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1. Introduction

The behavior of solitons in optical fibers is primarily described by the Nonlinear Schrodinger
Equation (NLSE), which is fundamental in modeling the propagation of optical pulses
in nonlinear and dispersive media. The use of the NLSE in the context of optical fiber
communication was initially investigated by Hasegawa and Tappert in the early 1970s [7]]. Thus,
a large number of NLSE-based models that describe a wide range of physical events have been
refined and scrutinised in the literature. The topic of optical solitons has experienced remarkable
development in study due to its profound implications in optical fibres, which are crucial in
transferring information across continents. With all optical communications currently being
utilised for trans-continental and trans-oceanic data transfer via long-haul optical fibres, there is
a pressing need for a thorough, systematic research of these dispersive optical solitons ([4]]). Over
the past 25 years, there have been significant advancements in communication and internet
technology. For these technologies, fibre optics is a crucial component and an excellent building
element. The idea of soliton transmission becomes significant, particularly in the context of
sending massive amounts of data packets across extremely long distances. While many physical
processes may be modeled using the Schrodinger equation, one of the key models that takes
solitons propagation in optical fibres into account is the Schrodinger Hirota equation, which
differs from the standard Schriédinger equations. Consequently, various efficient techniques
have been developed by researchers to derive exact solutions. In this work, we employed
the (%)-expansion method ([8], [11], [12]) to construct exact traveling wave solutions.

2. Hirota’s Schrodinger Equation
The Hirota’s Schrodinger equation with Kerr law nonlinearity [2] is given by
th+dzxx+c'|z|22+t[)7zxxx+6|zl2zx] =0, 1)

where z is complex valued wave function, z; is its linear temporal evolution, y is the parameter
associated with third order dispersion (30D), ¢ is the nonlinear dispersion coefficient and
t denotes the imaginary unit, z,, represents the linear dispersion term, the nonlinear term
élz|2z represents the Kerr nonlinearity, where |z|2 is the intensity of the wave or field, ¢ is
the parameter characterizing Kerr law nonlinear behavior and @ is a parameter characterizing
the strength of the nonlinear effect.

3. Classical Lie Symmetry Analysis

The analysis of differential equations through symmetry methods has seen a surge in interest
in recent years. In this work, demonstrate how to systematically derive the symmetries and
perform symmetry reductions of the Hirota-Schriodinger equation using the classical Lie group
approach in an algorithmic manner. To identify the symmetries admitted by equation (1).
Now consider

z(x,t)=p+1q, (2)
which splits (1) into its real and imaginary parts as:

{ ~q¢+@Drx+EP° +EDG — T Qax + TP2P + TP =0, .

Pt +aQxx+Cq° +EqP? + YDsxx +0Pp2qx +5q.q® = 0.

Commaunications in Mathematics and Applications, Vol. 16, No. 2, pp. , 2025



Lie Symmetry Analysis, Exact Traveling Wave Solutions By (%)-Expansion Method. .. : A. Kaur et al. 453

The Lie group (Adem and Khalique [1]], Bluman and Cole [5], Olver [9], and Ovsiannikov [[10])
of continuous transformations will now be examined in order to find the classical symmetries in
the following manner:

p=p+eix,t,p,q)+o(e?),

G=q+ep(x,t,p,q)+o(e?), @
&=x+el(x,t,p,q)+o(e?),
f=t+et(x,t,p,q)+o(e).

that preserves the invariance of system under this one-parameter transformation. This
yields a linear system with redundant equations for the infinitesimal 7j(x,t,p,q), ¢(x,t,p,q),
&(x,t,p,q), T(x,t,p,q). Hence, the invariance condition associated with (I)) yields:

—¢! +an*™ +3ep*n+2epqb+ig* — Y + Gp* T + 20 ppai + 040" +20pxqP =0,
't +ag*™ + ep’n +2epgn +3¢q>P + Y + G p2P* + 26 g+ 6q2P" +25qq.p=0.
Through the substitution of the infinitesimal values 7, ¢!, 7%, ¢*, 7, ¢**, 7*** and ¢*** into

(B). By matching the same powers of the various differentials and setting them to zero and
arrive at the desired system of over-determined PDEs. The solution to this system is as follows:

(5)

f=pei+qez, p=-peg+qe;, E=—eix+es, T=-2eit+ey, (6)
where e1, eg, eg and e4 are arbitrary constants. The associated infinitesimal generators are
presented as follows:

0 0 0 0

o o o 0
Di=-x——-2t2 452 4q 2 Dy=¢gZL-pL D=2 p,=2 7
LS o %% Pap "5 T2 %%p Pag TPTox T4 o4 7)

4. Symmetry Reductions and Exact Solutions of Hirota-Schrodinger’s
Equation

In the subsequent section, main aim to obtain exact solutions ([3], [8]) of equation (1)) by utilizing
the reduced forms obtained through similarity transformations. The appropriate similarity
variables and their functional forms are determined by solving the associated characteristic
equations, as obtained below:
dx dt dp dq
& T 0 ¢
To facilitate symmetry reductions and obtain exact solutions, consider the following four distinct
cases of vector fields:

(8)

4.1 Reduction Under Djs
Solving equation (8) yields the similarity variables in the following form:
2(x,t) = h(p)ed?, 9

where ¥ = ¢. Treating A(y¥) and g(¥) as new dependent variables with a new independent
variable ¥ and using (9) in (1) to obtain a nonlinear ordinary differential equation as:

h'(@) +1eh3(p) = 0,
h()g' () =0.

In this case, the analysis yields only a constant solution for the equation under consideration.

(10)
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4.2 Symmetry Reduction Under D4
The similarity reduction corresponding the vector field D4 is given by:

2(x,t) = h()e'¥V, (11)
where ¥ = x. Utilising into (1), the obtained system of ordinary differential equations is
ah" (@) - ah(@)(g' @))* + eh* ) - 37" (g’ () — 37h' () g" ()

+YR )G @) —5h(P)g' () =0,
{ and (12)
2ah/(§)g' () +ah@@)g" (@) + " (§) - 3yh' (P (g ()2

—37h(@)g'(§)g" (@) + Th*(§)h'(§) = 0.
Due to the complexity of the above system of equations, a non-trivial solution could not be

obtained.

4.3 Symmetry Reduction Under D3+ D,
The similarity variables for vector field D3+ D4 is given by:

2(x,t) = h()e'8V, (13)
where ¥ = x —t. Using the given similarity variable, the reduced system of ordinary differential
equation is given by:

(@) g' (@) + ah" () — ah(@)(g' ()2 + ch3() — 37" (W) g' () — 37h' (W) g" ()
+TR@)E' @))° = Th(@)g" (F) - Gh (g () = 0,
{ and (14)
— R (@) +2ah' g’ )+ ah(@)g" () + Th" (@) - 37h' ()& (#))?
-37h(@)g' (@)g" () + 3 (h(@)*h'(§) = 0.
The complexity of the system makes it difficult to determine a non-trivial solution.

4.4 Symmetry Reduction Under wD3+ Dy
The similarity variables for vector field wD3s + D4 is given by:

2(x,t) = h()e'é?), (15)
where ¥ = x —wt. The obtained ordinary differential equations corresponding to the similarity
variable is:

Wh()g' (W) +ah" (@) — ah(@)g' () + ch3( ) — 37h" (§)g' () — 87h'(¥)g" ()
+Th@)E' (@)? - R (§)g' () =0,
—wh'() +2ah' (@) g' (@) + ah(@@)g" (@) + Yh" (@) — 27h' (@) @) — vh' () g' ()
—h@)g"@W@) + vh(@)g" (@) — vh(@)g'(@)g" () + Gh?(§)R' () = 0.
The complexity of the system makes it difficult to determine a non-trivial solution.
From these reductions we are unable to find the exact traveling wave solutions so we use

(16)

(%)-expansion method to obtain the traveling wave solution of Hirota-Schriodinger equation

describe as follows:
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Consider the nonlinear PDE as
F(Z:Zt,zxyzxt,zxx,---):O, (17)
where z = z(x, t) is unknown function, along with its partial derivatives.

Step 1: Consider the following wave transformation

z(x,t)=y(), ¢{=x+vt (18)
with constants £ and v will convert PDE to ODE which is of the form

Foy,v' v"v",..)=0. (19)
Step 2: Suppose solution of ODE has been written of the form

- G'\? G\t

F()():aq (6) +aq_1 (E +..., (20)

where a, are constants to be determine, where g ranges from 0 to infinity. As G = G(y) persuades
the LDE of second order which is of the form written below:

G"+ G +[iG =0. (21)
where a4 (ag #0); where ‘g’ is called the balance number, a4_1,...,a0, 2 and [ are constants to
be determine later.

Step 3: Determining the positive integer ‘q’ from (19), by equalizing the higher order nonlinear
terms to the higher order derivatives.

Replacing into and use ODE (21), then gather all the entire terms of (%) containing
homogeneous power, and equalize each coefficient to zero, resulting in a variety of algebraic
equations for analysis a4,a4-1,...,a0, c,j[ and f.

Step 4: The general solution of is noted, then substituting the values of a, in (20) we will
get the exact solutions of (1)) which is of the for

A2 -40 Clsinh(%\//l2 4,u))(+Czcosh %\/1 —4fi

2

G’ ~ .
| = 47i— 212 | —Cisin
(G) |

, A2-4fi>0,

N I)X+czcos( 4p-12)y i (22)
. 2

. A2-4fi<0,

2 Clcos(% 4ﬁ—x2)x+02sm(% 4/7—12))(
A -
2 __Z A2_4fi=0.
c1+coy 2

In this context, C1 and Cs both illustrates the arbitrary constants.
The traveling wave transformation for Hirota-Schrodinger equation is performed as
follows:

2(x,t) = F(&)e", (23)

where ¢ = x +vt, 6 = Bx +rt. Here, ‘r’ is the wave number of the soliton and r, v and f are
constants which are determined.
Substituting equation into equation (1)), yields the following:

(@-3yBF"(&)+(-r—ap?+yBHIF(&)+(c—apF* () =0. (24)
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By using the homogeneous balance principal in (24), we have m = 1, then solution of ODE
is of the form

G’
F(f):a0+al(6)- (25)

Substituting 25) in (24), then collect all the coefﬁc1ents with similar power of ( ) together.
Since (25) is the solution of (24), substituting (25) into (24), we obtained the following system of
algebraic equation

G'\?
el : ca? +2aa1—-6yPa; - U,Ba? =0,
G\
el :3aa1 A — SG,Baoa +300L0a1 9ypBAra; =
e (26)
—| :yB3ai1+3caia®—aaif?-3yBaiA%-ra;-6 a1-30Baia’+aaiA?+2a a1=0,
G Y 0 Y YOU 0 u
G'\°
el caaiAp+yBag—rag+ caf’) —aaof?-3yBAual — O'ﬁa% =
The solutions corresponding to equation are given below:
—2a+gypB+ G,Ba%
Y=%7, a=a, pu=H, ¢= o2 )
1

)/,B2a2 +2aa0 6)/,Ba0+aﬁ2 +6y,6ual 2a,ua1 2a0
5 ,A=—0=0,a0=0ap, a1 =0a1.

aj a
The general outcomes of equation (23) can be provided as:

1

Case I: When 1% — 4[>0,

\/ A2 —Afi Clsinh(%\/xz—4ﬁ))(+C2c0sh(%\/12—4ﬁ))(
2 Clcosh(%\/p—4ﬁ)x+02sinh( \/ A2 4;1))(

then solution is

,/(2“0 e h(l (2"—0)2 )( +08)+C h(l 2"0 -4 ( +0t)
- u 1sinh| 5 o x+v 2cosh| 5 u | (x+v
z(x,t) = (ao +ay ( ! ( e!Px+rd - (28)

2 2
Clcosh(%\/(w—o) - )(x+vt)+Czslnh(% (x+vt)

F)=ao+a1 , 27)

N|>>)

D[

a

Case II: When A2 -47i <0,

F() - 2))(+C2cos(% 4,’1_12))(
—an+ )
aptai 2 C1cos(% 40— A2 ))(+Czsm(% 4ﬁ_j[2)x

N
ﬂ
|
o)
[\]
|
aQ
<
«
=
DN | =
N
)
o)

; (29)

DO | =)

then solution is

a0\ 2 . 200 )2 1 209 )2 2
4;t—(2a—°) —Clsm(l 4,u—(a—) )(x+vt)+C2cos(— 4u—(a—) )(x+vt) (a_O)
Z(x,t)= (a() + al( 5 ! : : . - 21 e!(PxtrD), (30)

Case I1I: When 12 —4[i =0,
co I)
ci+tecoy 2)

F(f)=a0+al( (31)
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then solution is

c (22)
z(x,t)=ap+aq 2 — 41| pHlprrt) (32)
c1+colx+vt) 2

The graphical representations are shown in Figure [1], Figure 2| and Figure [3]| this shows 3-D
view of 2-D solutions.

S-S
S T
GG e
e
o S
-l

Figure 1. Traveling wave solution of |z(x,#)| of  Figure 2. Traveling wave solution of |z(x,?)| of
equation (28) when 12 -4fi> 0 for ap=2, a1 =1, equation (30) when A2 -4fi<0 for ag=1, a; =1,
I=4,ﬁ:2, C1=9,Co=4,y=1,8=1,a=1,c=5, a=1,C1=4,Cy =17, i =4, /T=2, y=1, =1,
{=x+15¢ o=1,¢{=x-9t

Figure 3. Traveling wave solution of |z(x,#)| of equation when 12-4fi=0forag=1,a1=1, =1,
0=1,C1=4,Co=5,{=x+9¢
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5. Qualitative Analysis

In this section, a qualitative approach (Du et al. [[6]) is adopted to study the Hirota-Schrodinger
equation based on the bifurcation theory of planar dynamical systems. After converting
the equation into an autonomous system, bifurcation analysis is applied to the resulting ordinary
differential equation. The autonomous system is then analyzed to identify its equilibrium points.
These critical points are classified into four types: nodes, saddles, centers, and spirals. Phase
portraits corresponding to various points are constructed to visually illustrate the nature and
behavior of the system.
Let us examine the following complex transformation:

2(x,t) = e'"“V(5) (33)
where @ = jx —kt + @9 and 6 = ¢t —&x + 6y. A nonlinear ODE is obtained by substituting
into (I). After decomposing the equation into its real and imaginary components, the following
result emerges:

(k—aj>+772)V(8)+ @& +yjEVv"G) +(c-6/)V36) =0, (34)

(1-2a&j +37E2)V'(6) - aEV2(E)V'(6) - 783V (6) = 0. (35)
Integrating with respect to § once and assuming a zero integration constant yields the
following:

(1-2a&j + 372V () — 6EV3(B) - 7E3V"(8) = 0. (36)
Equations and gives us
(k=df?+y/) _ @P+7i _ (e-oj) -
(1-2adj+3755?) 73 o¢

The dynamical system that results from applying the Galilean transformation to (18) is as
follows:

{V’(é):l{(é), o (38)
U'(6) = Wi V3(8) + WaV (D),
where
— . hagi2_q3
] (Gj—¢) - _(Ck+ajt-yj) (39)

175 oo W2 =5 - %
@ +7,js? (@g?+7j¢?)
The Hamiltonian function for is given by

Uz vt _Vv?
HV,U=—-Wi— —Wo—=h
V,0) 5 177 2 ,

where A is hamiltonian constant. By solving the system the derived equilibrium points are
W W
€1=(0,0), €9 = (—tfz,O) , €9 = (172,0).
Wy Wy
The determinant of the Jacobian matrix for the system in equation (38) is
D(V,U) = -W V4(5) - Ws. (40)

Depending upon determinant we have different cases:
(i) (V,U) acts as a saddle point if D(V,U) <0,

(i) (V,U) acts as a center point if D(V,U) >0,
(i) (V,U) acts as a cuspid point if D(V,U) = 0.
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The following outcomes can be achieved by modifying the relevant parameter:

Case 1:V/V\1>0andV/V\2>0
Through choosing particular parameter values, it is observed that the only real equilibrium
point is (0,0), as shown in Figure |4, Clearly, (0,0) corresponds to a saddle point.

CaseZ:V/V\1<0andV/V\2>0
The findings demonstrate three equilibrium points where (0,0) works as a saddle point, as
depicted in Figure 5] In addition, (-2.4494,0) and (2.4494,0) act as center points.

“‘-s\\-s“-r——b
‘\,, . e T 3|

—

7 /
e /.«_/‘—4

\ //a/e—

Figure 4.

Phase portraits illustrating the

Figure 5. Phase portraits showing bifurcation

bifurcations of the proposed system under the
conditions W; > 0 and Wy > 0 based on varying
parameter values

behavior of the proposed system under the
conditions Wi < 0 and Wy > 0 under different
parameter values

CaseS:V/V\1<0andV/V\2<0
Upon selecting suitable parameter values, it is observed that the only real (non-complex)
Equilibrium point is (0,0), as illustrated in Figure[6] This point clearly corresponds to a center.

Case4:V/V\1>0andV/V\2<0

By selecting appropriate parameter values, it is found that three equilibrium points (0,0),
(-0.5773,0), and (0.5773,0), as depicted in Figure |7 It is clear that, (0,0) corresponds to a
center point, while (—0.5773,0) and (0.5773,0) are saddle points.

6. Conclusion

In this paper, Lie symmetry method is implemented to the Hirota-Schriodinger equation to obtain
similarity reductions. However, these reductions did not yield exact solutions. Consequently,
the ( ) -expansion method was employed to derive exact solutions of the Hirota-Schrodinger
equation. The obtained solutions are represented by rational, trigonometric, and hyperbolic
functions and graphical representation shown in 3-D view. Then, investigate the bifurcation

Commaunications in Mathematics and Applications, Vol. 16, No. 2, pp. 461), 2025
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\\F\\&e—e—

Figure 6. Phase portraits of the proposed systems Figure 7. Phase portraits of the proposed systems

bifurcations with condition V/V\l <0 and ﬁ7\2 <0 bifurcations with condition V/V\l > 0 and V/V\z <
based on different parameter values Obased on different parameter values

i

theory of the associated dynamical system corresponding to the nonlinear Hirota-Schrédinger
equation. Through bifurcation analysis, examined the qualitative behavior of the system. By
perturbing the governing dynamical system, various phase portraits were generated to explore
the dynamic characteristics of the model.
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