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Abstract. This study presents the creation and analysis of a deterministic SIQR epidemic model that
depicts how susceptible and infectious individuals interact with others who have been quarantined.
The model demonstrates the key structure of disease transmission during quarantine processing.
The stability properties of both the disease-free equilibrium (DFE) and endemic equilibrium (EE) were
investigated using linearization via the Jacobian matrix and nonlinear analysis through Lyapunov’s
method. A sensitivity study of the reproductive number (R() was performed to determine the most
influential parameters affecting disease dynamics and control. We additionally provide a guaranteed
estimate of the basin of attraction for the EE, which characterizes the initial conditions that result in
the persistence of the disease. Numerical simulations are used to validate theoretical conclusions and
explain how critical parameters affect disease progression. This study provides valuable insights that
can support the enhancement of public health strategies and refinement of quarantine protocols.
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1. Introduction

Infectious diseases have long threatened human health and social stability. From the Spanish
flu in 1918 to the more recent COVID-19 pandemic, infectious disease outbreaks have illustrated
how quickly a pathogen can spread and overwhelm global healthcare systems. The complexities
of modern disease transmission, via air travel, urbanization, and social behavior, require more
precise techniques for understanding and predicting disease dynamics. Multiple compartmental
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models have been created to explain the behavior of endemics. Some popular models are SIS,
SIR, SIRS, SEI, SEIR, and SIQR (see, Busenberg and van den Driessche [4]], Butler et al. [5],
Fenner et al. [9]], Hethcote [[11], Li and Wang [13], Li et al. [14]]).

This SIQR-QS-QI model is a development of the original SIR model designed by Kermack
and McKendrick [12] in 1927, incorporating quarantine as a key control mechanism. During
the past two decades, numerous researchers have adapted and refined the SIQR model to
study the effect of isolation and quarantine. Hethcote [11] presented a fundamental overview
of mathematical models for infectious diseases, highlighting the significance of quarantine
extensions. Gumel et al. [10]] suggested an SIQR model that integrates isolation and quarantine
into the SEIR framework in order to investigate the SARS outbreak in Toronto. During the H1N;
pandemic, Arino et al. [2] worked on SIQR and SEIQR models and studied vaccination and
quarantine strategies. Yan and Zou [20]] analyzed optimal quarantine and isolation strategies
in disease control. Feng [|8] introduced a time-dependent quarantine rate in a modified SEIR
model for better control of infectious diseases. During the COVID-19 pandemic, Zhao and Chen
[22] investigated the early dynamics of the COVID-19 epidemic using an SEIQR model. Léopez
and Rodoé [[15] introduced a time-dependent SIQR model for COVID-19 in Spain, incorporating
additional compartments such as asymptomatic, hospitalized, and undetected individuals.
Several studies have further explored the dynamics of COVID-19 and related infectious diseases
through mathematical modelling approaches (see, Batistela et al. [3], and Wang et al. [18]])

While previous models capture many aspects of disease control, most of them assume perfect
quarantine, where quarantined individuals do not interact with the rest of the population. In a
real-world scenario, such isolation is not possible. Quarantined individuals can come into contact
with susceptible or infectious individuals through various means, such as family interactions,
healthcare visits, or accidental exposure. Therefore, in this paper, we designed a compartmental
model SIQR-QS-QI where the quarantine population can mix with susceptible and infectious
individuals. Here, the population is assumed to have a uniform spatial distribution, people
mix according to the law of mass action. Moreover, the transmission rates between susceptible,
infected, and quarantine individuals are assumed to be constant, and we neglect the effects of
external interventions like vaccination or changes in public health policies during the disease
progression.

In Section [2| we describe our model and compute the basic reproduction number Ry.
In Section [3] we extracted the disease-free equilibrium point and demonstrated its stability both
locally and globally. In Section 4, we established the local and global stability of the endemic
equilibrium point under specific circumstances. In Section |5, we have done the numerical
simulation of our model, which proves the stability result of our proposed model. A sensitivity
analysis can help find which parameters have the most influence on the spread of diseases,
hence improving the efficiency of disease control strategies. So, sensitivity analysis has been
done in Section [6], and the graph of it regarding each parameter of the model is there. We have
estimated the domain of attraction of our model with the help of LPP in Section [7, and lastly,
the paper concludes with a discussion in Section

2. Description of Our Model

To gain a better comprehension and manage the regulation of infectious diseases, a
mathematical framework of transmission dynamics must be developed. In this paper, we present
a transmission model, SIQR-QS-QI, that includes quarantine and recovery phases to replicate
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real-world disease management techniques. Figure [1|illustrates the transmission dynamics
among compartments:

Figure 1. Disease transmission of our model

This model recruits incoming individuals into the susceptible class at a steady rate A.
Susceptible persons acquire infection by effective contact with infected individuals, represented
by the term BSI, where § is the mean action coefficient of transmission. Infected individuals
leave their compartment, governed by the parameter a, to enter the quarantine class, where they
may either progress to more severe infection governed by 71, recover governed by the parameter
¥, or return to the susceptible class at rate 6. Natural death occurs at rate u; across all
compartments, and additional disease-related mortality occurs in the infected and quarantined
classes at rate us.

The parameters in this model have the following meanings:

A : Rate at which the susceptible population is recruited

B . Coefficient of transmission because susceptible and diseased people come into contact
11 : Per capita normal rate of death

e : Disease-related death rate

a Rate at which individuals with diseases are transferred to the quarantine area
n The rate of serious infection among those under quarantine

v : Rate of recovery for those under quarantine

0 Rate at which quarantined asymptomatic individuals are susceptible

Using the definitions, disease transmission flow and parameter assumptions following
differential equations are formulated to describe the disease dynamics:

48 = A - BSI - 1S +6Q,
dI = BSI — (1 + o + )1 +1Q,

4Q _ (2.1)
g =al —(u1+ue+n+6+9)@Q,
48 — yQ - 11R.

Here, S=0,1=0,@Q =0, and R =0 are assumed to hold in the feasible region. When the system
is disease-free (I =0, @ =0), as ¢t — oo, then N — %. Thus, the DFE is Po(%,0,0,0), and
the solution of the given system (2.1) lies within the region

Q:{(S,I,Q,R)eRi S+I+Q+R5§}. (2.2)
1

It is a well-posed initial value problem, as all solutions stay restricted to the positive invariant
area Q) for all ¢ = 0. Now, the next-generation matrix approach is employed to derive the basic
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reproductive number for system (see, Anderson and May [1]], van den Driessche and
Watmough [17])). It is the typical number of secondary infections that occur when an infectious
agent enters a population that is completely susceptible (see, Mishra et al. [16])). It is indicated
by Ro and determined as the dominant eigenvalue of FV 1. We get

BA(u1 +p2 +n+6+vy)

. 2.3
pil(pr +pg + @)y +po +n+6 +yw)—anl 2.3)

Ro=pFV 1=

3. DFE (<,0,0,0)

We will discuss the stability when Rg < 1. After finding its Jacobian matrix at DFE, we will

prove all its eigenvalues posses negative real part. So, the jacobian matrix at (l%, 0,0,0) is

—H1 —[;—? 0 0
A _
J(Po) = 0 m (U1 +p2+a) n 0
0 a —(u1+p2+n+6+v) O
0 0 (% —H1

Two eigenvalues J(Py) are A1 = 13 = —u1, and the remaining two are given by the roots of

A2+ A

A
(H1+ll2+77+5+w)—(i——(ﬂl+#2+“))
1

=0. (3.1)

A
- [(pl+,u2+17+6+1//)([;—1—(y1+u2+a))+an

Using the Hurwitz criterion (Zhan and Hu [21]]), for the quadratic equation (3.1), all roots have
negative real parts iff A; >0 and Ag >0, where

A
Al:(H1+ﬂ2+77+5+1;”)_('[;__(ﬂl"'NZ"'a)),
1

A
Ag = — [(l,l,1+'u2+n+6+1//)(€t__(l'tl+:u2+a))+a17
1

Hence, this DFE is locally asymptotically stable. Now, for global stability of DFE, we define a
Lyapunov function,
Li=(w+n+6+pu1+u)l+nQ =0,
therefore,
L1 =[BS(u1+pe+n+6+y)—(ur+pg + a)(uy +pg +n+8 +y)lI
+NQ(p1+pe+n+5+y)+anl —nlur+pe+n+6+v)Q

=[BS(u1+pe+n+o+w)+an—(uy+pus+a)ur+us+n+o+yw)l
<0 (because I =0 and Ry <1).

Since, S < % so by Lyapunov-Lasalle’s theorem (Li et al. [13,/14]), solution in () approaches
the maximal positively invariant portion of the region where I = 0 and also when ¢ — oo, then
Q — 0, thus, % =A —pys implies S — ;%. Thus, all solution in the set where I =0 tends to DFE

(%,0, 0,0). We can state this in a theorem as follows.

Theorem 3.1. If Ry < 1 in the system (2.1) then Q (2.2) is an asymptotically stable region for
(%,0, 0,0). Also, by Lyapunov-LaSalle’s theorem, DFE is globally asymptotically stable since L1
is radially unbounded.
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4. Endemic Equilibrium (EE)

Here, I # 0 therefore, @ # 0, R # 0. For EE, put % = % = % = % =0 in the system (2.1) and
on solving those equations, we get,

+us+a—nk
S*:k3:H1 ,UZﬁ n 1’
Q" =kiky,
’ 4.1)
I*=hy= piks—A
4= 5k1—Pr3’
R* = koky,
_ a _v _ (p1t+pg+a)—nk; _ tik3—A
where kl_ﬂ1+ﬂ2+ﬂ+5+1//’k2_ 1k1,k3— ’k4_5k1—/5k3'

Hence, (S*,I*,Q*,R") is the endemic equilibrium point. After finding its Jacobian matrix, it
is quite similar, as discussed in Section |3, to prove its local stability by the Hurwitz theorem
(Zhan and Hu [21]]); hence, this part is omitted. Now, the global dynamic behavior of the EE is
established using a Lyapunov function. To construct the Lyapunov function at EE, we will shift
the origin to make our equilibrium point (0,0,0,0). Put S=S8'+S*, @ =Q'+Q*, I =I'+I* and
R =R'+R* in system (2.1I), we get
4 = _BS'T' - pS'I* - BS*I' - 118" +6Q’,
%:/BS’I’+ﬁS’I*+ﬁS*I’—(p1+p2+a)I’+nQ’, 4.2)
) ’ .
% =al'—(u1+ps+n+6+yv)Q’,
& - yQ' - R
Let the Lyapunov function be, Ly =S’ +I' + ' + R’, such that
Lo=S"+I"+Q' +R’
=-BS'I'-BS'T* - BS*I' — 118" +6Q'BS'I' + BS'I* + BS*I'
—(u1+p)I’ +al’ — (1 + p2)Q - 1Q' ~ Q" ~ Q' +yQ' — i R’
=S =l - Q@ — R’ — pol’ — Q" < 0
= (S'+I'+ Q" +R")— ux(I' + Q") < 0.
Since Ly is radially unbounded, and Ly is negative. Thus, by Lasalle’s theorem, it is globally
asymptotically stable. Hence, we can state this in a theorem as:

Theorem 4.1. The EE point (S*,1*,Q*,R") of system (2.1) satisfying the coordinates (4.1) is
asymptotically stable in the region Q (2.2) when Ry > 1.

5. Numerical Simulation

Numerical simulations are used to predict the long-term behavior of the epidemic under various
intervention scenarios, so numerical simulations of the endemic equilibrium of our model are
carried out in this section. The system (2.1) is solved numerically using the adaptive Runge-
Kutta method (ODE45) implemented in MATLAB (R2024a). This method ensures stability and
accuracy in capturing the dynamics of the epidemic over time. The parameter value used for
this simulation is presented in Table 1, Parameter values are assumed on the basis of realistic
epidemiological settings that satisfy Ry > 1. Since our system is four-dimensional, we plot
their projections in a three-dimensional system. In Figure |2, we observed that all trajectories
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of system (2.1) starting from different initial values converge to a unique EE point in each
projection (see Figure [2(a,b,c,d)). So, the EE point P*(S*,I*,Q*,R*) satisfying the coordinates
(4.1) is asymptotically stable when Ry > 1 in region Q.

(a) Projection in S, I and @ showing that all (b) Projection in S, I and @ showing that all

trajectories of the system converge to EE trajectories of the system converge to EE
0.6 0.6
0.4 0.4
14 14
0.2 0.2
0 0 \_>
2 4 2 1 4
Q 2
0 0 . 0 0 !
(c) Projection in S, @ and R showing that all (d) Projection in I, @ and R showing that all
trajectories of the system converge to EE trajectories of the system converge to EE

Initial Condition 1
Initial Condition 2
Initial Condition 3
Initial Condition 4
Initial Condition 5

Figure 2. A MATLAB plot of different 3D projections of our 4D system (2.1I), parametric values are
taken from Table 1} showing the dynamical relation among S,1,Q and R under varying initial
condition

Table 1. Parameter’s value for EE

Parameters | Value
B 0.2
A 1.5
U1 0.3
U2 0.01
n 0.03
9 0.02
W 0.02
a 0.01
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6. Sensitivity Analysis

To assess the relative significance of different parameters in their effect on disease patterns,
we carried out a sensitivity analysis of (Rg). The quantity Ry is an essential threshold
parameter that determines whether the disease will replicate or stay inside the community.
So, investigating its sensitivity with regard to the model’s parameters aids in determining
the parameters for effective disease control. This was accomplished by using the forward
normalized sensitivity index. This sensitivity index of Ry with regard to a parameter (p) is
quantified by Chitnis et al. [[7]],
gFo R0 P
P ap RO

These sensitivity indices indicate whether parameters in our model have a strong or weak
influence on the R or disease transmission. Using the baseline parameter values from Table
we have calculated the sensitivity indices for all the parameters involved in the expression of
Ry, including the B8,A, u1,u2,n,0,%, and a. Table [2|lists the sensitivity indices of R for each
model parameters 7, 11, U2, and a are negative.

Table 2. Sensitivity indices

Parameters Baseline Sensitivity
B 0.2 1
A 1.5 1
1 0.3 -1.9418
U2 0.01 -0.0314
a 0.01 —0.0289
n 0.03 —-0.0023
1) 0.02 0.00013
v 0.02 0.00013

As aresult, Ry decreases when the value of these parameters increases. On the other hand, Ry’s
sensitivity indices to the parameters 8,A,0, and y are positive, indicating that any increment
in these parameters causes Ry to grow. To visualize how R, changes with respect to each
parameter, we draw MATLAB-based plots by varying one parameter at a time while keeping
others constant at baseline values (see Figure |3).

7. Basin of Attraction (BOA)

The set of all beginning conditions xy € R™ for which the trajectories x(¢) of a dynamical system
satisfy x(¢) tending to x* as ¢ tends to oo is known as the BOA D(x*) of an equilibrium point x*
in that system (see, Chen et al. [6]). For example, the system x’ = f(x) has a BOA of x* that can
be represented as

Dx")={xo e R" : lim x(t;x0) ="} (7.1)
The BOA for x’ = f(x); x(0) = xo may be guaranteed to be estimated as [19]
D(x*)={x:V(x)<C}, (7.2)
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Figure 3. MATLAB-based variation plots of Ry with respect to key model parameters. Each subplot
demonstrates the sensitivity of Ry toward a specific parameter

where V(x) is the Lyapunov function. We have to find the maximum value of C; for this, we will
solve the LPP,
C=minV(x), V<0, x#0. (7.3)
R

Suppose R = 0, then ‘é—t = 0 implies ¥ = 0, and our original system reduces in the three

dimensional system. The EE of this reduced system (S*, I*, @*) shifted to the origin for making
our EE point (0,0,0) by substituting S=S'+S*, I=I'+I* and @ = Q' +Q*, we get the system
(4.2). Substituting the parameters value in (4.2), we get the transformed system as

48 -0.28'T'-0.28'T*-0.2S*I'-0.3 S'+0.02 Q,
' Z 028 +02 8T +0.2S*I'~0.32 I'+0.03 @', (7.4)
49 _0.011'-0.36 Q.
Lyapunov function of the system (7.4) is,
V=8'+I'+@Q,
V=-0.38"-031I'-0.31Q/,

and, from feasible region (2.2), we got S’ +I' + @' < 0.112. So, the following LPP will give
the value of C*,

C*=min{S’'+I' +Q"},
subject to constraints
-0.38'-0.31I'-0.31Q' <0,
S'+I'+Q' <0.112,
S, I Q' =o0.
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Plane:x+y+z =0
Plane: -0.3x-0.31y-0.31z2 < 0
I Feasible Region

Figure 4. MATLAB-based 3D visualization of the basin of attraction for EE of our model. The shaded
region, shown in dark blue, represents the BOA

On solving this LPP, we get C* = 0. Hence, the BOA is given by the bounded region of
S'+I'+Q' >0,
-0.3S8'-0.311'-0.31Q'<0, (7.5)
S’'>-1.596, I' >-3.205, @' >—0.087.

See Figure [4], the feasible region enclosed between two planes in the (S,I,Q) phase space

demonstrates the region of initial conditions for which the system trajectories converge to a
unique EE, and the shaded region in dark blue is the required BOA.

8. Conclusions

In this study, we proposed an endemic model SIQR-QS-QI with constant recruitment into the
susceptible class and analyzed its local and global dynamics. It was demonstrated that the
DFE and EE are locally asymptotically stable when Ry <1 and R > 1 respectively. The global
stability of both equilibria was established via LaSalle’s invariance principle and Lyapunov
functions, respectively.

We have performed a numerical simulation to prove the stability results of our model.
Through sensitivity analysis, we found that R is strongly sensitive to the contact rate of
infectious people B, the recruitment rate A, and natural mortality p;. The parameters ui, po,
a, and 1 have negative sensitivity indices of Ry, which means that increasing their values
will result in a decrease in R or the spread of disease, and the sensitivity indices of R to
the parameters 8,A,0 and ¥ are positive, which means that an increase in the value of these
parameters leads to an increase in R or the transmission of disease.

A major contribution of this work lies in the basin of attraction analysis, derived both
analytically and graphically. A Linear Programming Problem (LPP) was formulated to identify
a feasible region in the (S, I,Q)-phase space where all trajectories of the system converge to the
EE. This improves our understanding of the initial conditions required for stability. The model
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effectively captures quarantine dynamics and multiple infectious stages, making it suitable for
studying diseases influenced by isolation policies.

Our model structure captures key features of epidemic progression, including quarantine
dynamics, making it suitable for analyzing diseases where isolation and intervention policies
play a significant role. However, it relies on simplifying assumptions such as homogeneous
mixing, constant parameters, and literature-based values, and does not account for behavioral
changes, spatial heterogeneity, seasonal effects, or real-time data calibration, which may limit
predictive accuracy. Despite these limitations, the model provides practical insights by enabling
evaluation of quarantine and isolation strategies, supporting resource allocation such as hospital
beds, testing capacity, and vaccination planning, and simulating different intervention scenarios.
Furthermore, the framework can be adapted to study other infectious diseases where quarantine
and isolation play a crucial role. Future work may focus on extending the model by incorporating
vaccination, age structure, stochastic effects, and real epidemiological data to enhance predictive
precision and practical applicability.

Nomenclature
Abbreviation/Symbol Description
DFE Disease-Free Equilibrium
EE Endemic Equilibrium
BOA Basin of Attraction
LPP Linear Programming Problem
LAS Local Asymptotic Stability
GAS Global Asymptotic Stability
SIQR-QS-QI Susceptible-Infectious-Quarantined-Recovered-Quarantined
Susceptible-Quarantined Infectious
SARS Severe Acute Respiratory Syndrome
COVID-19 Coronavirus Disease 2019
WHO World Health Organization
S Susceptible population
1 Infectious population
Q Quarantined population
R Recovered population
Ry Basic reproduction number
J Jacobian matrix
Ly Lyapunov function for DFE point
Lo Lyapunov function for EE point
Q Feasible region of the system

Note. Detailed definitions of the model parameters (A, S,a,n,0,v,u1,u2) are provided in
Section [2
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