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1. Introduction

There is an immense application of Fractional Integral Equations (FIEs) in solving real-world
practical problems across diverse fields. Because of the pivotal role of FIEs in various branches
of science and engineering, it is crucial to understand such equations. The idea of Measure of
Noncompactness (MNC) plays a remarkable role in Fixed Point Theorems (FPT). Kuratowski [16]
introduced the concept of MNC in 1930. In 1955, G. Darbo [9] utilised the notion of MNC to
develop a result which demonstrated that fixed point is present for the condensing operators.
FPT and MNC have several implementations in the analysis of numerous integral equations
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that arise in innumerable problems imperative to physical scenarios. Numerous research works
related to FIEs have been studied using MNC and FPT. Some of such research works can be
seen in Banas and Mursaleen [6], and Das et al. [[10-15].

2. Preliminaries

Let us denote a real Banach Space (BS) having the norm || - || by H.
Assume B(@,r)={t€ H: |t—0]| <r}. If B(# @) c H, then by conv®B and B we identify the convex
closure and closure of 5. Additionally, let

* My = the set of all bounded and non-empty subsets of H,

* Iy = the set of all relatively compact sets.
MNC can be defined from [6]] as follows:

Definition 2.1. A function ¥ : My — R, is called an MNC in H if:
(i) for all B € My, we get Y(B) = 0 which shows that B has relative compactness.
(i1) kerw ={B e My : y(B) =0} # @ and kery < Ny.
(iii) B1 S Bg = W(B1) < P(Bo).
(iv) Y(B) = y(B).
(v) w(conv*B) =y (°B).
(vi) W(pB +(1-p)Uy) < p@(B)+(1-p)w(By), for any p €[0,1].
(vii) 1F By €Mpr, By =By, Brer<By for 1 =1,2,3,4,.... and lim F(B;) =0 then Bog = ﬁ%l 4.

The set B, = oﬁ B; € kery. Since P(By,) < W(B;) for any [, we conclude P(B,) = 0.
=1

Some important theorems and definitions:

Theorem 2.2 ([15]). Let B be a non-empty, bounded, convex and closed (NBCC) subset of a BS
H. Then, for every continuous as well as compact map g :B — B there exists at least one fixed
point.

Theorem 2.3 (Darbo [[17]]). Let B be a NBCC subset of a BS H and let there exists a continuous
mapping f B — B. Let us consider a constant b €[0,1) such that

F(FI) <bP(J), J<B.
Then, there exists a fixed point in ‘B for f.

Definition 2.4 ([15]]). Let S denote the collection of all functions A :[0,00) — R, satisfying
the conditions:

() MX)<AMy) = x<y,forall X,yeR, and ¥,y = 0.

(ii) A is non-decreasing and continuous.

As an illustration: A(x) =x; and A(y) = cx1, c€[0,1).
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Definition 2.5 ([15]). A function J:R; x R, — R is a continuous function belonging to C-class if
the following postulates are satisfied:

i) Jg,8) =g,
() J(g,8)=g = either g=0or g=0. Also, J(0,0) =0.

As an illustration:

@) J(g.8)=g-8,

(1) J(g,8)=cg,0<c<]1.
Definition 2.6 ([14]). Let = denote the set of all alternating distance functions ¢ :[0,00) x R, —
[0, 00) if:

(i) ¢(x)=0<=x=0.

(i1) ¢ is increasing and continuous.
As an illustration: é(x)=(1—-7%)x,0<7<1.

Definition 2.7 ([14]]). Let @ denote the set of functions s:[0,00) — R, satisfying
lim s»(a,)=0if lim a, =0,
n—oo n—oo

where (a,) is a non-negative sequence.

As an illustration:
(1) () =12,
(i) »(8) =#3.

Definition 2.8 ([14]). Let »r € ® and indicate by II the set of all functions b : [0,00) — R, be
a continuous map such that:

() hx)=0<=x=0.
(i1) ,}Lm x#(s,) < b(s) if nle $p=8>0.
As an illustration:
() he) =22,
(i) b(t) =323,
Definition 2.9. A continuous function ¢ : R; x[0,00) — R, is identified as an ultra-altering

distance function if ¢(s) >0 and ¢(0) = 0,s > 0.
This function class is denoted by G.

Definition 2.10. Let T,T9 :*B € H — H and a : Mg x My — [0,00). It is said that the pair
(T1,T9) is a-admissible if:

a(Q1,Q29)=1 = al(convT1Q1,convT9Q) =1 and a(convT9Qq,convT1Q) =1,
where .Ql,Qg, T1Q1,T9Q0, T1Q2,T2.Ql € EIRH
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Let T1 =Ty =1, and H =R, also let
(i) a(s,t)=2Y (s,6)=0,5#0,

(1) a(s,t)=Fk,k>1.

3. Fixed Point Theory

Theorem 3.1. Let H be a BS and B be a NBCC subset of H. Also, J1,79 :8 — B are continuous
mappings which are a-admissible with a(Eq1,F1)=1. Then,

a(Q1, Q)IMHEW(T1Q1), Y (T2Q2)))}]
< MILAE@(QD), Y@ (Q2)), p(@(Q1), Y (Q2))H, (3.1)

where Q1,Q9 B and ¥ isan MNC and (€, xe®, hell, p€S. Also, J: Ry xRy — R, and
A,y : Ry — R, are non-decreasing and continuous mappings. Then, the operators T1 and T2 have
at least one fixed point in B.

Proof. Consider the sequences E, and F, with E; = F; =8 and E,+; = conv(J1E,) and
Fp+1=conv(JzF,) for p € N. Then,

TIEi=T1B<B=EF;, Eo=conv(J1E;) =B =[F;
and

ToF1 =T BB =F;, [Fo=conv(TolF1)<B =F;.
Processing similarly, we get

F12E32E32...2F, 2F,12...
and

F12F22F32...2F,2F,112....

If Y(Ep,) = @(Fp,) =0, for some po €N, Ep, and F,, are compact sets. In this case, Schauder’s
Theorem implies T1 and T have fixed points in ‘B.

Assume that ¥(E,) >0 and @(F,) > 0, for p € N. Since, Y(Ep+1) < P(Ep) and P(Fp+1) < P(Fp),
therefore there exists ug,vo =0 satisfying

I}I_,IEOW(EP) =uo and I}Lrgow([Fp) =vp.
As 71,79 are a-admissible and a(E1,F1) = 1, thus, a(Eg,Fs) = a(convTiE;,convTsF;) = 1. By

the Principle of Mathematical Induction, we can conclude that a(E,,F,) =1 for every p > 1.
Now,

AGEW(Ep 4 1), YW (Fp+ )] = AL (P (conv(T1Ep)), y (@ (conv(TaF ,)))))]
< a(Ep,Fp)ALh (W (T1ER), (W (T2F )]
< MIBE W@ (ER), YW (F ), W(ER), y(W(F ).
By property of A,
HE(W(T1ER), Y(W@(ToF ) < JUE(W(E,), YW (Fp)))), p(W(Ep), Y (@ (F )}
As p — o0, we get

H(S(wo,Y(0))) = J{>(S (w0, y(v0))), P(wo, Y(vo))}.
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Hence by property of J,
h(&(wo,Y(@o))) = 5(E(uo, y(vo))).

Now, by property of s
#(&(uo,y(0))) < h(§(uo,(yYvo)))

which is a contradiction.
Therefore, we get

Uuo=0g= 0,
i.e.,

I}LII(}OW([FP) =0= }}1_{10101//([Ep).
(e, 0)
Since E, 2,11, and F, 2F, 1, so with the help of Deﬁnition we obtain E, = 1 E, and
p=1

o0
Feo = M [Fp are closed, convex and non-empty subsets of ‘3 and E, is 71 invariant while F, is

p=1
To invariant.
Hence, Theorem concludes that 77 and T have fixed points in B. O

Theorem 3.2. Let H be a BS and B be a NBCC subset of H. Also, T1,T2 : B — B are continuous
mappings which are a-admissible with a(Eq1,F1)=1. Then,
a(Q1,Q2)h(E(W(T1Q21), YW (T202)))) < Je(E(W(Q1), YW@ (Q2))), p((Q1), y((Q2)))},  (3.2)

where Q1,Q9 B and ¥ isan MNC and (€, xe®, hell, p€S. Also, J: Ry xRy — R, and
Y : Ry — Ry are non-decreasing and continuous mappings. Then, the operators J1 and To have
at least one fixed point in ‘B.

Proof. Taking A(X) < AM(y) = x <y, forall X,y € R, and X,y = 0, in Theorem the above-
mentioned result can be obtained. O

Theorem 3.3. Let H be a BS and B be a NBCC subset of H. Also, T1,79 :8 — B are continuous
mappings with
HEW(T121), Y(@(T2Q2)))) < J{2(E(P(Q1), YW (Q22))), (W (Q21), y(F(Q2)))}, (3.3)

where Q1,Q9 B and ¥ isan MNC and (€ Z, xe®, hell, p€S. Also, J: Ry xRy — R, and
Y : Ry — Ry are non-decreasing and continuous mappings. Then, the operators J1 and To have
at least one fixed point in ‘B.

Proof. Taking a(Q1,Q9) =1 in Theorem the above mentioned result can be obtained. O

Theorem 3.4. Let H be a BS and B be a NBCC subset of H. Also, T1,7T :B — B are continuous
mappings with
EW(T101), YW@ (T2Q2))) < 2(E(W(Q1), y(W(T202)))), (3.4)

where Q1,Q9 B and ¥ is an MNC and ¢ € E, € ®. Also, y:R, — R, is a non-decreasing and
continuous mapping. Then, the operators T1 and T have at-least one fixed point in *B.
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Proof. Taking h(u) = u and J(u) < u in the Theorem the above mentioned result can be
obtained. O

Corollary 3.5. In Theorem let T=T71 =Ts. Also, let y(u) =0, »(u) = ku and é(u) = u for all
u=0 where k €[0,1). We get

P(TQ) < kP(Q),
where Q < *B. Thus, we obtain the Darbo’s FPT.

4. Measure of Noncompactness on a Tempered Sequence Space

Banas$ and Krajewska [5]] established the idea of tempered sequence spaces as well as tempering
sequence as given below.

A tempering sequence has been defined as a fixed positive real sequence u = (u;);2; that is
also non-increasing.

The set U was recently developed by Rabbani et al. [18], which encompasses any complex

[e.@]

or real sequence p =(p;)?2; so that }. uflpilp <00, 1 <p <oo. It can be seen that J creates a
i=1

linear space over R (or C), denoted as U = l;‘,, for 1< p <oo.

Evidently, [, for 1 < p <oco is a BS with the norm

5
oty = (Zuflpilp) :
i=1
Choosing u; =1, for all i =1,2,3,... then lz =1p,for 1< p <oo.
The Hausdorff MNC Q;u as stated in [18] for a non-empty, bounded set B" of I}, (1< p <oo) can
be given by
q)lg(B“) = lim

n—o00

1
4
sup(Zuilpklp) :

pEBY \L>p

Let us consider the space of all continuous maps C(/ ,l;‘,), where I =[0,u], u> 0, having value in
I3 (1= p <oo) which is a BS with the norm

Il iy =sup ey,
tel
where p(#) = (0i(£))72; € C(L, ).
Let E*(t) ={p(?): p € E"}, for every t € I. Thus, the MNC for E* < C(1,1}) is defined as
@C(I,ZE)(E”) = sup CDZ};(E“(t)).
tel

5. Solvability of Fractional Integral Equation

For 0 <u < 1, the weighted Atangana-Baleanu fractional integral of order u of f € L1(0,T) with
respect to the weight function w is defined by Al-Refai [2] as

P ro =M e — f " - 9" Lw(s)f(s)ds 5.1)
<l = 3 YT Mrwn Jo X ' '
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In the following section we scrutinize the given FIE,

B 1- u el
R(Y)=Gn|x,R(p), M )H (X, S, N(x))+—M(u)r(u)w(X)f0 (x—s)" "w(s)Hp(x,s,R(s)ds|, (5.2)

where O<u<1, yelI=[0,T], T>0,neN.
Also, X(y) = (R, ()72 € A and A denotes a tempered sequence space.
Assume:
(i) Gn:IxC(,l},)xR— R is continuous and
1Gn (xR0, 1) = G (1, RGN, MIIP < B (NIRR(X) = R (DIP + Pr (I —m|?,
for all X(y) = R, (Y));2; € C(1,1}) and fn, xn : I — R4 are continuous maps for all n e N.

Also,
[e.®]
Y wh1GA (1, R, 0)P =0,
n=1
for all y € I where X% =(R)()3>, € C(I,1%).
i) H,:IxIxCU ,lg) — R is continuous and there exists
H, = sup{lH,(y,5,%(s))| : s,y € I;X(s) € CU, I%)}.
Also,

Qr=Y ubHE,

n=k

supQr =@ and l1m Qk =
keN

(iii) The operator G is defined from I x C(I,1},) — C(1,1}) as
(x, R(Y) — (GR)(p),

where

(GR)(y) = n(x,N(x) M@ )H n(X,8,R(x))
u—1 *
—M(u)F(u)w()()f (x — )" "w(s)H,(x,s,R(s))ds) .
(iv) Let
sup () = P,
tel
~ o~ 1-1~1
supfp=p, 0<2" rfr<1.
neN
Also, for all y eI,
Y ubP,(y) <.

Let Bp,u,? ={Re C(I,l;) : ”N”C(I,lg) <r}.
(v) Let w:I — R be C! and non-decreasing and

O<l=<|w(y)l<L, forall yel.

Commaunications in Mathematics and Applications, Vol. 16, No. 3, pp.[1021H1033} 2025
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Theorem 5.1. If constraints (1)-(v) sustain, then equation (5.2) has a solution in C(I ,l}‘,), where
p>1

Proof. For a fixed yeI:
Phase 1: In this phase, we show that the operators T and % map B pu, into By 7,

m(x)n =Y u,|G

n=1

(}(,N()c) M )H (X, 8,R(x))

p

f (r — )" Tw(s)Hn(y,s, N(s))ds)

Y (u)T(u)W( x)

<27 Y ub|G

n=1

N(y), ——— H R
(X, (2() M (X, 8, R(x))

v JRNTES | _
+M(u)1“(u)w()()fo(x s) w(s)Hn(x,S,N(S))dS) G.(x,

+2271 3 WP 1G L (1, R0, 0)1P

n=1
<2p~ n;uﬁ Bn(OIRR (I +Pn()()'%ﬂn()(,s,}€(x))
m f (x — ) w(s)Hn(y, s, N)ds|
< 9P~ 1,6||N()()|Ilu i;( 1); 7;1(1 wWPHP + %;ﬁgﬁg LX(X_s)u—lds P
52”‘1,3IIN(7()||§’; i;(l);Q (1u:)10 +;:;?$Lp§pé fox(x—s)u—lds ’
<22 BINDI, + j;( l)pQ “u:‘)p{:ﬁ

Let us assume,
2r~ 1
R W <
INGOIf, < 37-2Q
Hence II?‘Q()()HI;l <7

Let G:1 XBpu;—>Bpu;be an operator given by

Q-wp TVPLP
+
ub T'up(P

by n(X,8,R(Y))

N = N
@GN () = (G LRG, ~ T

oo

_— u—1
M(u)r(u)w()()f (=" w(s)Hp(y,s,R(s)ds)

=((Gn(21
where X(y)€B, 7 and yel.
By assumption (iii),

Y (G,N)(y) is finite and unique.

n=1

n=1
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Hence,
(GR)(y) € CU,1).
Again,
IGRl e <T.
Thus, G is a self mapping on B, 7.
Phase 2: Let R(y) = (R, (1))52; € Bp 7 and € > 0 such that [R =Rl ) < 250
For a fixed f€ 1,
(G R)(p) — (G R()IP

u X u—1
()(,N()() M )H (X, s, N(X))+M(u)l“(u)w()()fo (x—s) w(S)Hn()(,s,N(s))ds)

u X u—1 S P
(X,N(X) M )H (XS, N(}())"‘m/(; (x—s) lU(S)Hn()(,S,N(S))ds)

u
M )[H w088 RO = Hap, s, RO+ e

p

< B(DRe () = Ru (P +P (p‘(

- fo (x—s)u—lw(snﬂn(x,s,x(s))—Hn<x,s,§(s»]ds)

P,()(1-u)P

< Br(0)IRL (1) = R (1P + |H ,(x,5,8(5)) — Hy (1, 5,R(s))|P

M@u)?
P,(y)uPLP X -1 ~ P
bt f (1= 91 [H (1,5, () — Hy (1, 5, R(s))]ds
As H,, is continuous V n € N, so for ||X — NIIC(I lu) 2ﬁ we have
M
UnlHo (1, ,R(8)) — Ho(,5, R0 < MW e,
mp pP2p
Therefore,
~ ~ ~ (1—-w)PTu)yPePLP T"YPeP
Z W (GR () - (GNP < B Z ul IR, () =R (PIP + oIp + 2
n=1 n=1

When € — 0, we get
- €
(GRR)(x) - (Gr N)()()llc(l ) — 0, where ||N—N||<2—B-

Hence G is continuous on B, ,, 7.

Phase 3:
'l//;l;‘(GBp,u,?)
~ Tim sup (z (x,N(x) (1,5, X))
n_’OONEBp,u,? k=n ( )

—

"y

f (r — )" Tw(s)Hn(x,s, N(s))ds)

M (u)F(u)w()()

Commaunications in Mathematics and Applications, Vol. 16, No. 3, pp.[1021H1033} 2025
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< lim sup (21’ 1 Zuk

n—oo
ReBp 7 kzn

M)

=

.

f (r — ) Tw(s)Hn(x,s, N(s))ds)

BIR,(PIP + P, ()()(—H (x,s,R(y)

M (u)l"(u)w()( )
1
1-wPme, P
<! % lim su (P u? IR, (DIP + + ’
n~ooNeBppu, B kZ R M(u)P M(u)P(Tu)PIP
i.e.,
. 1.1
Viu(GBpup) <27 P Py u(Bpur).
Therefore,
. 1.1
T, (GBpus) <277 Briicg 1) (Bpu).
Thus, G has at least one fixed point in (B, 7) € C(I ,l;).
Therefore, eq. (5.2) possesses a solution in C(Z,1}).
Example 5.2. Let
= + - ds,
n(0= 5n2+x 2n()(+n2) 2nF (X (s+n2)
where y € [5,1] =I,neN.
Here,
Ro(x) IRy
G, RO, IR () = A 2
5ne+y n
1
Hn(X,S,N(S)) = s + n2 )
1 1 1 X 11
IR())==——F+ —f —s8)2 d
D=0+ Tart )y ¥ e ®
and
1 1
w)=1, w(s)=1, u:§, u,=—and 7T =1.
n
Let R(y) € [}, for some fixed y € I. Then,
R, (1) 1
216 (1 RO, IRO)IP = = f -
,;unl O ROD, LRG| n; 55024 7 om (7(+n2) or1 (x ( " 2)
1R p 1
< gp-1 y L IR (x)l Py
=i nP 5Pn?r = 2pnp ' 2r(TLyp ;54 nP
2r-1 1 1 1
< ——IR(IIE, + +
5 ngl n3p ” (X)”lp ,;1 2pn4p (F%)p =1 n3p
< 00,

as ) -3, and } -7 are both convergent for p > 1.

n=1" n=1"

Therefore, for fixed y €1,
{Gn (RO, LRGN, €15,

Commaunications in Mathematics and Applications, Vol. 16, No. 3, pp.[1021H1033} 2025
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ie.,
{Gn(, RO, IR, € CU,1).

Thus, G,, is continuous V n € N and
p

~ ~ 1 a 1 -~
G0 (1, RO, LR() = Gy, RO, LRGP = X(Nn()() —Rp (1)) + ;(Z(Nn(X)) — IR, ()

5n2+
p—1 gp-1
5p zplN (0 -R ()()|+—|l(N 0)) = LR, IP.
Here 3,, as well as P,, are continuous maps V n € N and
or-1 _ gp-1

e
2p~1 » 2p~1
Pn(X): P’ ZunPn(X): ZTp<OO
n=1 n=1
Also,
> uBIG(r, X%, 0P =0
n=1
and

1-1 1
0<2" rppr <.

Again H,, is continuous V n € N and

1 . 1
|Hn(X7S7N(S)| = S+n2’ Hn = F
which gives
1
Qr = Z ung <00
n=k p
and
1 -
kggoQk

Thus all the assumptions from (i)-(v) are true. Hence eq. (5.3) possesses a solution in C(1,1}).

6. Conclusion

In this paper, we have generalized Darbo fixed point theorem by measure of noncompactness
in a tempered sequence space. We have proved existence of solution of an infinite system of
weighted Atangana-Baleanu fractional integral equations and have also illustrated an example
to show the importance of our main result. Further, this result can be used to investigate the
existence of solution of various other fractional integral equations with similar properties.
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