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Abstract. This article presents a simplified proof of Ryser’s conjecture by building upon and
extending the modular arithmetic framework introduced by Luis Henri Gallardo (On Ryser’s
conjecture: modulo 2 approach, Applied Mathematics E-Notes 21 (2021), 220 – 224,), specifically
leveraging the modulo 2 approach. The methodology highlights an accessible and robust pathway to
understanding the conjecture’s constraints, providing new insights into the structural properties of
circulant and regular Hadamard matrices.
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1. Introduction
A Hadamard matrix is a square matrix H of order n with entries from {±1} satisfying
the relation HH⊤ = nIn, where In denotes the identity matrix of order n. A special class
of Hadamard matrices, called circulant Hadamard matrices, consists of matrices of the form
H = circ(h1,h2, . . . ,hn), where each row is obtained by a cyclic right shift of the preceding row.

The known circulant Hadamard matrices are limited to the following ten:

H1 = circ(1), H2 =−H1,

H3 = circ(1,−1,−1,−1), H4 =−H3,
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H5 = circ(−1,1,−1,−1), H6 =−H5,

H7 = circ(−1,−1,1,−1), H8 =−H7,

H9 = circ(−1,−1,−1,1), H10 =−H9.

In 1963, Ryser [9] conjectured that there exists no circulant Hadamard matrix of order n > 4.
Since then, this conjecture has attracted considerable attention and has been approached using
various techniques. One of the earliest significant results was provided by Brualdi in 1965 [1],
who proved the conjecture for the case in which all eigenvalues of a circulant Hadamard matrix
are real.

Numerous studies have further explored the conjecture from both algebraic and
combinatorial perspectives (see, e.g., Erdös [3], Leung et al. [6], Schmidt [10], and Turyn [12]).
In particular, Gallardo [4] extended Brualdi’s result by demonstrating the nonexistence of
circulant Hadamard matrices of order n > 4 under certain modular congruence conditions
modulo 2. Gallardo’s approach utilizes modular properties of an associated circulant weighing
matrix of order n

2 , offering new insight into this longstanding open problem.

2. Regular and Circulant Hadamard Matrices
2.1 Definitions and Known Results

Definition 2.1. A Hadamard matrix H of order n is said to be r-regular if all of its row and
column sums are equal to r. A regular Hadamard matrix is an r-regular Hadamard matrix for
some integer r.

For foundational results, the reader is referred to Hedayat and Wallis [5], Mcisncr [8], and
Turyn [11].

Lemma 2.1. Let H be a circulant Hadamard matrix of order n ≥ 1. Then, n = 4h2 for some
positive integer h. Moreover, if H is circulant, then h is odd. Furthermore, either H or −H is
2h-regular (the other being −2h-regular). When H is 2h-regular, each row contains 2h2 + h
positive entries and 2h2 − h negative entries. If H is −2h-regular, the counts of positive and
negative entries are reversed.

Lemma 2.2. Let ω= e2πi/n, and let R(x) be the representer polynomial of a circulant matrix H.
Then the eigenvalues of H are given by the set {R(ωk) : 0≤ k ≤ n−1}, and each satisfies

|R(ωk)| =p
n.

Lemma 2.3. Let C = circ(c1, c2, . . . , cn) be a circulant matrix of order n > 0, with representer
polynomial P(t)= c1 + c2t+·· ·+ cntn−1. Let ω be a primitive n-th root of unity with the smallest
positive argument. Then, C is diagonalizable, and can be expressed as

C = F∗ΛF,

where Λ= diag(P(1),P(ω), . . . ,P(ωn−1)) contains the eigenvalues of C, and F∗ is the conjugate
transpose of the Fourier matrix F =

(
1p
nω

(i−1)( j−1)
)
. Moreover, F is a unitary matrix.
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2.2 Main Contribution
We now present our central result establishing a structural transformation from a circulant
Hadamard matrix to a regular Hadamard matrix.

Lemma 2.4. Let H = circ(h1,h2, . . . ,hn) be a circulant Hadamard matrix of order n = 4h2, with
row and column sum ±2h. Then, there exists a regular Hadamard matrix of the form

M =
[

M1 M2
M2 r(M1)

]
of order n, where

(i) M1 = circ(h1,h3,h5, . . . ,hn−1),

(ii) M2 = circ(h2,h4,h6, . . . ,hn), and

(iii) r(M1) is the matrix obtained by reversing the cyclic order of each row of M1.

Proof. Let Si , K i , L i , and Ri denote the i-th rows of M1, M2, r(M1), and H, respectively. Since
H is Hadamard, it satisfies

〈Ri,R j〉 = 0, for i ̸= j, (2.1)

〈Ri,Ri〉 = n. (2.2)

We now compute

MMT =
[

M1 M2

M2 r(M1)

][
MT

1 MT
2

MT
2 r(M1)T

]
=

[
M1MT

1 +M2MT
2 M1MT

2 +M2r(M1)T

M2MT
1 + r(M1)MT

2 M2MT
2 + r(M1)r(M1)T

]
.

Using equations (2.1) and (2.2), and noting the indexing shift patterns of the circulant structure,
we get

M1MT
1 +M2MT

2 = nI n
2
,

M1MT
2 +M2r(M1)T =O n

2
,

M2MT
1 + r(M1)MT

2 =O n
2
,

M2MT
2 + r(M1)r(M1)T = nI n

2
.

Thus,

MMT =
[

nI n
2

O n
2

O n
2

nI n
2

]
= nIn,

which completes the proof.

Theorem 2.1. There does not exist any regular Hadamard matrix of the form

M =
[

M1 M2

M2 r(M1)

]
of order n > 4.

Proof. Suppose, for contradiction, that such a matrix M exists for n > 4. Then, by Lemma 2.4,
there must exist a circulant Hadamard matrix H = circ(h1,h2, . . . ,hn) satisfying HHT = nIn.
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According to Gallardo’s result in [4], we have(
H+ J

2

)(
H+ J

2

)T
mod 2 ̸= In,

which implies
HHT

4
+ HJT + JHT

4
+ JJT

4
mod 2 ̸= In.

Since HHT = nIn and JJT = nJ, we get
MMT

4
+ (h+h2)J mod 2 ̸= In

this leads to
MMT

4
mod 2 ̸= In,

nIn

4
mod 2 ̸= In,

h2In mod 2 ̸= In.

This is only possible if h is even, contradicting the result that h must be odd for circulant
Hadamard matrices. Hence, no such regular Hadamard matrix M of order n > 4 exists.

3. Conclusion
In this article, two significant results have been established. First, a special class of regular
Hadamard matrices of the form

M =
[

M1 M2
M2 r(M1)

]
has been constructed, which incorporates circulant matrices. The matrices M1 and M2 are
designed so that each contains exactly n

2 elements in their generating rows. These elements
correspond respectively to the odd-positioned and even-positioned entries of a circulant
Hadamard matrix H of order n. The matrix r(M1) is obtained by applying a backward cyclic
shift to each row of M1, which ensures the required structural symmetry in the construction.

Secondly, certain properties regarding the order of this special type of regular Hadamard
matrix M have been investigated and established. Moreover, as an application of the theoretical
results, the article utilizes Ryser’s conjecture together with the approach of Luis Henri Gallardo
to demonstrate the construction of regular Hadamard matrices of order not exceeding 4.

These results contribute to the structural understanding of regular Hadamard matrices and
provide a constructive framework that may be useful for further investigations on circulant and
related classes of Hadamard matrices.
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