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1. Introduction
There is an immense application of Fractional Integral Equations (FIEs) in solving real-world
practical problems across diverse fields. Because of the pivotal role of FIEs in various branches
of science and engineering, it is crucial to understand such equations. The idea of Measure of
Noncompactness (MNC) plays a remarkable role in Fixed Point Theorems (FPT). Kuratowski [16]
introduced the concept of MNC in 1930. In 1955, G. Darbo [9] utilised the notion of MNC to
develop a result which demonstrated that fixed point is present for the condensing operators.
FPT and MNC have several implementations in the analysis of numerous integral equations
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that arise in innumerable problems imperative to physical scenarios. Numerous research works
related to FIEs have been studied using MNC and FPT. Some of such research works can be
seen in Banaś and Mursaleen [6], and Das et al. [10–15].

2. Preliminaries
Let us denote a real Banach Space (BS) having the norm ∥ ·∥ by H.
Assume B(θ, r)= {t ∈ H : ∥t−θ∥ ≤ r}. If B (̸=;)⊂ H, then by convB and B̄ we identify the convex
closure and closure of B. Additionally, let

• MH = the set of all bounded and non-empty subsets of H,

• NH = the set of all relatively compact sets.
MNC can be defined from [6] as follows:

Definition 2.1. A function ψ̂ :MH →R+ is called an MNC in H if:
(i) for all B ∈MH , we get ψ̂(B)= 0 which shows that B has relative compactness.

(ii) kerψ̂= {B ∈MH : ψ̂(B)= 0} ̸= ; and kerψ̂⊂NH .

(iii) B1 ⊆B2 =⇒ ψ̂(B1)≤ ψ̂(B2).

(iv) ψ̂(B̄)= ψ̂(B).

(v) ψ̂(convB)= ψ̂(B).

(vi) ψ̂(ρB+ (1−ρ)U1)≤ ρψ̂(B)+ (1−ρ)ψ̂(B1), for any ρ ∈ [0,1].

(vii) If B1∈MH , Bl=B̄l , Bl+1⊂Bl for l = 1,2,3,4, . . . and lim
l→∞

ψ̂(Bl)= 0 then B∞ =
∞⋂

l=1
Bl ̸=;.

The set B∞ =
∞⋂

l=1
Bl ∈ kerψ̂. Since ψ̂(B∞)≤ ψ̂(Bl) for any l, we conclude ψ̂(B∞)= 0.

Some important theorems and definitions:

Theorem 2.2 ([15]). Let B be a non-empty, bounded, convex and closed (NBCC) subset of a BS
H. Then, for every continuous as well as compact map g :B→B there exists at least one fixed
point.

Theorem 2.3 (Darbo [17]). Let B be a NBCC subset of a BS H and let there exists a continuous
mapping f :B→B. Let us consider a constant b ∈ [0,1) such that

ψ̂( f J)≤ bψ̂(J), J ⊆B.

Then, there exists a fixed point in B for f .

Definition 2.4 ([15]). Let S denote the collection of all functions λ : [0,∞) → R+ satisfying
the conditions:

(i) λ(x̃)≤λ( ỹ) =⇒ x̃ ≤ ỹ, for all x̃, ỹ ∈R+ and x̃, ỹ≥ 0.

(ii) λ is non-decreasing and continuous.

As an illustration: λ(x̃)= x̃1 and λ( ỹ)= cx̃1, c ∈ [0,1).
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Definition 2.5 ([15]). A function J :R+×R+ →R is a continuous function belonging to C-class if
the following postulates are satisfied:

(i) J(g, g̃)≤ g,

(ii) J(g, g̃)= g =⇒ either g = 0 or g̃ = 0. Also, J(0,0)= 0.

As an illustration:
(i) J(g, g̃)= g− g̃,

(ii) J(g, g̃)= cg, 0< c < 1.

Definition 2.6 ([14]). Let Ξ denote the set of all alternating distance functions ξ : [0,∞)×R+ →
[0,∞) if:

(i) ξ(x)= 0⇐⇒ x = 0.

(ii) ξ is increasing and continuous.

As an illustration: ξ(x)= (1− t̃)x, 0≤ t̃ ≤ 1.

Definition 2.7 ([14]). Let Φ denote the set of functions κ : [0,∞)→R+, satisfying

lim
n→∞κ(an)= 0 if lim

n→∞an = 0,

where (an) is a non-negative sequence.

As an illustration:
(i) κ(t)= t2,

(ii) κ(t)= t3.

Definition 2.8 ([14]). Let κ ∈Φ and indicate by Π the set of all functions h : [0,∞) → R+ be
a continuous map such that:

(i) h(x)= 0⇐⇒ x = 0.

(ii) lim
n→∞κ(sn)< h(s) if lim

n→∞ sn = s > 0.

As an illustration:
(i) h(t)= 2t2,

(ii) h(t)= 3t3.

Definition 2.9. A continuous function φ : R+× [0,∞) → R+ is identified as an ultra-altering
distance function if φ(s)> 0 and φ(0)≥ 0,s > 0.
This function class is denoted by S.

Definition 2.10. Let T1,T2 : B ⊆ H → H and α : MH ×MH → [0,∞). It is said that the pair
(T1,T2) is α-admissible if:

α(Ω1,Ω2)≥ 1 =⇒ α(convT1Ω1,convT2Ω2)≥ 1 and α(convT2Ω1,convT1Ω2)≥ 1,

where Ω1,Ω2,T1Ω1,T2Ω2,T1Ω2,T2Ω1 ∈MH .
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Let T1 = T2 = I , and H =R, also let
(i) α(s, t)= 2(t/s), (s, t)≥ 0, s ̸= 0,

(ii) α(s, t)= k, k > 1.

3. Fixed Point Theory
Theorem 3.1. Let H be a BS and B be a NBCC subset of H. Also, T1,T2 :B→B are continuous
mappings which are α-admissible with α(E1,F1)≥ 1. Then,

α(Ω1,Ω2)[λ{h(ξ(ψ̂(T1Ω1),γ(ψ̂(T2Ω2))))}]

≤λ[J{κ(ξ(ψ̂(Ω1),γ(ψ̂(Ω2)))),φ(ψ̂(Ω1),γ(ψ̂(Ω2)))}], (3.1)

where Ω1,Ω2 ⊂B and ψ̂ is an MNC and ξ ∈Ξ, κ ∈Φ, h ∈Π, φ ∈S. Also, J :R+×R+ →R+ and
λ,γ :R+ →R+ are non-decreasing and continuous mappings. Then, the operators T1 and T2 have
at least one fixed point in B.

Proof. Consider the sequences Ep and Fp with E1 = F1 = B and Ep+1 = conv(T1Ep) and
Fp+1 = conv(T2Fp) for p ∈N. Then,

T1E1 =T1B⊆B= E1, E2 = conv(T1E1)⊆B= E1

and

T2F1 =T2B⊆B= F1, F2 = conv(T2F1)⊆B= F1.

Processing similarly, we get

E1 ⊇ E2 ⊇ E3 ⊇ . . .⊇ Ep ⊇ Ep+1 ⊇ . . .

and

F1 ⊇ F2 ⊇ F3 ⊇ . . .⊇ Fp ⊇ Fp+1 ⊇ . . . .

If ψ̂(Ep0)= ψ̂(Fp0)= 0, for some p0 ∈N, Ep0 and Fp0 are compact sets. In this case, Schauder’s
Theorem implies T1 and T2 have fixed points in B.

Assume that ψ̂(Ep)> 0 and ψ̂(Fp)> 0, for p ∈N. Since, ψ̂(Ep+1)≤ ψ̂(Ep) and ψ̂(Fp+1)≤ ψ̂(Fp),
therefore there exists u0,v0 ≥ 0 satisfying

lim
p→∞ψ̂(Ep)= u0 and lim

p→∞ψ̂(Fp)= v0.

As T1,T2 are α-admissible and α(E1,F1) ≥ 1, thus, α(E2,F2) = α(convT1E1,convT2F1) ≥ 1. By
the Principle of Mathematical Induction, we can conclude that α(Ep,Fp)≥ 1 for every p ≥ 1.

Now,

λ[h(ξ(ψ̂(Ep+1),γ(ψ̂(Fp+1))))]=λ[h(ξ(ψ̂(conv(T1Ep)),γ(ψ̂(conv(T2Fp)))))]

≤α(Ep,Fp)λ[h(ξ(ψ̂(T1Ep),γ(ψ̂(T2Fp))))]

≤λ[J{κ(ξ(ψ̂(Ep),γ(ψ̂(Fp)))),φ(ψ̂(Ep),γ(ψ̂(Fp)))}].

By property of λ,

h(ξ(ψ̂(T1Ep),γ(ψ̂(T2Fp))))≤ J{κ(ξ(ψ̂(Ep),γ(ψ̂(Fp)))),φ(ψ̂(Ep),γ(ψ̂(Fp)))}.

As p →∞, we get

h(ξ(u0,γ(v0)))≤ J{κ(ξ(u0,γ(v0))),φ(u0,γ(v0))}.
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Hence by property of J,

h(ξ(u0,γ(v0)))≤κ(ξ(u0,γ(v0))).

Now, by property of κ
κ(ξ(u0,γ(v0)))< h(ξ(u0, (γv0)))

which is a contradiction.
Therefore, we get

u0 = v0 = 0,

i.e.,

lim
p→∞ψ̂(Fp)= 0= lim

p→∞ψ̂(Ep).

Since Ep ⊇ Ep+1, and Fp ⊇ Fp+1, so with the help of Definition 2.1, we obtain E∞ =
∞⋂

p=1
Ep and

F∞ =
∞⋂

p=1
Fp are closed, convex and non-empty subsets of P and E∞ is T1 invariant while F∞ is

T2 invariant.
Hence, Theorem 3.1 concludes that T1 and T2 have fixed points in B.

Theorem 3.2. Let H be a BS and B be a NBCC subset of H. Also, T1,T2 :B→B are continuous
mappings which are α-admissible with α(E1,F1)≥ 1. Then,

α(Ω1,Ω2)h(ξ(ψ̂(T1Ω1),γ(ψ̂(T2Ω2))))≤ J{κ(ξ(ψ̂(Ω1),γ(ψ̂(Ω2)))),φ(ψ̂(Ω1),γ(ψ̂(Ω2)))}, (3.2)

where Ω1,Ω2 ⊆B and ψ̂ is an MNC and ξ ∈Ξ, κ ∈Φ, h ∈Π, φ ∈S. Also, J :R+×R+ →R+ and
γ :R+ →R+ are non-decreasing and continuous mappings. Then, the operators T1 and T2 have
at least one fixed point in B.

Proof. Taking λ(x̃) ≤ λ( ỹ) =⇒ x̃ ≤ ỹ, for all x̃, ỹ ∈ R+ and x̃, ỹ ≥ 0, in Theorem 3.1 the above-
mentioned result can be obtained.

Theorem 3.3. Let H be a BS and B be a NBCC subset of H. Also, T1,T2 :B→B are continuous
mappings with

h(ξ(ψ̂(T1Ω1),γ(ψ̂(T2Ω2))))≤ J{κ(ξ(ψ̂(Ω1),γ(ψ̂(Ω2)))),φ(ψ̂(Ω1),γ(ψ̂(Ω2)))}, (3.3)

where Ω1,Ω2 ⊆B and ψ̂ is an MNC and ξ ∈Ξ, κ ∈Φ, h ∈Π, φ ∈S. Also, J :R+×R+ →R+ and
γ :R+ →R+ are non-decreasing and continuous mappings. Then, the operators T1 and T2 have
at least one fixed point in B.

Proof. Taking α(Ω1,Ω2)= 1 in Theorem 3.2 the above mentioned result can be obtained.

Theorem 3.4. Let H be a BS and B be a NBCC subset of H. Also, T1,T2 :B→B are continuous
mappings with

ξ(ψ̂(T1Ω1),γ(ψ̂(T2Ω2)))≤κ(ξ(ψ̂(Ω1),γ(ψ̂(T2Ω2)))), (3.4)

where Ω1,Ω2 ⊆B and ψ̂ is an MNC and ξ ∈Ξ, κ ∈Φ. Also, γ :R+ →R+ is a non-decreasing and
continuous mapping. Then, the operators T1 and T2 have at-least one fixed point in B.
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Proof. Taking h(u) = u and J(u) ≤ u in the Theorem 3.3, the above mentioned result can be
obtained.

Corollary 3.5. In Theorem 3.4, let T =T1 =T2. Also, let γ(u)= 0, κ(u)= ku and ξ(u)= u for all
u≥ 0 where k ∈ [0,1). We get

ψ̂(TΩ)≤ kψ̂(Ω),

where Ω⊆B. Thus, we obtain the Darbo’s FPT.

4. Measure of Noncompactness on a Tempered Sequence Space
Banaś and Krajewska [5] established the idea of tempered sequence spaces as well as tempering
sequence as given below.

A tempering sequence has been defined as a fixed positive real sequence u= (ui)∞i=1 that is
also non-increasing.

The set
⋃

was recently developed by Rabbani et al. [18], which encompasses any complex

or real sequence ρ = (ρ i)∞i=1 so that
∞∑

i=1
up

i |ρ i|p <∞, 1 ≤ p <∞. It can be seen that
⋃

creates a

linear space over R (or C), denoted as
⋃= lup , for 1≤ p <∞.

Evidently, lup for 1≤ p <∞ is a BS with the norm

∥ρ∥lup =
( ∞∑

i=1
up

i |ρ i|p
) 1

p

.

Choosing ui = 1, for all i = 1,2,3, . . . then lup = lp , for 1≤ p <∞.
The Hausdorff MNC Φlup as stated in [18] for a non-empty, bounded set Bu of lup (1≤ p <∞) can
be given by

Φlup (Bu)= lim
n→∞

[
sup
p∈Bu

( ∑
k≥n

up
k |ρk|p

) 1
p
]
.

Let us consider the space of all continuous maps C(I, lup), where I = [0,u], u> 0, having value in
lup (1≤ p <∞) which is a BS with the norm

∥ρ∥C(I,lup) = sup
t∈I

∥ρ(t)∥lup ,

where ρ(t)= (ρ i(t))∞i=1 ∈ C(I, lup).

Let Eu(t)= {ρ(t) : ρ ∈ Eu}, for every t ∈ I . Thus, the MNC for Eu ⊂ C(I, lup) is defined as

ΦC(I,lup)(E
u)= sup

t∈I
Φlup (Eu(t)).

5. Solvability of Fractional Integral Equation
For 0< u< 1, the weighted Atangana-Baleanu fractional integral of order u of f ∈ L1(0,T) with
respect to the weight function w is defined by Al-Refai [2] as

cIuw f (χ)= 1−u

M(u)
f (χ)+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s) f (s)ds. (5.1)
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In the following section we scrutinize the given FIE,

ℵ(χ)=Gn

(
χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

)
, (5.2)

where 0< u< 1, χ ∈ I = [0,T], T > 0, n ∈N.

Also, ℵ(χ)= (ℵn(χ))∞n=1 ∈A and A denotes a tempered sequence space.

Assume:
(i) Gn : I ×C(I, lup)×R→R is continuous and

|Gn(χ,ℵ(χ), l)−Gn(χ,ℵ(χ),m)|p ≤βn(χ)|ℵn(χ)−ℵ̂n(χ)|p +Pn(χ)|l−m|p,

for all ℵ(χ)= (ℵn(χ))∞n=1 ∈ C(I, lup) and βn,χn : I →R+ are continuous maps for all n ∈N.

Also,
∞∑

n=1
up

n|Gn(χ,ℵ0,0)|p → 0,

for all χ ∈ I where ℵ0 = (ℵ0
n(χ))∞n=1 ∈ C(I, lup).

(ii) Hn : I × I ×C(I, lup)→R is continuous and there exists

Ĥn = sup{|Hn(χ, s,ℵ(s))| : s,χ ∈ I;ℵ(s) ∈ C(I, lup)}.

Also,

Qk =
∑
n≥k

up
nĤp

n ,

sup
k∈N

Qk = Q̂ and lim
k→∞

Qk = 0.

(iii) The operator G is defined from I ×C(I, lup)→ C(I, lup) as

(χ,ℵ(χ))→ (Gℵ)(χ),

where

(Gℵ)(χ)=
(
Gn(χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds)

)∞
n=1

.

(iv) Let

sup
t̃∈I

βn(χ)= β̂n,

sup
n∈N

β̂n = β̂, 0< 21− 1
p β̂

1
p < 1.

Also, for all χ ∈ I ,∑
up

nPn(χ)≤ m̂.

Let Bp,u,r̂ = {ℵ ∈ C(I, lup) : ∥ℵ∥C(I,lup) ≤ r̂}.

(v) Let w : I →R be C1 and non-decreasing and

0< l ≤ |w(χ)| ≤ L, for all χ ∈ I.
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Theorem 5.1. If constraints (i)-(v) sustain, then equation (5.2) has a solution in C(I, lup), where
p > 1.

Proof. For a fixed χ ∈ I :
Phase 1: In this phase, we show that the operators T and T̂ map Bp,u,r̂ into Bp,u,r̂ ,

∥ℵ(χ)∥p
lup
= ∑

n≥1
up

n

∣∣∣∣Gn

(
χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

)∣∣∣∣p

≤ 2p−1 ∑
n≥1

up
n

∣∣∣∣Gn

(
χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

)
−Gn(χ,ℵ0(χ),0)

∣∣∣∣p

+2p−1 ∑
n≥1

up
n|Gn(χ,ℵ0(χ),0)|p

≤ 2p−1 ∑
n≥1

up
n

[
βn(χ)|ℵn(χ)|p +Pn(χ)

∣∣∣∣ 1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

∣∣∣∣p]
≤ 2p−1β̂∥ℵ(χ)∥p

lup
+ 2p−1m̂

M(u)p

∑
n≥1

(1−u)pĤp
n + 2p−1m̂Lpup

M(u)pΓ(u)plp

∑
n≥1

up
nĤp

n

[∫ χ

0
(χ− s)u−1ds

]p

≤ 2p−1β̂∥ℵ(χ)∥p
lup
+ 2p−1m̂

M(u)p Q̂
[

(1−u)p

up
n

]
+ 2p−1m̂upLp

M(u)pΓ(u)plp Q̂
[∫ χ

0
(χ− s)u−1ds

]p

≤ 2p−1β̂∥ℵ(χ)∥p
lup
+ 2p−1m̂

M(u)p Q̂
[

(1−u)p

up
n

+ TupLp

Γuplp

]
.

Let us assume,

∥ℵ(χ)∥p
lup
≤ 2p−1m̂

M(u)p Q̂
[

(1−u)p

up
n

+ TupLp

Γuplp

]
= r̂p.

Hence ∥ℵ(χ)∥p
lup
≤ r̂.

Let G : I ×Bp,u,r̂ → Bp,u,r̂ be an operator given by

(Gℵ)(χ)=
(
Gn(χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds)

)∞
n=1

= ((Gnℵ)(χ))∞n=1,

where ℵ(χ) ∈ Bp,u,r̂ and χ ∈ I .
By assumption (iii),∑

n≥1
(Gnℵ)(χ) is finite and unique.
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Hence,

(Gℵ)(χ) ∈ C(I, lup).

Again,

∥Gℵ∥C(I,lup) ≤ r̂.

Thus, G is a self mapping on Bp,u,r̂ .

Phase 2: Let ℵ̂(χ)= (ℵ̂n(χ))∞n=1 ∈ Bp,u,r̂ and ϵ> 0 such that ∥ℵ−ℵ̂∥C(I,lup) < ϵ

2β̂
= δ.

For a fixed t̃ ∈ I ,

|(Gnℵ)(χ)− (Gnℵ̂)(χ)|p

=
∣∣∣∣Gn

(
χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

)
−Gn

(
χ, ℵ̂(χ),

1−u

M(u)
Hn(χ, s, ℵ̂(χ))+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s, ℵ̂(s))ds

)∣∣∣∣p

≤βn(χ)|ℵn(χ)−ℵ̂n(χ)|p +Pn(χ)
∣∣∣∣( 1−u

M(u)
[Hn(χ, s,ℵ(χ))−Hn(χ, s, ℵ̂(χ))]+ u

M(u)Γ(u)w(χ)

·
∫ χ

0
(χ− s)u−1w(s)[Hn(χ, s,ℵ(s))−Hn(χ, s, ℵ̂(s))]ds

)∣∣∣∣p

≤βn(χ)|ℵn(χ)−ℵ̂n(χ)|p + Pn(χ)(1−u)p

M(u)p |Hn(χ, s,ℵ(s))−Hn(χ, s, ℵ̂(s))|p

+ Pn(χ)upLp

M(u)pΓuplp

∣∣∣∣∫ χ

0
(χ− s)u−1[Hn(χ, s,ℵ(s))−Hn(χ, s, ℵ̂(s))]ds

∣∣∣∣p

.

As Hn is continuous ∀ n ∈N, so for ∥ℵ−ℵ̂∥p
C(I,lup) < ϵp

2β̂
, we have

un|Hn(χ, s,ℵ(s))−Hn(χ, s, ℵ̂(s))| < ΓuϵM(u)

m̂
1
p 2

1
p

, ∀ n ∈N.

Therefore,∑
n≥1

up
n|(Gnℵ)(χ)− (Gnℵ̂)(χ)|p ≤ β̂ ∑

n≥1
up

n|ℵn(χ)−ℵ̂n(χ)|p + (1−u)p(Γu)pϵpLp

2lp + Tupϵp

2
.

When ϵ→ 0, we get

∥(Gnℵ)(χ)− (Gnℵ̂)(χ)∥p
C(I,lup) → 0, where ∥ℵ−ℵ̂∥ < ϵ

2β̂
.

Hence G is continuous on Bp,u,r̂ .

Phase 3:

ψ̂lup (GBp,u,r̂)

= lim
n→∞ sup

ℵ∈Bp,u,r̂

( ∑
k≥n

up
k

∣∣∣∣Gn

(
χ,ℵ(χ),

1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

)∣∣∣∣p) 1
p
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≤ lim
n→∞ sup

ℵ∈Bp,u,r̂

(
2p−1 ∑

k≥n
up

k

[
β̂|ℵn(χ)|p +Pn(χ)

(
1−u

M(u)
Hn(χ, s,ℵ(χ))

+ u

M(u)Γ(u)w(χ)

∫ χ

0
(χ− s)u−1w(s)Hn(χ, s,ℵ(s))ds

)∣∣∣∣p) 1
p

≤ 21− 1
p lim

n→∞ sup
ℵ∈Bp,u,r̂

(
β̂

1
p

∑
k≥n

up
k |ℵn(χ)|p + (1−u)pm̂Qn

M(u)p + m̂LpTup

M(u)p(Γu)plp Qn

) 1
p

,

i.e.,

ψ̂lup (GBp,u,r̂)≤ 21− 1
p β̂

1
p ψ̂lup (Bp,u,r̂).

Therefore,

ψ̂C(I,lup)(GBp,u,r̂)≤ 21− 1
p β̂

1
p ψ̂C(I,lup)(Bp,u,r̂).

Thus, G has at least one fixed point in (Bp,u,r̂)⊆ C(I, lup).
Therefore, eq. (5.2) possesses a solution in C(I, lup).

Example 5.2. Let

ℵn(χ)= ℵn(χ)
5n2 +χ + 1

2n(χ+n2)
+ 1

2nΓ1
2

∫ χ

0
(χ− s)−

1
2

1
(s+n2)

ds, (5.3)

where χ ∈ [1
2 ,1

]= I , n ∈N.
Here,

Gn(χ,ℵ(χ), l(ℵ(χ))= ℵn(χ)
5n2 +χ + l(ℵ(χ))

n
,

Hn(χ, s,ℵ(s))= 1
s+n2 ,

l(ℵ(χ))= 1
2

1
(χ+n2)

+ 1
2Γ1

2

∫ χ

0
(χ− s)−

1
2

1
(s+n2)

ds

and

w(χ)= 1, w(s)= 1, u= 1
2

, un = 1
n

and T = 1.

Let ℵ(χ) ∈ lup for some fixed χ ∈ I . Then,∑
n≥1

up
n|Gn(χ,ℵ(χ), l(ℵ(χ))|p = ∑

n≥1

1
np

∣∣∣∣ ℵn(χ)
5n2 +χ + 1

2n
1

(χ+n2)
+ 1

2Γ1
2

∫ χ

0
(χ− s)−

1
2

1
(s+n2)

ds
∣∣∣∣p

≤ 2p−1 ∑
n≥1

1
np

|ℵn(χ)|p
5pn2p + ∑

n≥1

1
2pn4p + 1

2p(Γ1
2 )p

∑
n≥1

1
n3p

∣∣∣∣∫ χ

0
(χ− s)−

1
2 ds

∣∣∣∣p

≤ 2p−1

5

∑
n≥1

1
n3p ∥ℵ(χ)∥p

lup
+ ∑

n≥1

1
2pn4p + 1

(Γ1
2 )p

∑
n≥1

1
n3p

<∞,

as
∑

n≥1

1
n3p and

∑
n≥1

1
n4p are both convergent for p > 1.

Therefore, for fixed χ ∈ I ,

{Gn(χ,ℵ(χ), l(ℵ(χ))}∞n=1 ∈ l∞p ,
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i.e.,

{Gn(χ,ℵ(χ), l(ℵ(χ))}∞n=1 ∈ C(I, lup).

Thus, Gn is continuous ∀ n ∈N and

|Gn(χ,ℵ(χ), l(ℵ(χ))−Gn(χ, ℵ̂(χ), l(ℵ̂(χ))|p =
∣∣∣∣ 1
5n2 +χ (ℵn(χ)−ℵ̂n(χ))+ 1

n
(l(ℵn(χ))− l(ℵ̂n(χ)))

∣∣∣∣p

≤ 2p−1

5pn2p |ℵn(χ)−ℵ̂n(χ)|+ 2p−1

np |l(ℵn(χ))− l(ℵ̂n(χ))|p.

Here βn as well as Pn are continuous maps ∀ n ∈N and

βn(χ)= 2p−1

5pn2p , β̂= 2p−1

5p ,

Pn(χ)= 2p−1

np ,
∑
n≥1

up
nPn(χ)= ∑

n≥1

2p−1

n2p <∞.

Also, ∑
n≥1

up
n|Gn(χ,ℵ0,0)|p = 0

and

0< 21− 1
p β̂

1
p < 1.

Again Hn is continuous ∀ n ∈N and

|Hn(χ, s,ℵ(s)| = 1
s+n2 , Ĥn = 1

n2

which gives

Qk =
∑
n≥k

up
nĤp

n = 1
n3p <∞

and

lim
k→∞

Qk = 0.

Thus all the assumptions from (i)-(v) are true. Hence eq. (5.3) possesses a solution in C(I, lup).

6. Conclusion
In this paper, we have generalized Darbo fixed point theorem by measure of noncompactness
in a tempered sequence space. We have proved existence of solution of an infinite system of
weighted Atangana-Baleanu fractional integral equations and have also illustrated an example
to show the importance of our main result. Further, this result can be used to investigate the
existence of solution of various other fractional integral equations with similar properties.
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