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1. Introduction
The classical harmonic numbers are defined by for n e N
L
H,=) —,
" k=1 k

and Hy = 0. They have interesting applications in many areas, such as, number theory,
combinatorics and analysis of algorithms. These numbers have been studied extensively.

In [1]], for n = 1 some properties are following:

n—1

Y Hp=n(H,-1), 1.1)
k=1



34 Some Combinatorial Identities of q-Harmonic and q-Hyperharmonic Numbers: C. Kizilates and N. Tuglu

n-1 2
Y kH) = % (Hn - %) , (1.2)
k=1

n=l(p n 1

k:Zm (m)Hk B (m+1) (Hn_ m+1) ’ (1.3)

where n2=n(n —1) and m is nonnegative integer.

In [2], Spivey proved some combinatorial identities related to harmonic numbers via finite
differences. In [3], Chu studied finite and infinite series involving the classical harmonic
numbers. The harmonic numbers and their generalizations have been studied in several papers;
among other references, see [4-6,/17-21]. For example in [4], Choi presented further identities
about certain interesting finite series associated with binomial coefficients, harmonic numbers
and generalized harmonic numbers. In [5]], Conway and Guy defined hyperharmonic number of
order r, H 55), for n,r =1 by the following recurrence relations:

n
HY =Y HI™Y,
k=1

where H? = % andif n<0orr<0, H” =0.

In [6], Benjamin et al. gave some combinatorics properties of hyperharmonic numbers by
taking repeated partial sums of the harmonic numbers. In [21]], Bahsi and Solak defined a
special matrix whose entries are hyperharmonic numbers and gave some properties of this
matrix via hyperharmonic numbers. Recently, in [22], Tuglu et al. defined harmonic and
hyperharmonic Fibonacci numbers. Moreover they gave some combinatorial identities for the
harmonic Fibonacci numbers by using the difference operator. Now we briefly summarize basic
properties of g-calculus. Let n be a positive integer and q € (0,1). The g-integer [n], and
q-factorial [n],! are respectively defined by

n

[n], = 1_ =1+qg+q®+...+q" 1,

[nl,! = ifn=0,
[nlyln—-1],...[1]1; fn=1,2,....

The g-binomial coefficients (Z)q is given by

n _ [n]q' .
(k)q NEE PR

with (§) =1 and (}) =0 for n <k [7]. The well known g-analogue of Pascal’s rule are following:
1=,
Tlg V74,4 T g
T)q T g I,
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For more details and properties related to g-calculus we refer to [7,8].

g-analogues of H,, are given by Dilcher, for n =0

no]
H,(¢)=) —
j=1 [J]q
and
~ n qj
H,(q)=) —
=1lilg

where Ho(g) = Hy(g) =0 (see [9]).

Many authors investigated g-harmonic numbers in various aspects [10-14,23]]. In [10],
Mansour et al. examined g-analogs of certain previously established combinatorial identities.
In [11], Mansour derived g-analogue of harmonic number sums by using partial fraction
approach. In [12]], Mez6 studied three different g-analogue of classical harmonic numbers.
In [13], Chu and Yan derived several interesting identities concerning g-harmonic numbers by
using the g-finite differences and derivative operator.

Recently in [14]], Mansour and Shattuck defined g-analogue of the hyperharmonic numbers
as follows:

n
HSzr)(q) — Z thflr—l)(q)
t=1

where Hﬁ,o)(q) = . For r =1 it will be seen that

q[n]
H,(¢)=qH} (). (1.4)

They considered a g-analogue of the hyperharmonic numbers and gave some combinatorics
properties of these numbers.

The Carlitz-Gould g-difference operator is defined by
Agf®) = flx+1D~f(x)
and
NG (@) = Agfx+ 1) —q"AGf (),
[[15]. g-difference operator has very interesting property. For example in [16],
ALl = ¥ I, [xly

where [x]qm =[x]q[x—1]4...[x —m +1],. The inverse of g-difference operator is defined by

n n-1
ASFER)y =Y F@)dgx =) f(k)
0 k=0
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[15]. Since definition of g-difference operator, we can easily obtain
m+1
Y qF 2]} 6gx=q™ o _
q ~q [ + l]q

%: Uq(X)Aqug(x)dqx = uq(x)vq(x)|g - %:vq(x +DAguqg(x)dgx.

(1.5)

(1.6)

Motivated by such applications, we present g-analogues of certain previously established

combinatorial identities by using g-difference operator. Moreover,
combinatorial identities involving q-hyperharmonic numbers.

2. Main Results

Theorem 2.1. Let k,m be non-negative integers and 0 <m <k, then

m+1 om+1

[nlg _ q
k—H =————|¢g"H,(q)— ——|.
Zq (kg Hi(@) = 1]q( () Ty

we give some new

Proof. Let uqy(k) = H(q) and Aqug(R) = qk[k];n be in li Definition of g-difference operator

m+1

m Rl

and 1} Aqug(k) = [kqi—;q and vy(k)=q™ T+l . Then by using the equation lb

m+1

Eqk[k]qmﬁk(qhq’”&ﬁn( R T " i “lkYg6 gk
k=0 [m+1], 11, %
m+l m+1 m+1 "
_qm%ﬁn(q)— [nz+1]q ( m[z]i - 0)
[nlg g2m+1
“me1, q"Hy(q) [m+1]q)

Corollary 2.2. For n =1, we have

n-1
Y ¢*Hi(@) = nl, (Hu(@) - q).
k=0
Proof. By putting m =0 in Theorem one has

n-1 . _
Y q*Hy(q)=Inlq (Hu(@)-q).
k=0

Remark 2.3. Setting ¢ = 1 in (2.1), we obtain equation (1.1).

Corollary 2.4. For n =1, we have

[n12 7
Rl Hy(q) = —2 |qH(q) —
Zoq [k1gH1(q) [2]q( (@) [2]q)

(2.1)

(2.2)
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Proof. By putting m =1 in Theorem one has

H, O
21, (q (@)= [2]q)

Remark 2.5. Setting ¢ = 1 in (2.2), we obtain equation (1.2).

Z q" [k, Hr(q) =

Mansour and Shattuck proved following theorem by using q-partial fraction methods ( [[14]).
Now we give another proof for this theorem by using the g-difference operator.

Theorem 2.6. If 0<m <k, then

n—1 k _ n _ qm+1
k—-m — R
Y q (m)qu(q)— (m+ 1)q (Hn(q) — 1]q)' (2.3)

k=m

Proof. Let uy(k)=H k(q) and Agvq(k) = k_’”(k )q be in 1! From the definition of g-difference

m

operator. Ajug(k) = and v, (k) = ( )q. Then by using the equation 1D we have

[k+1]
n-1 k " n " m+1l n-1 k
qu_m( )Hk(q): Hn(CI)—q— qk_m( )
hom mq m+1q [m+1lq ;= mq
n " m+1 n
— Hn(q)—q—
m+1 [m+1]q m+1
q q
n _ m+1
() (o) :
m+1 v [m+1]q

Remark 2.7. Setting ¢ = 1 in (2.3), we obtain equation (1.3).

Definition of q—hyperharmonic numbers, for r =2 it will be seen that

n t
H2(q) = Z Z

q’”
z (2.4)
1 Llg

The following theorems are related to H 512)(q). These theorems contains some combinatorial
identities, which are easier to calculate than according to equation (2.4).

Theorem 2.8. For 0 <m <k, we have

n—-1 m m+2
ki@ oy 4 ml @) gy et 1l (~ _q_)
kgoq [k1q H), @@= ([ L e TR (e L |

Proof. Let u(k) = H(z)(q) and Ajv(k) = q""[k]qﬂ be in lb Then we obtain Aju(k) = q"Hy.1(q)

and v(k) = [[:L]il] By using the equation (1.6), we obtain
k@) [n ]ZHI @ N ke
kI, H = m— E+12HE Oqk
k§:0q [klgHy (q)=q [m+1]q (@) - +1]q §0 ¢" 1k +11g" Hpaa(@)
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m+1 _ m+2 m+2
PN Y L LA YN A e
[m +1], [m+1], [m +2], [m +2]2
2
m q™[n+ 122 m+2
- | HE () - —— (Hn+1<q)— q—) . 0
[m+1], [m +2], [m +2],
Corollary 2.9. For n =1, we have
n-1 [n ]_] 2
Err@) .y — ©) q q
H”(q)=I[nl,H,’(q)— ( (q)- )
kgoq (g oy (@) = == | Hnn @)= 1o
Proof. By putting m =0 in Theorem we obtain
T HP(@) = 1, H () - 2 Uy ( @--L ) 0
=[n
k=0q k q qilp q [2](1 n+1\q [2]q
Corollary 2.10. For n =1, we have
n—-1 [n+ 1]
Err2) @) q 7 (g
H;”(q)=I[nlgH,( )——( ( )——)
Proof. The proof'is trivial from the (1.4). O
Corollary 2.11. For n =1, we have
qgln+ 1]
H (o) = [n]. HO(q) q((D ) 2.5
ao1(q) =I[nlH;"(q) 21, ni1(@)— 21, (2.5)
Proof. The proof is trivial from the definition of g-hyperharmonic numbers. O

Setting ¢ =1 in (2.5), we obtain

(n+1)2 1
H£L3_)]_ :”Hfzz)_—2 (Hn+1_§)-

A g-analogue of hyperharmonic numbers can be expressed with the following conjecture.

Conjecture 2.12. For n=1,

@)+ _ -
H(7‘+1)( )_( 1)r(12—(n+: ]‘) +Z( 1)Jq( 1)(:+J) (7’ .])( )
q q

[7]q =0 1) v

Theorem 2.13. For n =1, we have

n-1 k n n+1 m+1
k-m @\ _ @)y _ o m+l HD (0y— 1
k;nq (m)qu (q)= (m+1)an (@)-q (m+2)q( ni1(@) o +2]q). (2.6)
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Proof. Let uy(k) = HS?)(q) and Agv4(k) = qk[k]qﬂ be in |D Then we have Ajuq(kR) = q"Hy.1(q)
and v, (k) = ( k )q. From (1.6)), one has

m+1

el k oo (k41 -
> g ’”(m) HP(¢)= (m+1) HP(g) —qu(mﬂ Hy1(@)d 4k
k=m q q m " q
n 4 E+1) ~
— H(2) _.m k—m H
| Hn@-a ;q o q] Hen(@
q q
n n+1l)| ~ g™*? (n+1
— H®(g)= g™ H -+t
m+1 n (D=4 ((m+2) n+1(q) [m+2], \m +2
q q q
n n+1 gmtl
— H(2) _ m+1 (H(l) _ X D
m+1 . n (@)=q m+2 . ne1(9) [m +2],

Remark 2.14. Setting ¢ =1 in (2.6)), one has

m| "k m+1 m+2 m+2

k=m

where H, ;1 1s (n + 1)th ordinary harmonic numbers.

3. Conclusion

In this paper, we studied some combinatorial identities of g-harmonic and g-hyperharmonic
numbers by using the g-difference operator. On the other hand in [24], p, g-binomial coefficients
is defined by

(n) _ [n]pq!

C[n- 1 1’
k o [n—Rlpg! —[R]pg!
where [n],q = ’% and [nlyq! = [nlpgln —1lpq...[1]5¢. It would be interesting study some
combinatorial properties of p,g-harmonic and p,g-hyperharmonic numbers of order r by using
the p, g-difference operator and research their properties.
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