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1. Introduction and Preliminaries

The theory of fuzzy sets was introduced by Zadeh [[18]. The Fuzzy Metric Space (FMS) was
defined by Kramosil and Michalek [6] and a new form of the FMS was given by George and
Veeramani [2]]. Jungck and Rhoads [4], introduced weakly compatible maps and proved some
results in the context of metric spaces, and Pant [[9] gave a short discussion of non-commuting
maps. Som [16] generalized some results in FMS and proved Common Fixed Point (CFP) results
for continuous self-maps. Pant and Chauhan [[10] gave CFP theorems for two pairs of weakly
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compatible maps in menger spaces and FMS. Kiany and Amini-Harandi [5] gave results for
set-valued fuzzy contraction maps in FMS and Sadeghi et al. [14] improvise the outcomes for
partially ordered FMS. Huang and Zhang [3]], introduced the Cone Metric Space (CMS), also
gave topology and related FP results. Oner et al. [8], illustrate a new concept of Fuzzy Cone
Metric (FCM) space, later Oner [7] establishing its topology and a Banach Contraction Principle
(BCP) with the use of Cauchy sequences. In the past few decades, many related results have
been studied in FP theory in metric space and FMS. The idea of contraction mapping was
already introduced in FCM space and established a related CFP theorem in such space. Some
more outcomes in the similar manner can be seen in [11,12]. Rehman et al. [13]], generalize
the result of CFP theorems in FCM spaces. Sunganthi et al. [17], generalized FCM space and
gave contraction theorems in FCM spaces.

In this paper, we obtain some CFP results in generalized FCM spaces for compatible and
weakly compatible self-maps. Some illustrative examples and new FCC theorem in generalized
FCM spaces are also being discussed, including generalized results for self-maps with using a
continuity and without continuity.

Definition 1.1 ([15]). A continuous ¢-norm (¢-conorm) is a binary operation S: [0,11%2 — [0, 1]
which satisfies the following conditions for all 01,09,03,04 €[0,1]:

(TYH Sis continuous, commutative and associative,

(T?) &(21,1) =0y,

(T3) @(01,02) < @(03,04) whenever 01 <09 and 03 < 04.

CMS was introduced when the real numbers (R) were replaced by ordering Banach’s space. In
this paper, B represents the real Banach space and N the set of natural numbers, and 0 is zero
of B.

Definition 1.2 ([3]). A subset O c B is defined as a cone if:

(C1) O is closed, nonempty and O # {6},

(Cg) 01,09€[0,00) and @, w € O, then d;@+ 0w e O,

(C3) both @,—@ € O then ® =6.

A partial ordering on a given cone O c B is defined by o X w iff w—® € O. ® < w stands for
® <w and @ # w, while @ < w stands for w — @ € int(O). In this paper, all cones have nonempty
interior.

Definition 1.3 ([2]). The 3-tuple (QV[,M,@) is known as FMS if 9 is an arbitrary set, Sisa
t-conorm, M is a fuzzy set in 2 x 2 x [0,00) satisfies the following axioms for every o,w,{ €2l
and s,¢>0:

(FM;) M(®,w,t)>0,

(FMg) M(®,w,t)=1 if and only if ® = w,
(FM3) M(o,w,t) =M(w,d,t),

(FMy) S(M(@,w,t),Mw,é,s)) <M(@,¢,¢ +5),
(FM5) M(®@,w,-):[0,00) — [0,1] is continuous.
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Definition 1.4 ([8]). A 3-tuple (QVI,M,@) is said to be an FCM-space if a cone O c B, 9 is an
arbitrary set, G is a t-conorm, and M is a fuzzy set on 2 x 2 x int(O) satisfying the following
properties for every @,w, €%, s,t >0 and s,t € int(0):

(FCym1) M(@,w,t)>0,

(FCym2) M(o,w,t)=1<—=0=w,

(FCyms) M(o,w,t) =M(w,o,t),

(FCya) SM(@,w,8),Mw,¢,5)) <M(@,&,t +5),
(FCyms) M(@,w,-):int(O) — [0,1] is continuous.

If we consider B a set of real numbers, O =[0,00) and é(d),w) = ow, then every FCM space
becomes FMS.

Definition 1.5 ([1]). A pair of self-maps (9,T) of an FCM space (Qvl,l\/ﬂ,@) is said to be
compatible if WILLm M@Tpm, TpPm,t) =1 for t > 6, whenever {p,,} be a sequence in 2l such

that lim Tp, = lim @p, =@, for some @ € 9.
m—00 m—oo

Definition 1.6 ([1]). Let $ and T be two self-maps on 9. If ® = wT = w, for some w € 9 then
w is called a coincidence point of  and T and @ is called a point of coincidence of  and T'.
The self-maps g and T are said to be weakly compatible, if they commute at their coincidence
point, i.e., wT = w@, for any w € 9 then Tow = Tpw.

Definition 1.7 ([1]). Let ¢ and T be weakly compatible self-maps of a set . If @ and T have a
unique point of coincidence @ = wT = w, then @ is the unique CFP of ¢ and T'.

Definition 1.8 ([17]). A 3-tuple (%, M, S) is said to be generalized-FCM space (M-FCM space)
ifa cone O cB, A #{¢}, G is a t-conorm, M is a fuzzy set on 23 x int(O) satisfying the following
axioms for every o,w,¢,u €%, s,t > 60 and s,t € int(0):

(FCm1) M(@,w,§,t) >0,

(FCy2) M(@,w,&,)=1iff @ =w=¢,

(FCum3) M(@,w,&,t) = M(plw,®,&},t) where p is a permutation,
(FCma) SOM(@,w,u,8), M1,&,&,5)) < M(@,w, ¢, +5),

(FCys) M(@,w,¢&,-) :int(0) — [0,1] is continuous.

The function M(@,w,¢,t), denotes the degree of nearness between @,w and ¢ with respect to .

Example 1.9 ([17]). Let B = R? and the cone O = {(s,#) € R? : s,¢ = 0}. Consider the -conorm
defined as &(01,09) = 01,09. Defined the function M : R? x int(O) — [0, 1] for every @,w,¢ € R and
t €int(0) as:

1
M(@’w,f’th{w}-

e ]

Then, ([RZ,M,@) it is an M-FCM space.

Definition 1.10 ([17]). A symmetric M-FCM space is an M-FCM space (2, M, S) that satisfies:
M@, w,w,t) = Mw,d,d,t), for any ®,w el and teint(0).
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Definition 1.11 ([17]). Let (4,M,S) be an M-FCM space. A self-mapping @1 : U — 9 is said to
be M-fuzzy cone contractive (M-FCC) if there exists 0 < £ <1 such that

1 1
R S DY M S
M(p1(@), p1(w), 91(8),1) M@,w,é§,t)
for every @, w, € 9l and ¢ € int(0). Also, constant & excludes the value zero. If £ = 0 then it is
possible to have

1 1
— — — -1r>khq———-1%,
{M(KJl((D),@ﬂw),@l(f),t) } {M((D,U),f,t) }
for all distinct @, w,¢ € QVl, t €int(O) and %k can not have any FP.

Definition 1.12 ([17]). In (QVI,M, &) an M-FCM space. Then, FCM M is said to be triangular if
for each @,w,&,u €2 and ¢ € int(0),

1 1 1
{M((D,w,é,t) _1} < {M«a,w,u,t) _1}+{M(u,6,6,t) _1}'

Definition 1.13 ([17]]). Let (ﬁl,M, &) be an M-FCM space, for some @ € 9l and {pm} be a sequence
in 2. Then

(i) A sequence {p,,} is said to converge to @ if for every ¢ € int(O),
1
li ——— —1,=0 ie,
mE%O{M(pMa@7@7t) } e

lim p,, - @ or p,, — @ as m — oo.
m—00

(i) A sequence {p,,} is said to be a Cauchy if for all ¢ € int(O) and n € N, we have

lim { 1 1} 0
i -1:=0.
m—ao M(pm+n7pm,pm7t)

(iii) M-FCM space (4, M,S) in which every Cauchy sequence is convergent is said to be
complete.

Definition 1.14 ([17]). Let (3,M,S) be an M-FCM space. A sequence {p,,} in 2 is M-fuzzy
cone contractive if there is 0 < 2 < 1 such that for any ¢ € int(O):

1 1
-1 <k —1}.
{M(pm,pm+1,pm+1,t) } {M(pm—l’pm’pm’t)

2. Compatibility and Weakly Compatible Maps Results in M-FCM
Spaces

In this section, we present CFP theorems for compatible and weakly compatible maps in M-FCM
spaces.

Theorem 2.1. Consider that {1,(2,{3 and {4 are self-maps on . FCM M is triangular in a
complete M-FCM space (2, M, S) satisfies the following conditions for every ®,w €%, t > 6 and
t €int(0):

1 1 1
-1 <k -1 k -1
{M(:lw,(2w,czw,t> } 1{M(:3a>,(4w,c4w,t> }+ ? { M30,{10,{1,t) }
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Tk { 1 —1}+k { 1 _1}
\MCqw, Low, {ow, t) A M3, {ow, (ow, )

1
k _1 2.1
4'4Mmmh&h&ﬂ } @D

5
where k; €[0,00), forall i =1,...,5 with Y k; <1 and ko = k3 or k4 = k5. If mappings are
=1
satisfying the conditions: {(1,(3} are compatible, {{2,({4} are weakly compatible, { 1(§[) c( 4(§l),
(2(R) < (3(R) and map (3 is continuous. Then, maps (1,(2,{3 and {4 have a unique CFP in 2.

Proof. In complete M-FCM space (2, M, &), suppose po € 2 any arbitrary point. As from the
given hypothesis {1(21) c {4(R), {2(R) c {3(2), we generate a sequence {p,,} from 2l in such a way
that qom+1 = (ab2m+1 = C(1P2m and qom+2 = (3P2m+2 = {2P2m+1, for each non-negative integer m.

Step (1): Meanwhile, from eq. (2.1), we imply that

1
-1
{ M(Cap2m+1,C3P2m+2,(3P2m+2,1) }

1
= -1
{M(Clmm,fzpzmﬂ,(zmmﬂ,t) }

1 1
<k -1:+Fk -1
! { M({spam,aP2m+1,CaPam+1,1) } 2 { M(3p2m,C1P2m,C1P2m, 1) }

1 1
+k -1:+Fk -1
3{M(C4P2m+1,(2P2m+1,(2132m+1,t) } 4{M(Cspzm,(zpzm+1,(2]32m+1,t) }

1
+k -1
5{M((4P2m+1,(1pzm,flpzm,t) }

1 1
<k -1:+k -1
l{M((3P2m,(4132m+1,(4132m+1,t) } 2{M((spzm,(4pzm+1,(4pzm+1,t) }

1 1
+k -1y +k -1
3{M((4P2m+1,53P2m+2,(3]32m+2,t) } 4{M((3P2m,(3P2m+2,(3P2m+2,t) }

1
+k —1}
> { M(Cap2m+1,CaP2m+1,CaP2m+1,1)

1 1
<k -1;+k { — 1}
1{M(53P2m,(4]32m+1,(4p2m+1,t) } ? M(C3p2m,lapam+1,{aP2m+1,t)

1
+k { —1}
° M(Cap2m+1,C3P2m+2,(3P2m+2,1)

1 1
+ky { -1+ - 1} .
MC3p2m,CaPp2m+1,aP2m+1,1) M 4p2m+1,¢3P2m+2,{3P2m+2,t)
After simplifying further, we observe that

1 1
“1b< 14, (2.2)
{M((4p2m+1,(3P2m+2,53132m+2,t) } {M(53P2m,f4pzm+1,(4pzm+1,t) }

_ k1+k2+k4
for 1 = T s tha)"

In the similar manner by using M-FCC, again preceding from eq. (2.1), one can have

1
-1
{M(53P2m+2,C4P2m+3,54pzm+3,t) }

1
= -1
{M((1P2m+2,52p2m+1,(2P2m+1,t) }

Commaunications in Mathematics and Applications, Vol. 16, No. 3, pp.[793 , 2025



798 Common Fixed Point Results for Self-Mappings in Generalized Fuzzy Cone...: Manjeet and R. Singh

1 1
<k -1:+Fk -1
! { M({3p2m+1,CaPam+2,{aP2m+2,1) } 2 { M({3pam+2,C1P2m+2,{1P2m+2,1) }

1 1
+k -1:+k -1
3{M((4P2m+1,52P2m+1,52]32m+1,t) } 4{M((3P2m+2,52P2m+1,(2]32m+1,t) }

1
+k -1
5{M((4P2m+1,51P2m+2,(1]32m+2,t) }

1 1
<k -1;+k { — 1}
1{M(Csp2m+1,(4pzm+2,C4P2m+2,t) } 2 M(C3p2m+2,CaP2m+3,(aP2m+3,t)

1 1
+k { —1}+k { —1}
° M(Cap2m+1,C3P2m+2,(3P2m+2,1) 4 M(C3p2m+2,C3P2m+2,(3P2m+2,1)

1
+k { —1}
b M(Cap2m+1,CaP2m+3,CaP2m+3,t)

1 1
<k -1;+k { — 1}
1{M(53P2m+1,(4]32m+2,C4P2m+2,t) } 2 M(C3p2m+2,CaP2m+3,0aP2m+3,t)

1
+k { —1}
’ M(Cap2m+1,C3P2m+2,(3P2m+2,1)

1 1
+k { -1+ — 1}.
b M(Cap2m+1,C3P2m+2,(3P2m+2,1) M(C3p2m+2,CaP2m+3,C4P2m+3,t)
On solving, we have

1 1
-1 < -1 5 (23)
{M((3P2m+2,C4P2m+3,(4pzm+3,t) } u{M((4sz+1,(3P2m+2,f3pzm+2,t) }
k1+k3+k5 }

where u = {1—(k2+k5)

Step (ii): By repeated application of M-FCC and using eqgs. (2.2) and (2.3), we obtain

1 1
-1 <A -1
{M((4P2m+1,C3p2m+2,(3pzm+2, t) } {M(C3P2m,C4P2m+1,(4pzm+1, t) }

1
<A -1
u{M((4p2m—1,(3p2m,(3p2m,t) }

1
< Aul -1
H {M((3P2m—2,C4P2m—1,(4p2m—1,t) }

1
< A(uA)™ -1 2.4
= AMpd) {M(C3P0,(4P1,C4P1,t) } 24

and

1 1
-1 < -1
{M((3p2m+2,C4P2m+3,(4132m+3,t) } 'u{M((4p2m+l,(3p2m+2,(3p2m+2,t) }

1
<ul -1
K {M((3P2m,(4132m+1,(4p2m+1,t) }

1
< A"”l{ —1}. 2.5
(uA) M(¢3po,lap1,{ab1,2) (25)

Commaunications in Mathematics and Applications, Vol. 16, No. 3, pp.[793 , 2025



Common Fixed Point Results for Self-Mappings in Generalized Fuzzy Cone...: Manjeet and R. Singh

799

Now, two cases arise:
Case (i): If k9 = k3 then

N :{k1+k2+k4}.{k1+k3+k5}:{k1+k3+k5}.{k1+k2+k4}<1.1:1_

1-(kg+ky)

Case (ii): If k4 = k5 then

A‘UZ{kl+k2+k4}-{kl+k3+k5}<1-1:1.
1-(k3+ks)) |1-(k2+Eks5)

Since FCM M is triangular, for n > m = m, one can get

1-(ka+ks5) 1-(ka+ks5) 1-(kg+Ekyg)

{ : 1= : -1+
M(q2m+1,92n+1,92n+1,1) M(q2m+1,92m+2,92m+2,t)

1 }
+ -1
{M(Clzm,CI2m+1,CI2m+1,t)

n-1 ) n ) 1
< {/1 Y A+ ) (Au)z}{——l}

M(q0,91,91,%)

i=m i=m+1
/1 m m+1
- { (Ap) N (Ap) } { 1 B 1}
1-Ap  1-2Ap |} [ M(q0,91,91,8)

=1 -1;.
( +u){ 1_/1u M(qo,qlaq:l;t)

In the similar way, one can deduce that

o Stamaras Y
<1 A){ -1,
{M(qzm,cmnﬂ CI2n+1,t) } (1+ 1-Ap) (M(q0,91,91,%)

(Au)m}{ 1 }
=(1+A -1;,
M(Cl2m,CI2n,Cl2n,t) } I+ ){1—Mt M(q0,91,91,%)

{ —1}<(1+/J){A(/Lu)m}{ 1 _1}
M(q2m+1,CI2n,CI2n,t) B 1-2Au J (M(q0,91,91,1) '

Then, for some m <n,

1
-1
{M(q2m+1,q2n+1,q2n+1,t) }

1+A 1 -1
1+ ){1—/1;1 (1+4) 1-Au M(q0,91,91,2) ’

which tends to 0 as m — oco.

< max

Therefore, it shows that {¢,,};>0 is a Cauchy sequence.

(2.6)

(2.7)

Step (iii): Since by the completeness of Qvl, there exists ¢ € 9l such that qm — ¢ as m — oo and for

its subsequences, we imply that

CaPom+1— €, (3Ppams2 — ¢, (1Pp2m — ¢ and (opom-1—¢.

Since, (3 is a continuous self-map on 2, therefore we get

(3({apom+1) — (3¢,03((3Ppam+2) — (3¢, (3({1Pp2m) — (3¢ and (3({2p2m-1) — {3¢.

As, {3({1pam) — (3(&) and ({1,(3) are compatible.
Therefore, one can have

Jim M{C1(C3pam),C3(1pam),¢3(C1pam), 1} = lim M{C1(Cap2nm), (3¢, (a¢, 1} =1,
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r}i_{goj\/[{(l((?,lﬂzm),%f,(ﬁ,t} =1, fort>0. (2.9)
Now, we claim that (3¢ =¢, for t >0,
M((3E,&,&,28) = BIMICE, (1(L3P2m), (1(L3P2m), 8, M1 3P2m), &, &, 2. (2.10)

Since maps ({1,(3) are compatible, using S operator and egs. to (2.10), we imply that
M((3¢,¢,¢,2t) = r}i_{gloé[M{(3§,(1((3p2m),(1((3p2m), t}, MiC1(l3pam), ¢, ¢, 1]
= @(1, =1, fort>0.
Hence, M({3¢,¢,¢,2t) =1 and (3¢ =¢.
In this way again, we claim that {;¢ =¢, for ¢ >0,
M(C1€,¢,€,28) = BIMIL1E,{3C 1P2m), (3L 1Pam), 8, M3 1p2m), €, 1. (2.11)
Again, as maps ({1,(3) are compatible, by S operator and egs. to (2.11), we get
M(¢1¢,¢,¢,2t) = ,}LIglO@[M{le,(3((1P2m),53((1132m), t}, Mils(l1p2m), ¢, ¢, 1]
=6(1,1)=1, fort>6.
Hence, M({1¢,¢,¢,2¢) =1 and (¢ =¢.
Thus, (1§ =3¢ =¢.

Step (iv): Now, we claim that (o = (4¢.
Since maps satisfy {1(21) c {4(2), therefore, there exists u € 2 such that {1{ =¢ ={4u. Again,
from eq. (2.1), we have

1 1
{M(czu,c4u,c4u,t> - 1} - {Mmf,czu,czu,t) - 1}

1 1
<k -1+ +k -1
1{M<53€,c4u,c4u,t> }+ ? { M 3,01E,01E,1) }

Tk { 1 —1}+k { 1 _1}
A\MCau, ou,ou,t) AMCsE, 02w, ou,t)

+k { ! —1}
PAMCau, (1E,01E,0)

1 1
=h{{—m8——1 k -1
1{M((3€,6,6,t) }+ 2{M(€,Css‘,(3€,t) }

1 1
k -1 k -1
" 3{M<c4u,czu,czu,t> }+ 4{3\/[((41&,(2%(2%75) }

1
k -1
" 5{M((4u,(4u,(4u,t) }

1
=(k k 1.
(ks + 4){M<c4u,czu,czu,t> }

5
Since (k3 +k4) <1, as from the given hypothesis Y. k; <1. Therefore, M({4u,{ou,{2u,t) =1, i.e.,

=1
(2¢ = {4¢ = ¢ and by using weakly compatibility (L)f maps (2 and {4, we get
(48 =C4(lou) = (a(l4u) = ¢.
Now, we claim that {o¢ = ¢, by eq. (2.1), we deduce that

1 1
— _1}= -1
{M((2€,€,€,t) } {M((zf,flf,ﬁf,t) }
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<k { 1 —1}+k { 1 —1}
=" M(cgf,m C4E.0) 21 M(3¢, (16 (18,0

k -1
¥ 3{M(C4€ Gl Gt D } {M(Csf (28,028, 0) }

k
’ 5{3\/[((45 0EGED }

1 1
=k -1 k -1
! { ME, (58,036, 0) } e { M58, 036,058, 0) }

1 1
k ey 1
T { M8, Laé, (a8, 0) }+ 4{M<£,czé,czf,t> }

k {;_1}
PIM28,8,¢,0)

1
=(k1+ks+k —13.
(ky+het 5){M(€,sz,(2€,t) }

5
As (k1+kgs+Eks)<1, from given ) k; <1.
i=1
Then, M(E,2¢,02¢,8) = 1, i.e., {2 = ¢, which implies { = {4¢.
Thus, (1§ = {28 =3 = {4¢ =¢.
Hence, ¢ is the CFP of {1,{9,{3 and {4 self-maps in 9.

Step (v) Uniqueness: To prove uniqueness of FP, let ug be another FP of the self-maps (1,{2,(3
and {4, i.e., {1ug = {aug = {3ug = {419 = Ug. Then from eq. (2.1), for ¢ > 0, we have

1 1
- 1'% = -1
{M(uo,f,5,t) } {M((1UO,(2€,{2§J) }

<k { 1 _1}+k { ! _1}
= I Mo, 048, 0aé o) 21 M50, 1110, {1110, )

1 1
k -1 k -1
" 3{M((46,Cz€,62€,t) }+ 4{3%((3110,(25,(26,75) }

1
k -1
" 5{M((46,(1u0,(1u0,t) }

1
=(k1+ks+k ){——1}.
FEEATE Mo, &,¢,0)
5
Since (k1+kyg+Eks)<1las Y k; <1, then M(ug,é,¢,8) =1, 1.e., ug=¢.
i=1
Thus, we established that CFP is unique. O

Example 2.2. Let A = [-1,1] and ¢-conorm S be defined by @(01,02) =01, 09. Define the function
M : A2 x [0,00) — [0, 1] for every @,w € 2 and ¢ > 0 as:
t

(t+|o-wl))’
then (QVI,M,@) is an M-FCM space with FCM M is triangular.
The self-maps (1,{2,{3 and {4 on 9l defined as

L2 +1) ifor0
0 ifo=0

Mo,w,w,t)=

CltD=(2tD={

20 , 1)
} and 53@:(4@:{(34_4) 1f(D7éO}

0 ifo=0["
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Since {1(2) = (o), {3(A) = {4(A), we have {1(2A) < (), {2(A) = {5().
Then from eq. (2.1), for every @,w € 9l and ¢ > 0, we have
{ 1 _1}:{(t+|(1@_‘:2w|)_1}:|(1(D—(2w|:|(D—w|
M 10,2w,ow,t) t t 3t

skl{ 1 —1}+k2{ 1 _1}
M((30,{ 4w, 4w, t) M(30,(10,{10,t)

Tk { ! _1}+k { ! _1}
S\ Maw, (ow, {ow, t) A M3, {ow,{aw, t)

1
+k -1.
5{M(c4w,clw,clw,t) }
Thus, from Theorem using k1 = %, ko=Fk3= % and k4 = k5 =0 we can imply that 0 is the
unique CFP of maps.

Corollary 2.3. Consider that (1,{2,{3 and (4 are self-maps on 2. FCM M is triangular in a
complete M-FCM space (21, M, S) satisfies following condition for every @,w €2, t > 6 and
t €int(0):

1 1 1
-1 <k -1 k -1
{M«lw,czw,zzw,t) }< 1{M<c3w,c4w,c4w,t> }+ 2{M(43w,41w,41m,t> }

1
k -1 2.12
i S{M(C4w,C2W,(2W,t) } (2.12)

3
where k; €[0,00), for all i =1,2,3 with Y k; <1. If maps are satisfying the conditions: {{1,(3} are
=1
compatible, {{2,(4} are weakly compatible, (1(QV() c (4@[), (2(QVI) c (3(91) and map (3 is continuous.
Then, maps (1,{2,{3 and {4 have a unique CFP in 2.

Proof. One can prove the result using Theorem [2.1|by considering kg = k3 and kg =k5=0. [

Corollary 2.4. Consider that (1,{2,{3 and (4 are self-maps on 9. FCM M is triangular in a
complete M-FCM space (21, M,S) satisfies following condition for every @,w €2, t > 6 and
t €int(0):

1 1 1
-1; <k —-1r+k -1
{M(clw,czw,zzw,w } ' { M3@,{at0,Law, 1) } ? { M30,{10,(10,1) }
1
+k —-1;, (2.13)
S{M(C4w,C2W,(2W,t) }

where k; €[0,00), for all i =1,2,3 with k1 +2(ke + k3) < 1. If maps are satisfying the conditions:
{C1,(3} are compatible, {{9,{4} are weakly compatible, Cl(‘jl) c C4(QV(), CQ(QVI) c (3(91) and map (3 is
continuous. Then, maps (1,{2,(3 and {4 have a unique CFP in 2.

Proof. Proof of corollary can be deduced by considering conditions ko = k3 and k4 = k5 =0 in
Theorem O

Corollary 2.5. Consider that (1,{2,(3 and {4 are self-maps on 2. FCM M is triangular in a
complete M-FCM space (A, M, S) satisfies following condition for every @,w €2, t > 0 and
t €int(0):

1 1
-1+ <k -1;, 2.14
{M((1(D,(2W,(2wat) } = 1{M((3@,(4w,(4w,t) } ( )
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where k1 €[0,1). If maps are satisfying the conditions: {{1,({3} are compatible, {{2,({4} are weakly
compatible, {1(2) < {4(), (o) < (3(2) and map (3 is continuous. Then, maps (1,{2,{3 and {4
have a unique CFP in 9.

Proof. One can prove the result by Theorem as considering ko =kg=k4=k5=0. O

Example 2.6. Let 2 = [0,1] and the t-conorm S is defined by @(01,02) = 01,09. Define the
function M : 23 x [0,00) — [0,1] for every @,w € 2 and ¢ > 0 as: M(®,w,w,t) = then
(4, M, S) is an M-FCM space with FCM M is triangular.
The self-maps (1,{2,{3 and {4 on 9l are defined by
(0]
, Cow = , (3@ =— and (4wzﬂ.

@ w
“0=1576 (w + 10) 3 5

Since {1(2) = (o), {3() = {4(N), we have {1 () < (4(A), {2(2A) = {3(A).

Then from eq. (2.14), for every @,w € 2 and ¢ > 0, we get

{ 1 _1}:{(t+|(1@—(2w|)_1}
M 10, 2w, {ow,t) t

:|(1(D—(2w|:1‘ @ w ’

t t|(@+6) (w+10)

_1‘ 100 — 6w <1‘10a)—6w‘_1a) w
Ct[(@+6)w+10)| " ¢| 60

_t
(t+|lo-wl)’

“¢l3 5

< 1 { ! - 1} .
2 (M30,(4w,(4w,t)
Thus, from Corollary with k1 = % we can imply that 0 is the unique CFP of maps.

Corollary 2.7. Consider that {1 and (2 are two self-maps on 2. FCM M is triangular in a
complete M-FCM space (A, M,S) satisfies following condition for every @,w €2, t > 0 and
t €int(0):

1 1 1
-1 <k -1 k -1
{M(clm,clw,zlw,ﬂ } =r { M 20, (2w, {210, 2) }+ 2 { M 20,10,{10,2) }

1 1
k -1 k -1
i S{M@zw,clw,clw,t) }+ 4{M(czw,clw,clw,t) }

+k { 1 —1} (2.15)
P\ Mow, (10,(10,0) ’ '

5
where k; €[0,00), forall i =1,...,5 with Y k; <1 and ke =k3 or k4 = k5. If maps are satisfying
i=1
the conditions: {{1,({9} are weakly compatible, { 1(Qvl) c( Z(QV[) and map {9 is continuous. Then,
maps (1 and {2 have a unique CFP in .

Proof. One can easily prove the result by considering {3 =1, {4 = {2 and compatible condition
for two (1, {2 maps in Theorem O

3. Generalized Contraction and Fixed Point Results In M-FCM Spaces

In this section, we establish some CFP theorems for weakly compatible maps in M-FCM
spaces. Here, we demonstrate CFP results without using map continuity, in addition some more
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conditions on hypothesis are also inserted. Furthermore, we prove a new-type of FCC theorem
in M-FCM spaces.

Theorem 3.1. Consider that {1 and (s are two self-mappings on . FCM M is triangular in a
complete M-FCM space (A, M,S) satisfies the following condition for every ®,w €%, t > 0 and
t €int(0):

1 1 1
-1 <k -1 k -1
{M(clw,clw,clw,w } 1{M(cza>,czw,czw,t> }+ 2 { M22,(10,{1,t) }

Tk { ! —1}+k { 1 _1}
A\ M, (1w, (1w, b) M2, (1w, (1w, )

1
k 1 3.1
" 5{M((zw,hw,élw,t) } 3.D

5
where k; €[0,00), forall i=1,...,5 with Y k; <1 and kg =ks3 or ks = k5. If mappings satisfy the
i=1
conditions: {1(3) < (o), {1(2) or (o) is complete and {{1,(2} are weakly compatible. Then,
maps {1 and {2 have a unique CFP in 9.

Proof. In complete M-FCM space A,M,S), suppose po € 2l any arbitrary point. As from the
given hypothesis {1(2) c {2(2(), we construct a sequence {q,,} from {2(2() in such a way that

d2m+1 = C2P2m+1 = (1P2m and qom+2 = {2P2m+2 = (1P2m+1, for each non-negative integer m.
Since (2(2l) is complete, therefore there exists &, u € 2 such that qg,+1 — u ={2é as m — oo,

lgn M(qom+1,u,u,t) = IEII Ml 2pom+1,u,u,t)=1, fort>0. (3.2)

Since FCM M is triangular, for ¢ > 6, we have

1 1 1
-1 -1+ -1:. (3.3)
{M(m,m,clé,t) }< {M((zf,CI2m+2,CI2m+2,t) } {M(CIZmﬂ,(l'f,(lf,t) }
From eqgs. (3.1) and (3.2), we have

1 1
~1b= -1
{M(q2m+2,515,51f,t) } {M(Clpzmu,flf,flf,t) }

<k { 1 —1}
=M I MWapzme1, (26, (28,0

1
+k -1
2{M((zpzmﬂ,flpzmﬂ,(1P2m+1,t) }

h { ! _1}+k { 1 _1}
SAMW2E,018,01E, D) A\MUapame1,(16,ED

1
k -1
" 5{M(525,51132m+1,(1132m+1,t) }

-k { 1 —l}
-l M((2p2m+1,(26,(25,t)

1
+k -1
? { MC2p2m+1,C2P2m+2,(2P2m+2,1) }

‘h { ! _1}+k { 1 _1}
P AIMWE, 016,018, D) A\MUapams1,(16,0E D

1
k -1
s { M({2¢,{2p2m+2,C2P2m+2,1) }
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1
—(ka+Fk -1 — 00.
(ks + 4){M<czé,clé,clé,t> }asm *
Therefore,
lim su { 1 1} (ks +k ){ 1 1} as m
-1t < — — 00.
mmoo" P\ M(qamaa, (1,016, 0) 3TN MG2E, 016,818, 0)

From eqs. (3.2) and (3.3), one can have

1 1
-1 <(k k -1 3.4
{M«zf,clf,cle,t) } (ks + 4){M<c2f,cle,cle,t> } (34

as, (ks +k4) <1, implies M({2¢,(1¢,{16,8) = 1.

Therefore, {9¢ =(1{=u.

By weakly compatibility of maps {1 and {2, we get
C1u ={1(028) = (2({18) = (au.

Thus, from eq. (3.1),

1 1
. S— -1
{M((lu,U,U,t) } {M((lu,flf,(lf,t) }

Skl{ ! —1}+k2{ ! —1}
M2u,(2¢,2¢,1) MCou,l1u,l1u,t)

1 1
k -1 k -1
" S{M«zf,clé,m,t) }+ 4{M(czu,clf,cuf,t) }

1
k -1
" 5{M<czf,clu,clu,t> }

1 1
= kl{M(:lu,u,u,w B 1} the { Mo, {1u 1, f) 1}

h { 1 _1}+k {;_1}
PAM28,028,(2E, 1) AMC1u,u,u,)

+k { ! —1}
P\ M, Gu, G, )

1
Gk | s -1

Since k1 + kg4 +ks5<1, M((1u,u,u,t)=1, for t > 6.
Thus, (ou={1u=u.
Hence, u is the CFP of maps {7 and (5.

Uniqueness: To prove uniqueness of FP, let 1y be another FP of the self-maps {; and (9, i.e.,
(1ug = (a1 = ug. Then from eq. (3.1), for ¢ > 6, we have

1 1
— 1= -1
{M(uo,ﬁ,s‘,t) } {M(ﬁuo,ilf,ﬁf,t) }

1 1
<k -1 +k -1
! { Matt0,C2¢, 28, 1) } e { M(C2ti0,¢ 1110, 110, ) }

Tk { 1 _1}+k { 1 _1}
PAIMW2E,018,01E,0) I M(Cqu0,01¢,418,0)

+k { 1 —1}
I M 2¢, {10, 10, )
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1
=(k1+ks+k ){——1}.
PRI Muo,£,,)
5
Since (k1 +ks+ks)<1las Y k; <1, then M(ug,é,¢E,8)=1,1.e., up=¢.
i=1
Thus, we established the uniqueness of CFP. O

Corollary 3.2. Consider that {1 and {2 are two self-maps on 2 such that 4 1(Qvl) c( 2(Qvl). FCM
M is triangular in a complete M-FCM space (2, M,S) satisfies following condition for every
®,w €N, t> 6 and t € int(0):

1 1 1
-1 <k -1 k -1
{M<c?w,cTw,cTw,t> }< I{M(Q@,Qw,(zwi) }+ 2{M<czw,cTw,cTw,t> }

1 1
k -1 k -1
i 3{M<czw,c;"w,c’fw,t> }+ 4{3\/{((2@,('1”%('1”%15) }

1
+k5{M(czw,z;"@,qnm,t> - 1}’ (3.5)

5
where k; €[0,00), forall i =1,...,5 with Y k;<1and ko =Fks or ky =Fks.
i=1

If mappings satisfy the conditions with {1({2)={2({1):

(A321y 9 s complete and (9 is continuous,
(A322) ¢ 1(Qvl) and ( 2(§l) are complete.

Then, maps {1 and {9 have a unique CFP in 2.

Proof. By Theorem 3.1{and Corollary we get a point u € 2 such that
(iu=CT'u=u. (3.6)
Therefore, from eq. (3.5), we have

1 1
— 1= -1
{M((lu,u,u,t) } {M((l((Tu),CTu,(Tu,t) }

1
= -1
{M(c?(clu),c?u,c?u,w }

1 1
<k -1 k -1
=r { M2((1u), L ou,ou,t) }+ 2{M«z(clu),c'lﬂmu),z;"(zlu),t) }

1 1
k -1 k -1
" 3{M<c2<clu>,cTu,z?u,t> }+ 4{M<c2<clu>,c;nu,z'fu,t> }

1
k -1
’ 5{M(czu,c'f<clu),cT<clu>,t> }

1 1
=k -1;+k -1
' { M((1Gow),Cou,{au, t) }+ 2{M(ﬁ(zzu),ﬁ(:’lnu),cl(c'fu),t) }

otz o
I\ Mo, w,u, 1) M@ Cau), u,u, )

1
k -1
’ 5{M<czu,cl<cTu),cl(cTu>,t> }
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=k {;_1}4.]3 { 1 —1}
-l M{1u,u,u,t) 2 MC1u,l1u,l1u,t)

1 1
+k3{M((zu,u,u,t) - 1}+k4{M((1u,u,u,t) - 1}

+k { 1 —1}
P\ Mw, (1w, 1w, )

1
Gk s -1

Since k1 + k4 + k5 <1, therefore M((1u,u,u,t)=1, for t > 0.
Thus, (ou={1u=u.
Hence, u is the CFP of maps {7 and (5.

Uniqueness: To prove uniqueness of FP, let uy be another FP such that {1uy = {21 =1y and
{T'ug = {2ug = up as in eq. (3.6). Then from eq. (3.5), for ¢ > 0, we have

1 1
— 1= -1
{M(uo,f,f,t) } {M(CTuo,CTf,(’{Lf,t) }

1 1
<k —-1:+k -1
! { Matt0,C2¢, 28, 1) } e { Moo, {110, 10, 1) }

| YO S E—"
SAMQaE, (e, 07,0 I MQau0, (78 TTE, )

1
k -1
i 5{M<czf,c;”uo,c;”uo,t> }

1
=(k1+ks+k ){——1}.
PRI Mo, £,,)
5
Since (k1 +ks+ks)<1las Y k; <1, then M(ug,é,¢E,8)=1,1.e., uyg=¢.
i=1
Thus, we proved that CFP is unique for both maps. O

Theorem 3.3. Consider that {1 and (s are two self-mappings on A. FCM M is triangular in
a complete M-FCM space (U, M, S) satisfies following condition for every ®,w €%, t > 60 and
t €int(0):

1 1 1
-1 <k -1 k -1
{M(clw,clw,clw,w } ! { M2, (2w, {ow, t) }+ 2 { M20,(10,{1,t) }

+k3{A 1 —1}, 3.7)
SM(ew, (1w, l 1w, ), M({(20,(10,{1®,t))

3 . .

where k; €[0,00), for all i =1,2,3 with Y. k; <1. If maps satisfy: {1(2) < {2() and pairs {{1,{2}
i=1

are weakly compatible. Then, maps (1 and (2 have a unique CFP in 9.

Proof. In complete M-FCM space A,M,S), suppose g € 2l any arbitrary point. As from

the given hypothesis ( 1(2Vl) c/( g(ﬁl), we construct a sequence {p,,} from ( Z(Qvl) such that
Om+1 = (2Pm+1 = (1Pm, for each non-negative integer m. Now, from eq. (3.7),

1
-1
{M(me,(zpmﬂ,(zpmﬂ,ﬂ }
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1
- -1
{M(Clpm—l,flpm,flpm,t) }

1 1

<k -1:+k -1

I{M(fzpm—l,f2pm,fzpm,t) } 2{M((zpm—l,flpm—l,flpm—l,t) }
+k3{ 1

_ _ 1}
SM20m,C10m,C1Pm, 8), M 2Pm, {10 m-1,1Pm-1,1))

1 1
<k -1:+k -1
I{M(Czpm—bfzpm,(zpm,t) }+ Z{M(fzpm—l,fzpm,(2pm,t) }

1
+ k3 { — — 1} .
SMC2pm,C2Pm+1,{2Pm+1,1),1)
On solving, we imply that

e Y —"
M2pm,{2Pm+1,{2Pm+1,1) M 2pm-1,C2Pm,{2Pm,t)
Whereu:{%}.

By continues process, for ¢ > 0, we deduce that

i o B S
Ml 2pm,C2Pm+1,{2Pm+1,1)

M 2Pm—1,{2Pm,oPm,t)

" }
=7} -1;,
M(2po,¢2p1,{2p1,1)
which shows that sequence {{2p;,,} is an M-FCC condition.

Hence, for ¢ >0,

Jim M(C2pm,CaPm+1,C2Pm+1,8) = 1.

(3.8)
Since FCM M is triangular, for n > m = m, we can bring that
e Rl A : 1je
M(C2bm,C2Pn,C2bn,t) M(2pm,C2Pm-1,C2Pm-1,1)
1
+ -1
{M(Czpn—l,fzpn,fzpn,ﬂ }
1
S( m o, m+1+_._+ n—l){ _1}
oo K M({2po,{2p1,{2p1,1)
Eb e }
< -1y —0, asm —oo.
1—p I M(C2po,C2p1,{2p1,1)
Thus, {{2p} it is a Cauchy sequence.
By using completeness of Qvl, there exists &,u € 9l such that as m — 00, we can get
dm = Copm — u = (¢,
lim M({opm,u,u,t)=1, forit>0. (3.9)
m—o00
Since FCM M is triangular, we have
1 1 } { 1 }
-1;< —1;+ —-1¢. (3.10)
{M({Z&(lf,(lf,t) } {M((25562pm+17(2pm+17t) M((me+1,(16761£, t)
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From eqs. (3.7) to (3.9), we can deduce that

1 1
-1 = -1
{M(Czpmﬂ,(ﬁ,ﬁf,t) } {M(Clpm,ﬁf,flf,t) }

1
<k -1
1{M(czpm,czé,cgf,t> }

1
+k -1
2{M<czpm,clpm,clpm,t> }

+ k3 { = 1 - 1}
G(M({2€7CZPM7(ZPM7 t), M(62£7{1€’(1€) t))

1
<k -1
1{M(czpm,czé,czé,t> }

1
+k -1
2{M((zpm,izpmﬂ,(zpmﬂ,t) }

+ k3 { = 1 - 1}
G(M({2€7CZPM7(ZPM7 t); M(6267{1€’(1€) t))

1
—k -1 —
3{M(c2f,clf,clé,t) } asm oo

this implies that
lim su { 1 —1}<k { 1 —1} as m — oo
moo” P\ MUapmet, (160160 ) P AMC2E,(18, 018, ) '

From egs. (3.9) and (3.10), we imply that

1 1
-1; <k —-1;.
{M((2€,(1£,61§,t) } 3{3\4((25,(15,515,15) }

3
As, k3 <1 with Y} k; <1, implies M({2&,(1¢,01&,8) = 1.
i=1
Therefore, {o¢ =(1&=u.
Although, using weakly compatibility of maps {1 and {9, one can have

C1u = (1(028) = 2((18) = (au.
Thus, from eq. (3.7),

1 1
{M(clu,u,u,w - 1} - {M(clu,clf,clé,t) - 1}

<k { 1 —1}+k { 1 —1}
=N\ MCqu, (28,0580 2\ M ou, (1w, u,t)

1
+k3{ — —1}
6(M({2¢,01€,¢1&,8), M((2¢, 1w, 1u,t))
1
=(k1+k3) ———1;.

t 3){M(clu,u,u,t) }
Since k1 + k3 < 1, therefore M({1u,u,u,t) =1, for ¢t > 0 implies that {ou ={1u = u.
Hence, u is the CFP of maps {1 and {s.
Uniqueness: To prove uniqueness of FP, let ug be another FP of the self-maps {1 and {9, i.e.,
C1ug = {aug = ug.
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Then from eq. (3.7), for ¢ > 0, we have

1 1
- 1t = -1
{M(uo,f,f,t) } {M((luo,flf,flf,t) }

skl{ ! _1}+k2{ 1 _1}
M(C2u0,02¢,02¢,1) M(Z2u0,l 110, 1U0,1)

+k3{A ! —1}
S(M(2¢,{1¢,¢16, 1), M2, {110, 1U0, £))

1
=(k1+k 1.
(ks + 3){M(uo,5,€,t) }

3
Since k1 +kg<las ) k; <1,
i=1
Thus, M(ug,¢,¢,t) =1, 1.e., ug =¢.
Hence, we established that CFP is unique. O

Corollary 3.4. Consider that {1 and (9 are two self-maps on 2. FCM M is triangular in a
complete M-FCM space (2, M,S) satisfies the following condition for any ®,w €2, t >0 and
t €int(0):

1 1
—-1; <k -1
{M(m,clw,zlw,w }< I{M@zw,czw,czw,t) }

+k2{ _ 1 —1}, (3.11)
SM(ew, (1w, l1w, 1), M({ow,{1@,{10,1))

2 v v
where k; €[0,00), for all i = 1,2 with ¥ k; < 1. If maps satisfy: {1(2) < {2(A) and pairs {{1,{2}
i=1
are weakly compatible. Then, maps (1 and {2 have a unique CFP in 9.

Proof. Proof of corollary can be illustrated by taking k9 = 0 in Theorem O

4. Discussion of Results

Some related outcomes to these CFP results were already existing for various mappings in
FCM spaces, we have extended the research work of Rehman et al. [12], in generalized FCM
spaces with some suitable examples. These results may be extended to intuitionistic fuzzy cone
metric (Intuitionistic FCM) spaces. The outcomes of maps can also be influenced or modified to
accommodate multivalued maps.

5. Conclusions

In the paper, we extended and generalized CFP theorems in generalized FCM spaces using
compatible and weakly compatible self-maps under continuity and without using continuity of
map. Also, show related examples to these results. Some FCC theorems are also established to
improve and extend existing results in the form of generalized setting.
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Nomenclature
FCM : Fuzzy Cone Metric FCC : Fuzzy Cone Contraction
FMS : Fuzzy Metric Space FP : Fixed Point

CFP : Common Fixed Point
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