ǎ), we construct a sequence {qm} from ζ2(Ǎ) in such a way that
q2m+1 = ζ2p2m+1 = ζ1p2m and q2m+2 = ζ2p2m+2 = ζ1p2m+1, for each non-negative integer m.
Since ζ2(Ǎ) is complete, therefore there exists ξ,u ∈ Ǎ such that q2m+1 → u = ζ2ξ as m →∞,

lim
m→∞M(q2m+1,u,u, t)= lim

m→∞M(ζ2p2m+1,u,u, t)= 1, for t ≫ θ. (3.2)

Since FCM M is triangular, for t ≫ θ, we have{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
<

{
1

M (ζ2ξ,q2m+2,q2m+2, t)
−1

}
+

{
1

M (q2m+2,ζ1ξ,ζ1ξ, t)
−1

}
. (3.3)

From eqs. (3.1) and (3.2), we have{
1

M(q2m+2,ζ1ξ,ζ1ξ, t)
−1

}
=

{
1

M(ζ1p2m+1,ζ1ξ,ζ1ξ, t)
−1

}
≤ k1

{
1

M(ζ2p2m+1,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2p2m+1,ζ1p2m+1,ζ1p2m+1, t)
−1

}
+k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
+k4

{
1

M(ζ2p2m+1,ζ1ξ,ζ1ξ, t)
−1

}
+k5

{
1

M (ζ2ξ,ζ1p2m+1,ζ1p2m+1, t)
−1

}
= k1

{
1

M(ζ2p2m+1,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2p2m+1,ζ2p2m+2,ζ2p2m+2, t)
−1

}
+k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
+k4

{
1

M(ζ2p2m+1,ζ1ξ,ζ1ξ, t)
−1

}
+k5

{
1

M(ζ2ξ,ζ2p2m+2,ζ2p2m+2, t)
−1

}
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→ (k3 +k4)
{

1
M(ζ2ξ,ζ1ξ,ζ1ξ, t)

−1
}

as m →∞.

Therefore,

lim
m→∞sup

{
1

M(q2m+2,ζ1ξ,ζ1ξ, t)
−1

}
≤ (k3 +k4)

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
as m →∞.

From eqs. (3.2) and (3.3), one can have{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
≤ (k3 +k4)

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
(3.4)

as, (k3 +k4)< 1, implies M(ζ2ξ,ζ1ξ,ζ1ξ, t)= 1.
Therefore, ζ2ξ= ζ1ξ= u.
By weakly compatibility of maps ζ1 and ζ2, we get

ζ1u = ζ1(ζ2ξ)= ζ2(ζ1ξ)= ζ2u.

Thus, from eq. (3.1),{
1

M(ζ1u,u,u, t)
−1

}
=

{
1

M(ζ1u,ζ1ξ,ζ1ξ, t)
−1

}
≤ k1

{
1

M(ζ2u,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2u,ζ1u,ζ1u, t)
−1

}
+k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
+k4

{
1

M(ζ2u,ζ1ξ,ζ1ξ, t)
−1

}
+k5

{
1

M(ζ2ξ,ζ1u,ζ1u, t)
−1

}
≤ k1

{
1

M(ζ1u,u,u, t)
−1

}
+k2

{
1

M(ζ2u,ζ1u,ζ1u, t)
−1

}
+k3

{
1

M(ζ2ξ,ζ2ξ,ζ2ξ, t)
−1

}
+k4

{
1

M(ζ1u,u,u, t)
−1

}
+k5

{
1

M(u,ζ1u,ζ1u, t)
−1

}
= (k1 +k4 +k5)

{
1

M(ζ1u,u,u, t)
−1

}
.

Since k1 +k4 +k5 < 1, M(ζ1u,u,u, t)= 1, for t ≫ θ.
Thus, ζ2u = ζ1u = u.
Hence, u is the CFP of maps ζ1 and ζ2.

Uniqueness: To prove uniqueness of FP, let u0 be another FP of the self-maps ζ1 and ζ2, i.e.,
ζ1u0 = ζ2u0 = u0. Then from eq. (3.1), for t ≫ θ, we have{

1
M(u0,ξ,ξ, t)

−1
}
=

{
1

M(ζ1u0,ζ1ξ,ζ1ξ, t)
−1

}
≤ k1

{
1

M(ζ2u0,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2u0,ζ1u0,ζ1u0, t)
−1

}
+k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
+k4

{
1

M(ζ2u0,ζ1ξ,ζ1ξ, t)
−1

}
+k5

{
1

M(ζ2ξ,ζ1u0,ζ1u0, t)
−1

}
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= (k1 +k4 +k5)
{

1
M(u0,ξ,ξ, t)

−1
}

.

Since (k1 +k4 +k5)< 1 as
5∑

i=1
ki < 1, then M(u0,ξ,ξ, t)= 1, i.e., u0 = ξ.

Thus, we established the uniqueness of CFP.

Corollary 3.2. Consider that ζ1 and ζ2 are two self-maps on Ǎ such that ζ1(Ǎ) ⊂ ζ2(Ǎ). FCM
M is triangular in a complete M-FCM space (Ǎ,M,Ŝ) satisfies following condition for every
ϖ,w ∈ Ǎ, t ≫ θ and t ∈ int(O):{

1
M(ζm

1 ϖ,ζm
1 w,ζm

1 w, t)
−1

}
≤ k1

{
1

M(ζ2ϖ,ζ2w,ζ2w, t)
−1

}
+k2

{
1

M(ζ2ϖ,ζm
1 ϖ,ζm

1 ϖ, t)
−1

}
+k3

{
1

M(ζ2w,ζm
1 w,ζm

1 w, t)
−1

}
+k4

{
1

M(ζ2ϖ,ζm
1 w,ζm

1 w, t)
−1

}
+k5

{
1

M(ζ2w,ζm
1 ϖ,ζm

1 ϖ, t)
−1

}
, (3.5)

where ki ∈ [0,∞), for all i = 1, . . . ,5 with
5∑

i=1
ki < 1 and k2 = k3 or k4 = k5.

If mappings satisfy the conditions with ζ1 (ζ2)= ζ2(ζ1):

(A3.2.1) Ǎ is complete and ζ2 is continuous,
(A3.2.2) ζ1(Ǎ) and ζ2(Ǎ) are complete.

Then, maps ζ1 and ζ2 have a unique CFP in Ǎ.

Proof. By Theorem 3.1 and Corollary 2.7, we get a point u ∈ Ǎ such that

ζ1u = ζm
1 u = u. (3.6)

Therefore, from eq. (3.5), we have{
1

M(ζ1u,u,u, t)
−1

}
=

{
1

M(ζ1(ζm
1 u),ζm

1 u,ζm
1 u, t)

−1
}

=
{

1
M(ζm

1 (ζ1u),ζm
1 u,ζm

1 u, t)
−1

}
≤ k1

{
1

M(ζ2(ζ1u),ζ2u,ζ2u, t)
−1

}
+k2

{
1

M(ζ2(ζ1u),ζm
1 (ζ1u),ζm

1 (ζ1u), t)
−1

}
+k3

{
1

M(ζ2(ζ1u),ζm
1 u,ζm

1 u, t)
−1

}
+k4

{
1

M(ζ2(ζ1u),ζm
1 u,ζm

1 u, t)
−1

}
+k5

{
1

M(ζ2u,ζm
1 (ζ1u),ζm

1 (ζ1u), t)
−1

}
= k1

{
1

M(ζ1(ζ2u),ζ2u,ζ2u, t)
−1

}
+k2

{
1

M(ζ1(ζ2u),ζ1(ζm
1 u),ζ1(ζm

1 u), t)
−1

}
+k3

{
1

M(ζ2u,u,u, t)
−1

}
+k4

{
1

M(ζ1(ζ2u),u,u, t)
−1

}
+k5

{
1

M(ζ2u,ζ1(ζm
1 u),ζ1(ζm

1 u), t)
−1

}
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= k1

{
1

M(ζ1u,u,u, t)
−1

}
+k2

{
1

M(ζ1u,ζ1u,ζ1u, t)
−1

}
+k3

{
1

M(ζ2u,u,u, t)
−1

}
+k4

{
1

M(ζ1u,u,u, t)
−1

}
+k5

{
1

M(u,ζ1u,ζ1u, t)
−1

}
= (k1 +k4 +k5)

{
1

M(ζ1u,u,u, t)
−1

}
.

Since k1 +k4 +k5 < 1, therefore M(ζ1u,u,u, t)= 1, for t ≫ θ.
Thus, ζ2u = ζ1u = u.
Hence, u is the CFP of maps ζ1 and ζ2.

Uniqueness: To prove uniqueness of FP, let u0 be another FP such that ζ1u0 = ζ2u0 = u0 and
ζm

1 u0 = ζ2u0 = u0 as in eq. (3.6). Then from eq. (3.5), for t ≫ θ, we have{
1

M(u0,ξ,ξ, t)
−1

}
=

{
1

M(ζm
1 u0,ζm

1 ξ,ζ
m
1 ξ, t)

−1
}

≤ k1

{
1

M(ζ2u0,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2u0,ζm
1 u0,ζm

1 u0, t)
−1

}
+k3

{
1

M(ζ2ξ,ζm
1 ξ,ζ

m
1 ξ, t)

−1
}
+k4

{
1

M(ζ2u0,ζm
1 ξ,ζ

m
1 ξ, t)

−1
}

+k5

{
1

M(ζ2ξ,ζm
1 u0,ζm

1 u0, t)
−1

}
= (k1 +k4 +k5)

{
1

M(u0,ξ,ξ, t)
−1

}
.

Since (k1 +k4 +k5)< 1 as
5∑

i=1
ki < 1, then M(u0,ξ,ξ, t)= 1, i.e., u0 = ξ.

Thus, we proved that CFP is unique for both maps.

Theorem 3.3. Consider that ζ1 and ζ2 are two self-mappings on Ǎ. FCM M is triangular in
a complete M-FCM space (Ǎ,M,Ŝ) satisfies following condition for every ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ1w,ζ1w, t)

−1
}
≤ k1

{
1

M(ζ2ϖ,ζ2w,ζ2w, t)
−1

}
+k2

{
1

M(ζ2ϖ,ζ1ϖ,ζ1ϖ, t)
−1

}
+k3

{
1

Ŝ(M(ζ2w,ζ1w,ζ1w, t),M(ζ2ϖ,ζ1ϖ,ζ1ϖ, t))
−1

}
, (3.7)

where ki ∈ [0,∞), for all i = 1,2,3 with
3∑

i=1
ki < 1. If maps satisfy: ζ1(Ǎ)⊂ ζ2(Ǎ) and pairs {ζ1,ζ2}

are weakly compatible. Then, maps ζ1 and ζ2 have a unique CFP in Ǎ.

Proof. In complete M-FCM space (Ǎ,M,Ŝ), suppose p0 ∈ Ǎ any arbitrary point. As from
the given hypothesis ζ1(Ǎ) ⊂ ζ2(Ǎ), we construct a sequence {pm} from ζ2(Ǎ) such that
qm+1 = ζ2pm+1 = ζ1pm, for each non-negative integer m. Now, from eq. (3.7),{

1
M(ζ2pm,ζ2pm+1,ζ2pm+1, t)

−1
}
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=
{

1
M(ζ1pm−1,ζ1pm,ζ1pm, t)

−1
}

≤ k1

{
1

M(ζ2pm−1,ζ2pm,ζ2pm, t)
−1

}
+k2

{
1

M(ζ2pm−1,ζ1pm−1,ζ1pm−1, t)
−1

}
+k3

{
1

Ŝ(M(ζ2pm,ζ1pm,ζ1pm, t),M(ζ2pm,ζ1pm−1,ζ1pm−1, t))
−1

}
≤ k1

{
1

M(ζ2pm−1,ζ2pm,ζ2pm, t)
−1

}
+k2

{
1

M(ζ2pm−1,ζ2pm,ζ2pm, t)
−1

}
+k3

{
1

Ŝ(M(ζ2pm,ζ2pm+1,ζ2pm+1, t),1)
−1

}
.

On solving, we imply that{
1

M(ζ2pm,ζ2pm+1,ζ2pm+1, t)
−1

}
≤µ

{
1

M(ζ2pm−1,ζ2pm,ζ2pm, t)
−1

}
,

where µ=
{

k1+k1
1−k3

}
.

By continues process, for t ≫ θ, we deduce that{
1

M(ζ2pm,ζ2pm+1,ζ2pm+1, t)
−1

}
≤µ

{
1

M(ζ2pm−1,ζ2pm,ζ2pm, t)
−1

}
...

≤µm
{

1
M(ζ2p0,ζ2p1,ζ2p1, t)

−1
}

,

which shows that sequence {ζ2pm} is an M-FCC condition.
Hence, for t ≫ θ,

lim
m→∞M(ζ2pm,ζ2pm+1,ζ2pm+1, t)= 1. (3.8)

Since FCM M is triangular, for n > m ≥ m0, we can bring that{
1

M(ζ2pm,ζ2pn,ζ2pn, t)
−1

}
≤

{
1

M(ζ2pm,ζ2pm−1,ζ2pm−1, t)
−1

}
+ . . .

+
{

1
M(ζ2pn−1,ζ2pn,ζ2pn, t)

−1
}

≤ (µm +µm+1 +·· ·+µn−1)
{

1
M(ζ2p0,ζ2p1,ζ2p1, t)

−1
}

≤ µm

1−µ
{

1
M(ζ2p0,ζ2p1,ζ2p1, t)

−1
}
→ 0, as m →∞.

Thus, {ζ2pm} it is a Cauchy sequence.
By using completeness of Ǎ, there exists ξ,u ∈ Ǎ such that as m →∞, we can get

qm = ζ2pm → u = ζ2ξ,

lim
m→∞M(ζ2pm,u,u, t)= 1, for t ≫ θ. (3.9)

Since FCM M is triangular, we have{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
≤

{
1

M(ζ2ξ,ζ2pm+1,ζ2pm+1, t)
−1

}
+

{
1

M(ζ2pm+1,ζ1ξ,ζ1ξ, t)
−1

}
. (3.10)
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From eqs. (3.7) to (3.9), we can deduce that{
1

M(ζ2pm+1,ζ1ξ,ζ1ξ, t)
−1

}
=

{
1

M(ζ1pm,ζ1ξ,ζ1ξ, t)
−1

}
≤ k1

{
1

M(ζ2pm,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2pm,ζ1pm,ζ1pm, t)
−1

}
+k3

{
1

Ŝ(M(ζ2ξ,ζ2pm,ζ2pm, t),M(ζ2ξ,ζ1ξ,ζ1ξ, t))
−1

}
≤ k1

{
1

M(ζ2pm,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2pm,ζ2pm+1,ζ2pm+1, t)
−1

}
+k3

{
1

Ŝ(M(ζ2ξ,ζ2pm,ζ2pm, t),M(ζ2ξ,ζ1ξ,ζ1ξ, t))
−1

}
→ k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
, as m →∞

this implies that

lim
m→∞sup

{
1

M(ζ2pm+1,ζ1ξ,ζ1ξ, t)
−1

}
≤ k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
as m →∞.

From eqs. (3.9) and (3.10), we imply that{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
≤ k3

{
1

M(ζ2ξ,ζ1ξ,ζ1ξ, t)
−1

}
.

As, k3 < 1 with
3∑

i=1
ki < 1, implies M(ζ2ξ,ζ1ξ,ζ1ξ, t)= 1.

Therefore, ζ2ξ= ζ1ξ= u.
Although, using weakly compatibility of maps ζ1 and ζ2, one can have

ζ1u = ζ1(ζ2ξ)= ζ2(ζ1ξ)= ζ2u.

Thus, from eq. (3.7),{
1

M(ζ1u,u,u, t)
−1

}
=

{
1

M(ζ1u,ζ1ξ,ζ1ξ, t)
−1

}
≤ k1

{
1

M(ζ2u,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2u,ζ1u,ζ1u, t)
−1

}
+k3

{
1

Ŝ(M(ζ2ξ,ζ1ξ,ζ1ξ, t),M(ζ2ξ,ζ1u,ζ1u, t))
−1

}
= (k1 +k3)

{
1

M(ζ1u,u,u, t)
−1

}
.

Since k1 +k3 < 1, therefore M(ζ1u,u,u, t)= 1, for t ≫ θ implies that ζ2u = ζ1u = u.
Hence, u is the CFP of maps ζ1 and ζ2.

Uniqueness: To prove uniqueness of FP, let u0 be another FP of the self-maps ζ1 and ζ2, i.e.,
ζ1u0 = ζ2u0 = u0.
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Then from eq. (3.7), for t ≫ θ, we have{
1

M(u0,ξ,ξ, t)
−1

}
=

{
1

M(ζ1u0,ζ1ξ,ζ1ξ, t)
−1

}
≤ k1

{
1

M(ζ2u0,ζ2ξ,ζ2ξ, t)
−1

}
+k2

{
1

M(ζ2u0,ζ1u0,ζ1u0, t)
−1

}
+k3

{
1

Ŝ(M(ζ2ξ,ζ1ξ,ζ1ξ, t),M(ζ2ξ,ζ1u0,ζ1u0, t))
−1

}
= (k1 +k3)

{
1

M(u0,ξ,ξ, t)
−1

}
.

Since k1 +k3 < 1 as
3∑

i=1
ki < 1,

Thus, M(u0,ξ,ξ, t)= 1, i.e., u0 = ξ.
Hence, we established that CFP is unique.

Corollary 3.4. Consider that ζ1 and ζ2 are two self-maps on Ǎ. FCM M is triangular in a
complete M-FCM space (Ǎ,M,Ŝ) satisfies the following condition for any ϖ,w ∈ Ǎ, t ≫ θ and
t ∈ int(O):{

1
M(ζ1ϖ,ζ1w,ζ1w, t)

−1
}
≤ k1

{
1

M(ζ2ϖ,ζ2w,ζ2w, t)
−1

}
+k2

{
1

Ŝ(M(ζ2w,ζ1w,ζ1w, t),M(ζ2w,ζ1ϖ,ζ1ϖ, t))
−1

}
, (3.11)

where ki ∈ [0,∞), for all i = 1,2 with
2∑

i=1
ki < 1. If maps satisfy: ζ1(Ǎ)⊂ ζ2(Ǎ) and pairs {ζ1,ζ2}

are weakly compatible. Then, maps ζ1 and ζ2 have a unique CFP in Ǎ.

Proof. Proof of corollary can be illustrated by taking k2 = 0 in Theorem 3.3.

4. Discussion of Results
Some related outcomes to these CFP results were already existing for various mappings in
FCM spaces, we have extended the research work of Rehman et al. [12], in generalized FCM
spaces with some suitable examples. These results may be extended to intuitionistic fuzzy cone
metric (Intuitionistic FCM) spaces. The outcomes of maps can also be influenced or modified to
accommodate multivalued maps.

5. Conclusions
In the paper, we extended and generalized CFP theorems in generalized FCM spaces using
compatible and weakly compatible self-maps under continuity and without using continuity of
map. Also, show related examples to these results. Some FCC theorems are also established to
improve and extend existing results in the form of generalized setting.
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Nomenclature

FCM : Fuzzy Cone Metric FCC : Fuzzy Cone Contraction
FMS : Fuzzy Metric Space FP : Fixed Point
CFP : Common Fixed Point
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