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1. Introduction
In 1922, Banach [3] established a result to prove the presence of uniqueness of fixed point for a
contractive map in complete metric space. Numerous researchers enhanced and generalized
this result in several spaces.

Bashirov et al. [4] gave the idea of novel distance named as multiplicative distance with
the idea of multiplicative absolute value.

Özavsar and Çevikel [12] introduced the idea of multiplicative metric space. He et al. [6]
have proved common fixed point outcomes in multiplicative metric space for weak commuting
maps, likewise Abbas et al. [1] shown common fixed point theorems of quasi-weak commuting
maps in same space. Lately, Gu and Cho [5] established fixed point theorems in multiplicative
metric spaces for four maps.
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Jungck [8] initiated a study of common fixed points of commuting maps in metric space.
The idea of commutative mappings has been extended in different ways in metric space as
discussed here under.

Sessa [13] introduced the concept of weak commutative mappings and Jungck [9] began
the notion of compatible mappings. One can verify that if two maps commute, they are
compatible however the reverse is not true. Compatible mappings are broader than commuting
and weakly commutative functions.

Jungck and Rhoades et al. [10] presented the idea of weak compatible functions and shown
that compatible functions are weak compatible however not conversely. Kumar et al. [11]
extended this result for G-metric space. Al-Thagafi and Shahzad [2] added the thought of
occasionally weak compatible functions.

Further ideas of continuously sub-compatible maps were introduced by Wadhwa and
Beg [14].

We establish a unique common fixed point theorem for four functions which satisfy
the modified multiplicative contraction constraint in multiplicative metric space. An attempt
has been made to define continuously sub-compatible maps in pairs in multiplicative metric
space, as a result, the proof becomes very easy. Also, an example is also provided to support
the result.

2. Preliminaries
Definition 2.1 ([4]). Assume M is a non-empty set. A mapping d : M×M → R+ which fulfill
the following conditions, is named as multiplicative metric space:

(i) d(x, y)≥ 1, for all x, y ∈ M and d(x, y)= 1, iff x = y.

(ii) d(x, y)= d(y, x)≥ 1, for all x, y ∈ M.

(iii) d(x, y)≤ d(x, z)d(z, y), for all x, y, z ∈ M (multiplicative triangle inequality).

Definition 2.2 ([1]). Consider a multiplicative metric space (M,d), a sequence {xk} in M and
x ∈ M. If for each multiplicative open ball Bε(x)= {y | d(x, y)< ε}, ε> 1, there occurs a positive
integer N such that k ≥ N , then xk ∈ Bε(x). Then {xk}is called a multiplicative sequence
converging to x.

Definition 2.3 ([1]). Consider a multiplicative metric space (M,d), a sequence {xk} in M and
x ∈ M. Then {xk} in M is called a multiplicative Cauchy sequence if for ε> 1, there occurs N ∈
N such that d(x j, xk)< ε, for all j,k > N .

Definition 2.4 ([1]). If all multiplicative Cauchy sequences {xk} is converges to x ∈ M, then
(M,d) is complete multiplicative metric space.

Definition 2.5 ([5]). Consider (M,d) is a multiplicative metric space, then S : M → M,
A : M → M are named as commutative maps if for all x ∈ M, SAx = ASx.

Definition 2.6 ([5]). Assume S and A are self-mappings of multiplicative metric space (M,d).
Mappings S and A are weak commutative at point x ∈ X whenever d(SAx, ASx)≤ d(Ax,Sx).
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Definition 2.7 ([7]). Assume S and A are self-maps defined on a set M. The mappings S and
A are named as weakly compatible functions if Ax = Bx, then ASx = SAx, for x ∈ M.

Definition 2.8 ([14]). Suppose S and A are two self-maps of multiplicative metric space (M,d).
Then functions S and A are named as continuously sub-compatible if sequence {x} in M occurs
such that lim

n→∞Sxn = lim
n→∞ Axn = z and Sz = Az.

Remark 2.1. The following is uni-directional fact

commutative maps → weak commutative → compatible → weakly compatible
↓

continuously sub-compatible

The following example shows that mappings are continuously sub-compatible but not weakly
compatible.

Example 2.1. Let M = [0,∞) and define d by d(x, y) = e|x−y|, for all x, y ∈ M. Then, (M,d) is
multiplicative metric space. Define mappings S and A as follows:

Sx = x2, Ax =
{

x+2, x ∈ [0,2]∪ (9,∞),
x+12, x ∈ (2,9].

Define the sequence {xn}, as xn = 2+ 1
n , for all natural numbers n.

Then lim
n→∞Sxn = 4, lim

n→∞ Axn = 4,

S(4)= A(4)= 16.

Thus, S and A are continuously sub-compatible.
But SA(4)= S(16)= 256, AS(4)= A(16)= 18.
Therefore,

SA(4) ̸= AS(4).

Thus, S and A are not weakly compatible.

Definition 2.9 ([1]). Consider a multiplicative metric space (M,d). A function S : M → M is
named as multiplicative contraction if for a real number λ ∈ [0,1), the following condition holds:

d(S(x),S(y))≤ [d(x, y)]λ, for x, y ∈ M.

Theorem 2.1 ([1]). Consider a complete multiplicative metric space (M,d). Then, a multiplicative
contraction mapping S : M → M has a unique fixed point.

Theorem 2.2 ([6]). Assume A1, A2,B1 and B2 are self-mappings of complete multiplicative
metric space (M,d), fulfilling the constraints below:

(i) A1M ⊂ B2M, A2M ⊂ B1M.
(ii) A1 and B1 are weak commutative, A2 and B2 are also weak commutative.

(iii) One of A1, A2,B1 and B2 is continuous.
(iv) d(A1(x), A2(y)) ≤ [max{d(B1x,B2 y),d(B1x, A1x),d(B2 y, A2 y),d(A1x,B2 y),d(B1x, A2 y)}]λ,

for all x, y ∈ M,λ ∈ (
0, 1

2

)
. Then, A1, A2,B1 and B2 have unique common fixed point.
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Remark 2.2. Neither multiplicative metric space is metric space nor metric space is
multiplicative metric space.

Example 2.2. Consider (R+)nis the set of n-tuples of positive real numbers.
Assume d∗ : (R+)n × (R+)n → (R+)n is well-defined by

d◦(x, y)=
∣∣∣∣ x1

y1

∣∣∣∣◦ · ∣∣∣∣ x2

y2

∣∣∣∣◦ . . .
∣∣∣∣ xn

yn

∣∣∣∣◦ ,

where x = (x1, x2, x3, . . . , xn), y= (y1, y2, y3, . . . , yn) ∈ R+ and | · |◦ : R+ → R+ is α∗ =
{
α, α≥ 1,
1
α

, α< 1.
Then ((R+)n,d◦) is a multiplicative metric space.
Now

d◦
(
1
3

,5
)
=

∣∣∣∣∣
1
3

5

∣∣∣∣∣
◦
=

∣∣∣∣ 1
25

∣∣∣∣◦ = 25 .

Also,

d◦
(
1
3

,3
)
+d◦(3,5)=

∣∣∣∣∣
1
3

3

∣∣∣∣∣
◦
+

∣∣∣∣3
5

∣∣∣∣◦ = 50
3

.

We have observed that

d◦
(
1
3

,3
)
+d◦(3,5)< d◦

(
1
3

,5
)
.

Thus, triangular inequality of metric space is not satisfied.
Hence ((R+)n,d◦) is multiplicative metric space but not a metric space.
The normal metric d on set of real numbers R does not satisfy the multiplicative triangular
inequality

d(1,2)d(2,6)= 4< d(1,6) .

Thus, (R,d) is not a multiplicative metric space.

3. Main Result
We have proved the following theorem for continuously sub compatible pair of maps which is
more generalized condition than weak commutative.

Theorem 3.1. Assume A1, A2,B1 and B2 are self-maps of complete multiplicative metric space
(M,d), fulfilling the constraints here under:

(i) A1M ⊂ B2M, A2M ⊂ B1M.
(ii) A1 and B1 are continuously sub-compatible, A2 and B2 are also continuously sub-

compatible.
(iii) d(A1(x), A2(y)) ≤ [max{d(B1x,B2 y),d(B1x, A1x),d(B2 y, A2 y),d(A1x,B2 y),d(B1x, A2 y)}]λ,

for all x, y ∈ M,λ ∈ (
0, 1

2

)
. Then, A1, A2,B1 and B2 have unique common fixed point.

Proof. Assume x0 ∈ M, then ∃ x1 ∈ M such that A1x0 = B2x1 = t0 because A1M ⊂ B2M.
Also, A2M ⊂ B1M, ∃ x2 ∈ M such that A2x2 = B1x1 = t1. In general, ∃ x2k+1, x2k+2 ∈ M such that

A1x2k = B2x2k+1 = t2k and A2x2k+1 = B1x2k+2 = t2k+1 .
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Thus, {tk} is sequence in M.
Now

d(t2k, t2k+1)= d(A1x2k, A2x2k+1)

≤ [max{d(A1x2k,B2x2k+1),d(B1x2k, A1x2k),d(B2x2k+1, A2x2k+1),

d(A1x2k,B2x2k+1),d(B1x2k, A2x2k+1)}]λ

≤ [max{d(t2k−1, t2k),d(t2k−1, t2k),d(t2k, t2k+1),d(t2k, t2k),d(t2k−1, t2k+1)]λ

≤ dλ(t2k−1, t2k)dλ(t2k, t2k+1),

d1−λ(t2k, t2k+1)≤ dλ(t2k−1, t2k),

d(t2k, t2k+1)≤ d
λ

1−λ (t2k−1, t2k),

d(t2k, t2k+1)≤ dh(t2k−1, t2k).

Similarly,

d(t2k+1, t2+2)≤ dh(t2k, t2k+1).

Therefore,

d(tk, tk+1)≤ dh(tk−1, tk)≤ . . .≤ dhn
(t1, t0), for all n ≥ 2.

Let j,k ∈ N ,

d(t j, tk)≤ d(t j, t j−1)d(t j−1, t j−2) . . .d(tk+1, tk)

≤ dh j−1
(t1, t0)dh

j−2

(t1, t0) . . .dhk
(t1, t0)

≤ d
hk

1−h (t1, t0).

Therefore, d(t j, tk)→ 1, if j,k →∞.
Therefore, {tk} is multiplicative Cauchy sequence in M.
Since (M,d) is complete, therefore ∃ z ∈ M such that tk → z (k →∞).
Since (A1,B1) and (A2,B2) are continuously sub-compatible. Therefore,

lim
n→∞B1xk = lim

n→∞ A1xk = ν1 .

Therefore,

lim
k→∞

B2tk = lim
k→∞

A2tk = ν2 ,

d(A1xk, A2tk)≤[max{d(B1xk,B2tk),d(B1xk, A1xk),d(B2tk, A2tk),d(A1xk,B2tk),d(B1xk, A2tk)}]λ,

d(ν1,ν2)≤[max{d(ν1,ν2),d(ν1,ν1),d(ν2,ν2),d(ν1,ν2),d(ν1,ν2)}]λ

≤[max{1,d(ν1,ν2)}]λ

≤dλ(ν1,ν2)=⇒ ν1 = ν2 .

Now to show B1ν
◦ = ν◦,

d(A1ν
◦, A2tn)≤[max{d(B1ν

◦,B2tn),d(B1ν
◦, A1ν

◦),d(B2tn, A2tn),d(A1ν
◦,B2tn),d(B1ν

◦, A2tn)}]λ,

d(A1ν
◦,ν◦)≤[max{d(B1ν

◦,ν◦),d(B1ν
◦,ν◦),d(ν◦,ν◦),d(A1ν

◦,ν◦),d(B1ν
◦,ν◦)}]λ

≤[d(A1ν
◦,ν◦)]λ =⇒ A1ν

◦ = ν◦
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B1ν
◦=A1ν

◦ = ν◦,

d(A1xn, A2ν
◦)≤[max{d(B1xn,B2ν

◦),d(B1xn, A1xn),d(B2ν
◦, A2ν

◦),d(A1xn,B2ν
◦),d(B1xn, A2ν

◦)}]λ

=[max{d(ν◦,B2ν
◦),d(ν◦,ν◦),d(B2ν

◦,B2ν
◦),d(ν◦,B2ν

◦),d(ν◦, A2ν
◦)}]λ

≤dλ(ν◦, A2ν
◦)]=⇒ A2ν

◦ = ν◦ .

Therefore,

B2ν
◦ = A2ν

◦ = ν◦ .

Now, to prove uniqueness of fixed point, assume w◦ is another fixed point of A1, A2,B1 and B2,
then

d(ν◦,w◦)=d(A1ν
◦, A2w◦)

≤[max{d(B1ν
◦,B2w◦),d(B1ν

◦, A1ν
◦),d(B2w◦,B2w◦),d(A1ν

◦,B2w◦),d(B1ν
◦, A2w◦)}]λ

≤[max{d(ν◦,w◦),1}]λ

=dλ(ν◦,w◦).

Therefore,

ν◦ = w◦ .

Thus, A1, A2,B1 and B2 have unique common fixed point.

Example 3.1. Let M = [0,∞) and (M,d) is multiplicative metric space, where d is defined by
d(x, y)= e|x−y|, for all x, y ∈ M. Define mappings A1, A2,B1 and B2 as follows:

B1x = x2

8
, B2x = x2

2
,

Sx = x+2
2

, for x ∈ [0,2]∪ (9,∞) and Sx = x+12, for x ∈ (2,9],

Tx = x+4
3

, for x ∈ [0,2]∪ (9,∞) and Tx = x+5, for x ∈ (2,9].

Define the sequence {xk} by xk = 2+ 1
k , for all natural numbers k.

Then A1M ⊂ B2M, A2M ⊂ B1M,

lim
n→∞B2xk =

x2
k

2
= 2, lim

k→∞
A1xk =

xk +2
2

= 2,

lim
n→∞B1xk =

x2
k

8
= 2, lim

k→∞
A2xk = 2 .

Also, the condition

d(A1(x), A2(y))≤ [max{d(B1x,B2 y),d(B1x, A1x),d(B2 y, A2 y),d(A1x,B2 y),d(B1x, A2 y)}]λ,

for all x, y ∈ X ,λ ∈
(
0,

1
2

)
satisfied.

(A1,B1) and (A2,B2) are continuously sub-compatible mappings.
Also, A1(2)= A2(2)= B1(2)= B2(2)= 2.
Therefore, 2 is fixed point of A1, A2,B1 and B2.
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Remark 3.1. We have used continuously sub-compatible condition in above theorem and use
the different technique to prove the result, so that proof becomes simpler and shorter.

Corollary 3.1. If A1 and B2 are self-maps of complete multiplicative metric space M, fulfilling
the following conditions:

(i) A1M ⊂ B2M.

(ii) A1 and B2 are continuously sub-compatible,
d(A1(x), y) ≤ [max{d(x,B2 y),d(x, A1x),d(B2 y, y),d(A1x,B2 y),d(x, y)}]λ, for all x, y ∈ M,
λ ∈ (

0, 1
2

)
. Then, A1 and B2 will have a unique common fixed point.

Proof. Consider B1 = I = A2 (identity mapping) in Theorem 3.1, the proof is obvious and
therefore omitted.

Corollary 3.2. If A1 is self-map of a complete multiplicative metric space M fulfilling
the following condition:

d(A1(x), y)≤ [max{d(x, y),d(x, A1x),d(y, y),d(A1x, y)}]λ, for all x, y ∈ M,λ ∈
(
0,

1
2

)
.

Then, A1 will have a unique fixed point.

Proof. Consider B2 = I (identity mapping) in Corollary 3.2, proof is obvious and therefore
omitted.

4. Conclusion
A fixed point theorem is established for four mappings under generalized contraction condition
for multiplicative metric space. The introduction of continuously sub-compatible condition for
pairs of mappings play an important role to improve the existing results available in literature.
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