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Abstract. The oscillatory performance of nonlinear delay differential equation solutions (by(u)[w'l") +
quP (0) =0 is examined in this work. The canonical case is considered, and Philos-type criteria are
established to test the oscillation of all solutions. The existence of ¢ increases the difficulty in obtaining
the asymptotic and monotonic properties of the solutions and also increases the possibility of applying
the results to a broader range of special cases. The results obtained in this study represent an
extension and generalization of earlier findings in the literature.
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1. Introduction

The qualitative theory of differential equations is concerned with analyzing the characteristics
of their solutions. These characteristics include oscillation, stability, periodicity, bifurcation,
synchronization, symmetry, among others. A specialized area within this field, called oscillation
theory, focuses on establishing criteria that determine whether the solutions to differential
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equations exhibit oscillatory or non-oscillatory behavior. Recent decades have seen considerable
interest and research focused on investigating the oscillation conditions of particular Functional
Differential Equations (FDEs), see Agarwal et al. [2], Erbe [[7], Gyori and Ladas [12], Moaaz and
Albalawi [21], Palanisamy et al. [22], and Santra et al. [26].

A Neutral Delay Differential Equation (NDDE) is a type of FDE where the highest derivative
of the unknown function appears both with and without a delay. During the last thirty years,
the investigation of neutral differential equations has attracted considerable interest, becoming
a significant field of study owing to its applications and analytical challenges, see, e.g., Agarwal
et al. [1], Baculikova and Dzurina [3]], Candan [5]], Dong [6], Grace et al. [9,10], Liu and Bai
[17], Liu et al. [18], Meng and Xu [20]], Tunc¢ and Grace [27], Xu and Meng [28,29], Ye and
Xu [31], and Zhang and Wang [|32]]. There is a wide range of applications for these types of
equations, which include the analytical modeling of vibrating masses coupled with an elastic bar,
systems for automatic control, mixing of liquids, and dynamics of populations, see Hale [13],14].
Specifically, second-order NDDESs are highly valuable in biology for describing how the human
body maintains balance and in robotics for designing bipedal robots. These applications highlight
the relevance of these equations in understanding complex systems in both technological and
biological contexts, see MacDonald [19].

This paper studies the second-order non-linear NDDE of the form
GOy mw' @M1 +qmuf(em) =0, (1.1
1 =10, where w(n) = u(n) + p(nu(r(n)). Hereafter, it will be assumed without further mention
that
(Al) be Cl([no,oo),IR), and r,f € Q" are quotients of odd numbers;
(A2) p,q € Cl(ng,00),[0,00)) and p(n) < po<1;
(A3) 1,0€C([ng,0),R), () <n, o(n) <n, ,}LIEOT(H) =00 and 7711_%109(17) =00;

(A4) v e CYR,(k,K]), where k and K are positive constants and § = VK/k.

In this context, a solution of is defined as a real-valued function u € C([n,,00),
Nu = 1Mo, that satisfies on [1,,00), and has the properties by (u)[w']” € Cl([nu,oo),IR) and
sup{ly(m)| : n = n.} > 0, for all . = n,. An oscillatory solution of is defined as having

arbitrary large zeros. If not, it is classified as non-oscillatory. In addition, we study the canonical
case of (1.1), that is,

f oob—l/’(z)de = 0o. (1.2)
n

0
In 1987, a new class of functions P is introduced by Philos [23] with the aim of extending and
generalizing the results initially established by Kamenev [[15]]. Following Philos, it is necessary
to define

Dy={(n,0):n>¥¢>np}
and

D ={n,0):n=¢=no}.
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The class P is said to include a function H € C([ng, co),R), or H € P, if
(i) H(n,n) =0, for n=n9, H(n,¢)>0 on D,.
(i1)) H(n,¢) has a continuous and nonpositive partial derivative 0H/0¢ on D such that the

condition

o0H
o0 ~h(n, OLH®n, O,

for all (n,¢) € Dy, satisfies for some h € C(D,R).

Afterward, differential equations of various types and orders have been studied using Philos
class H.

In 1985, Grammatikopoulos et al. [11] studied the neutral equation
(u(m + pmun —1)" +gmu(n-p) =0,
and they showed that it oscillates if 0 < p(n) < 1 and [ q(¢)(1 - p(¢ — p))d¢ = co.
For the equation
(w(m) + pmuln—1))" +q(f (uin-e) =0,
Xu and Xia [[30] proved that it oscillates provided that 0 < p(n) < oo and q(n) =M > 0.
In 2011, new oscillation criteria were presented by Baculikova and Dzurina [4]] for
(bMIum) + pmum’) +gmulp(n) =0,
where 0 < p(n)<pg<ocoand Top=por.
By using comparison principles, Baculikova and Dzurina [3] studied the equation
B’ MY +gmuPom) =0,
where w(n) = u(n) + p(nu(z(n)), and they showed that it oscillates provided 0 < p(n) < po < oo,
'mM=0,7(n)=19>0and Top=por.
Li et al. [16] studied the equation
(M@ - puEm)TY +qmu(em) =0,
where 0 < p(n) < pog < 1, and derived oscillation criteria.

In [8], a number of oscillation-related results were obtained for
BMun) — pum)'T) + q(n)uﬁ(Q(n)) =0.

Rogovchenko [24] employed the Philos class H to analyze the oscillatory behavior of the
delay equation

Gmywmu'®m) +qgm)f (o)) =0.
Concerning the neutral equation,
OMywmuw'm) +q@mf (wlp®)) =0,

which represents a more general case, Sahiner in [25] demonstrated that it oscillates by utilizing
three frequently referenced sets of conditions in the literature.

This work focuses on studying the super-linear case and examining the oscillatory behavior
of the NDDE (1.1). The criteria established herein guarantee that every solution of (1.1) must
be oscillatory.
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2. Auxiliary Lemmas
For the sake of convenience, r and A are defined as r :=r"/(r +1)"*! and
Ae(m) := f ! b Vr(e)de. (2.1)
In preparatcion for the main results, the following lemmas are introduced:

Lemma 2.1. Assume that N(0) = ¢10 — c901Y", where ¢1 and c9 > 0. Then N has the maximum
value at Opax := (re1/((r +1)c2))” and N(0) < N(Opax) = rc’+lc2r, for O €R.

Lemma 2.2. Suppose that x is a positive solution. Then
(P1) w and w' are positive and (by(w)[w'T") < 0 eventually.
(P2) w> 56w’ Ay, and (w/A)) <.

Proof. Let u be an eventually positive solution of (1.1). Then, there is a n; =1 such that
u(r(n))>0 and u(p(n)) >0, forn=n;.

Based on the definition of w, it can be concluded that w(n) > 0, for n = n;. It follows from (1.1)
and that

(by)w'T) = -qu(p) <0. (2.2)
Thus, (by(u)[w']") <0 and w' is of a constant sign.

Suppose w’ <0 for 1 =ns. Now,
by umw'(mMI” < by (um2))lw'(n2)l”

=-mo<O0.
So,
(W = ——
by(u)
Also, y(u) < K this implies that
-mo 1
r <_—92.-
[w'] X3
Thus,
/ r mO 1
w <- f'bl/r. (2.3)
Integrating (2.3) leads to

- ds. 2.4
w(n) <w(ng) \/ nle/"(é) (2.4)

It follows from (1.2) that a contradiction is obtained.
Thus,
w'(n)>0, forn=ns.
Now, it follows that

L (bl//(lt))l/rw,

= —bl/"wl/r(u) , for n=ns.
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Since y(u) <K, then
(bu/(u))l/rw/ - (bu/(u))l/rw/
bl/ru/l/r(u) - VEbVr ’

for n = no.

Now,
. by@)' w'
w =

\/_ Kblr ’
Integrating (2.5) leads to

(BN w' () Qv

M2 VKbV (0)
Utilizing the properties in one obtains

Ur_ 1 K 1
() fn g i

for n =ns. (2.5)

w(n) = w(ne)+

1
VK
Since y(u) >k, then

\/E Ur 1
wlo) > b ') f e

1
= Sbl”(n)w’(nmm(n).

Now,

( w )’_ w'Ad —6A0 o~V

A A
Ap ' -5b"Vry
- 5
At
<0.
The proof is thus concluded. O

3. Main Results

In what comes next, it is assumed that all functional inequalities hold eventually, meaning
they are satisfied for sufficiently large values of 7. This assumption does not lead to a loss of
generality; specifically, any nonoscillatory solution u of can be regarded as eventually
positive. The first oscillation result is now introduced, and its proof is established.

Theorem 3.1. Suppose that o'(n) =0, r < B, and there exists a function p € C1(I,R") such that
Kr"p(0)b(p(0)) [Q(n, O+

li H(n,0)p(0)q(0)(1 - p(p(e)))F — de = oo,
imsup o no[ (. 0D~ PO ~ e G Ty o0
(3.1)
where
Q(n,0) = ()H( ,OYD i, 0). (3.2)

p(4)
Hence, every solution of (1.1) oscillates.
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Proof. Assume, contrary to the claim, that u is an eventually positive solution of (1.1). Besides,
there is 111 =1 such that u(7(n)) > 0 and u(p(n)) >0, for n =n;.
According to the definition of w,
u=w-pu(r)
=w - pw(t)
>w-pw.
Thus,
u=>w(l-p). (3.3)
From eq. and using (3.3), it can be deduced that
by @)w'T) = -qu(o)

< —quwP(p)1 - plom))”. (3.4)
The function ¢ is defined as
by (w)w'l
—g— " - . 3.5
= wP(p) >0 85
Now,
p'(n) (byw'T) by (w)w'Tw'(p)e’
o' ="—= o ) p(n )+p(n)—wﬁ(9) Bp(n) W) .

Using (3.4), one obtains

/ b nr,,,/ !/
' = 2P o) - p(g (@ - p@) - ot LT w el (3.6
p(n) wh+1(p)
Since (b(mw(un))w'(m)]") <0, then
b(m(E)y(u(e)w' ()" = by(w)w'T".
This leads to
bl/rujl/r(u)w/
"(0) = : (3.7
w (Q) bl/r(p)llll/r(u(p))
Using (3.7) and [(A4) - (3.6) becomes
,6 (bw(u)[w/]r)l+l/r Q,
1- - .
o'm<t p w Pal=pl@)" ~ 7P wh i) bV (p)
Now, one can write
(w(@))P+F"
p+1 _ AT
(w(p)) (w(o) PP 1 (3.8)
Back to the last inequality and using (3.8)), it is concluded that
/ rr11+lr (B/r)-1
;P g P [ by(uw)lw'] o' (w(p))
<Ep-pga1- - ey
Q= P(p pq(1-p(p)) KV P wﬁ(Q) 1/rb1/r(9)
P pa—p@) — L€ g, (3.9)
o Kl/r pl/rbl/r(p)
Since w = M for all n = n9 and letting r < 8, then
(w(E) Pt = prhm-1, (3.10)
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Using (3.10) and substituting in (3.9)), it follows that

I (B/r)-1 li
_P B s BPM 0 1+1/r
@' < p(p pq(1-p(p) ' pl/rbl/r(g)go . (3.11)

Multiplying (3.11) by H(n,¢) and integrating, one obtains

n , n p’([) n B
H(n,0)¢ (Z)dfsf H(n,?) o) p0)dl — | H(n,0)p(0)q()1-p(p(£))”de
n2 n2 n2
pMP-1 f n 0'(0) 1+1r
-——— | H®n,?) (¢)de. 3.12
K" " P ()b (o(0)) " : (8.12)

Then,
n n
f H(n, 0)¢'(0)d¢ = —H(n,n2)p(n32) + f h(n, O)[H (@, )T Vo) de.
n2 n2

Returning to (3.12), it follows that
n n
H(n,0)p(0)q(0)(1 - p(p(0)))Pd¢ < H(n,m2)p(ns) — f h(n, OLH (1, OT" " V(o) de
n2 n2

” p'(0)
H(n,?¢
+ N (n,0) o0

pMUI-1 fn 0'(0)
—-—— | H(n/
Kl/r - (17 )pl/’"(é)bl/’(p(f))

o) de

(p1+1/7‘([) dg,

or

(p1+l/r(€) de

n ﬁM(ﬁ/r)—l n 0'(0)
H(n,0)p(£)q(£)(1 - (e)ﬁdzs——f H(n,¢
fm 1, Op(Oa (O = plee) S AP

1] !
+ [H(n’g)]r/(r+1) —h(n,€)+ p ([) [H(T],[)]l/(ﬂ—l) (p(g) dy
n2 p(f)

+ H(n,n2)p(1n2).

Using Lemma 2.1 with 0 = ¢,

c1 =[H@n, 01"V | —hn, o)+ ’; ((5)) [H(n, O1Y" V| = [H@, )11, 0)
and
ﬁM(ﬁ/r)—l 0!([)

)

C2= K (, pl/r(f)bl/r(p(ﬁ))’

one obtains

n

H(n,n2)en2) = f H(n,0)p(0)q(0)(1 - p(o(0))F d¢
12

nooopr (KM™ P p(0)b(p(0)) 1

_ —  _[[H®,¢ r/(r+1) 0 r+
L, Gt Dt DT R, O === ™ i, o7

or
Kr’ p(0)be() [Q(n, )Y
Mﬁ—rﬁr(p/(g))r (r+ 1)r+1

H(®,0)p0)q(0)1 - plp(0))F -

n
de,
H(n,n2) an

which contradicts assumption (3.1).

p(n2) =

The proof is thus concluded. O
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Theorem 3.2. Suppose that o'(n) =0, r < B, and there exists a function p € C1(I,R") such that

n KM Prm (o' (0))** b(p(¥))
lims f (0)q(0)1 - p(p(O))P - = (3.13)
Moot Jyy [CTEEAETPE Frr+ 7 (o) (@)
Hence, every solution of (1.1) oscillates.
Proof. By following the approach used in the proof of Theorem one obtains
o' pMPI-L ! 1+1/
"< —¢p-pq(1- h_ o
=9 pq(1-p(p)) ' pmbm(p)cp
Using Lemma 2.1 with 6 = ¢, ¢1 = p'/p and
ﬁM(ﬁ/r)—l Q,
€2 = Kl/r pllrbllr(g)’
it can be concluded that
KM Prm (0'\""! pb(p)
"< —pq(1-p(p))’ —(—) : 3.14
R Y TSzl ) B o 19
Integrating (3.14) leads to
n KM™Prm (o' (0))** b(p(¥))
(n) —¢( )Sf —0(D)g(0)(1 - p(p(O)))F + -
pLn) — P2 - pLelq plo Br(r+1y+1 (o))" (@' Oy
Thus,
n KM™Frm (') b(p(£))
( )zf [ (Og(0X1 - p(p(0)P - ,
PHII= ) [P B+ (O (@)
which contradicts assumption (3.13).
The proof is thus concluded. O
Theorem 3.3. Suppose that there exists a function p € CY(I,R") such that
" 22 (N’ K (o)
lims f OgO)| =) - plow)) - b(0)| de = co.
i e ( 23.(0) PO e @
(3.15)
Hence, every solution of (1.1) oscillates.
Proof. Following the steps in the proof of Theorem one arrives at
Gy mw' M1 < —gmuwP(em)1- plemN)F.
The function ¢ is defined as
nr
_ M 0. (3.16)
w
Then,
P w?2p w2h
o' —quwP(E)1-p)’  byw)w'T*!
=SE—@+p B - :6 B+1
Iy w w
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, . nr+1
< p[-a(“2) 1 plotiny poya ]
P w

which by using (3.16) implies that

r+l
o' w(p) by(wp
¢'<—¢+p —q( )<1 plem))’ - p e
p w r r ’[/j r (u)
o' w(p)\” le
=—¢-pq (—) (1-plem)’ - p—1——. (3.17)
p w ; r’([/r(u)
Since y(u) < K, (3.17) becomes
r+1
! w(p) -
¢<B#’PQ( )u plomyf-L 7 (3.18)
p K7 prbr
It follows from Lemma that
!
w
— <0,
1?;1)
which leads to
w@jﬁ> 2,
o ) =g )
Using this and substituting in (3.18), then
' 2@\ s
<p'sp—(p—pq (771_6) (1-p(p))f - '61 <pl - (3.19)
p /1”1 K; prbr
Using Lemma 2.1 with 6 = ¢, ¢1 = p'/p and
g 1
cg= ———.
Eq. (3.19) becomes
0 B r+1
, n 9)) 5 Kr o'
¢ S—m( A-p@)'+ ———7 || pb
gl Brr+1)y+1\p

Krr (p/)r+1
ﬁr(f‘ + 1)r+1 pr

=—pq( 115 ) (1-pE) + b. (3.20)

N1
Integrating (3.20) leads to

Krr (pl(g))r+1
ﬁr(r + 1)r+1 pr(g)

(0(©))
Do) 2=
o(n) - wmg<f [p(M()(A -

m

ds.

B
)(1—p@w»W+ b(0)

Thus,

Krm  (p'(on"
ﬁr(r + 1)r+1 pr(g)

A2, (p(€))

n
( )z]' (O)q)| 2 b(0)
P2 nz[p q (;L %

de,

B
)(1—pmw»ﬁ—

71

which contradicts with assumption (3.15).

The proof is complete. O
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By replacing H(n, ¢) with (n—¢)", n € w*, in Theorem[3.1] the following corollary is obtained.

Corollary 3.1. Suppose that o' =0, r < 8, and there exists a function p € C*(I,R") such that
‘ 1 n Kr"p(0)b(o(£) [Q(n, )1+
lim su —f [ (O)q(O)n—0)"(1 - p(p(£)))F -
e I N e Lt pe MPT R (@ @)y (r+ 1y
where Q is given by the definition in Theorem Hence, every solution of (1.1) oscillates.

d¢ = oo,

By selecting p(¢) = A7 (0(¢)), the following oscillation result for (1.1) is derived.
Corollary 3.2. Let 0'(n) =0, r < 8, and suppose there exists a function p € C1(I,R") such that
5 KMr—,Br2r+11 Ql(f) :

Brir+ 1" 4 (o) b))

n
limsup q(O)A7, ()1 - p(p(£)))

nN—oo Jn

Hence, every solution of (1.1) oscillates.

]d[zoo.

As a special case of (L.1)), for
By mw' M + g(mule(n) =0, (3.21)

the criterion that is proposed here is as follows:

Corollary 3.3. Suppose that there exists a function p € C1(I,R") such that
. f n K (0'(0))
lim sup
n—oo Jny

A5, (p(e))
p(0)q(0)| ——— | (1 - p(p(£))) — —
where A, (1) := ,71[1/(17([))] d¢. Hence, every solution of oscillates.

b(¢)| dl = oo,

22,(0) 4 p(0)

4. Conclusion

This paper has presented some new theorems that investigate the oscillation of the super-linear
equation (1.1) in its canonical case. The Riccati transformation technique was employed as a
fundamental tool. In Theorem [3.1|and Theorem monotonic constraints are not required on
the delay functions, while Theorem requires that o’ = 0. It would be intriguing if subsequent
research could extend the results for the non-canonical case and also for higher-order equations.

Competing Interests

The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

Commaunications in Mathematics and Applications, Vol. 16, No. 2, pp. [429 , 2025



Philos-Type Criteria for Testing the Oscillatory Performance of Solutions...: A. E. Amer et al. 439

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

References

R. P. Agarwal, M. Bohner, T. Li and C. Zhang, A new approach in the study of oscillatory behavior
of even-order neutral delay differential equations, Applied Mathematics and Computation 225
(2013), 787 — 794, DOI: 10.1016/j.amc.2013.09.037.

R. P. Agarwal, S. R. Grace and D. O’'Regan, Oscillation Theory for Second Order Linear, Half-Linear,
Superlinear and Sublinear Dynamic Equations, 1st edition, Springer, Dordrecht, xiv + 672 pages
(2002), DOI:10.1007/978-94-017-2515-6.

B. Baculikova and J. DZurina, Oscillation theorems for second-order nonlinear neutral
differential equations, Computers & Mathematics with Applications 62(12) (2011), 4472 — 4478,
DOI:10.1016/j.camwa.2011.10.024.

B. Baculikova and J. Dzurina, Oscillation theorems for second order neutral differ-
ential equations, Computers & Mathematics with Applications 61(1) (2011), 94 — 99,
DOI:/10.1016/j.camwa.2010.10.035.

T. Candan, Oscillatory behavior of second order nonlinear neutral differential equations with
distributed deviating arguments, Applied Mathematics and Computation 262 (2015), 199 — 203,
DOI:10.1016/j.amc.2015.03.134

J.-G. Dong, Oscillation behavior of second order nonlinear neutral differential equations with
deviating arguments, Computers & Mathematics with Applications 59(12) (2010), 3710 — 3717,
DOI:10.1016/j.camwa.2010.04.004.

L. Erbe, Oscillation Theory for Functional Differential Equations, 1st edition, Routledge, New York,
504 pages (1995), DOI:10.1201/97802037447217.

S. Grace, Oscillatory behavior of second-order nonlinear differential equations with a
nonpositive neutral term, Mediterranean Journal of Mathematics 14 (2017), Article number 229,
DOI:110.1007/s00009-017-1026-3.

S. R. Grace, J. R. Graef and E. Tung, Oscillatory behavior of second order damped neutral
differential equations with distributed deviating arguments, Miskolc Mathematical Notes 18(2)
(2017), 759 — 769, DOI:(10.18514/MMN.2017.2326.

d. Graef, T. Li, E. Thandapani and E. Tunc, Oscillation of second-order Emden-Fowler neutral
differential equations, Nonlinear Studies 20 (2013), 1 — 8.

M. K. Grammatikopoulos, G. Ladas and A. Meimaridou, Oscillations of second order neutral delay
differential equations, Radovi Matematicki 1 (1985), 267 — 274.

I. Gyori and G. Ladas, Oscillation Theory of Delay Differential Equations: With Applications, Oxford
University Press, Oxford, (1991), DOI:/10.1093/0s0/9780198535829.001.0001.

J. Hale, Functional differential equations, in Analytic Theory of Differential Equations (The
Proceedings of the Conference at Western Michigan University, Kalamazoo, from 30 April to 2 May
1970), Springer, pp. 9 — 22 (2006).

dJ. Hale, Partial neutral functional differential equations, Revue Roumaine de Mathematiques Pures
et Appliquees 39 (1994), 339 — 344.

1. V. Kamenev, Oscillation criteria related to averaging of solutions of ordinary differential equations
of second order, Differentsial’nye Uravneniya 10 (1974), 246 — 252.

Commaunications in Mathematics and Applications, Vol. 16, No. 2, pp. [429 , 2025


http://doi.org/10.1016/j.amc.2013.09.037
http://doi.org/10.1007/978-94-017-2515-6
http://doi.org/10.1016/j.camwa.2011.10.024
http://doi.org/10.1016/j.camwa.2010.10.035
http://doi.org/10.1016/j.amc.2015.03.134
http://doi.org/10.1016/j.camwa.2010.04.004
http://doi.org/10.1201/9780203744727
http://doi.org/10.1007/s00009-017-1026-3
http://doi.org/10.18514/MMN.2017.2326
http://doi.org/10.1093/oso/9780198535829.001.0001

440

Philos-Type Criteria for Testing the Oscillatory Performance of Solutions...: A. E. Amer et al.

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Q. Li, R. Wang, F. Chen and T. Li, Oscillation of second-order nonlinear delay differential equations
with nonpositive neutral coefficients, Advances in Difference Equations 2015 (2015), Article number
35, DOI:(10.1186/s13662-015-0377-y.

L. Liu and Y. Bai, New oscillation criteria for second-order nonlinear neutral delay differential
equations, Journal of Computational and Applied Mathematics 231(2) (2009), 657 — 663,
DOI:10.1016/j.cam.2009.04.009.

H. Liu, F. Meng and P. Liu, Oscillation and asymptotic analysis on a new generalized
Emden-Fowler equation, Applied Mathematics and Computation 219(5) (2012), 2739 — 2748,
DOI:10.1016/j.amc.2012.08.106.

N. MacDonald, Biological Delay Systems: Linear Stability Theory, Cambridge University Press,
248 pages (2008).

F. Meng and R. Xu, Oscillation criteria for certain even order quasi-linear neutra differential
equations with deviating arguments, Applied Mathematics and Computation 190(1) (2007), 458 —
464, DOI:[10.1016/j.amc.2007.01.040.

O. Moaaz and W. Albalawi, Differential equations of the neutral delay type: More efficient conditions
for oscillation, AIMS Mathematics 8(6) (2023), 12729 — 12750, DOI:10.3934/math.2023641.

A. Palanisamy, J. Alzabut, V. Muthulakshmi, S. Santra and K. Nonlaopon, Oscillation results for
a fractional partial differential system with damping and forcing terms, AIMS Mathematics 8(2)
(2023), 4261 — 4279, DOI: 10.3934/math.2023212.

Ch. G. Philos, Oscillation theorems for linear differential equations of second order, Archiv der
Mathematik 53 (1989), 482 — 492, DOI:10.1007/BF01324723.

Y. V. Rogovchenko, On oscillation of a second order nonlinear delay differential equation, Funkcialaj
Ekvacioj 43 (2000), 1 — 30.

Y. Sahiner, On oscillation of second order neutral type delay differential equations, Applied
Mathematics and Computation 150(3) (2004), 697 — 706, DOI: 10.1016/S0096-3003(03)00300-X.

S. S. Santra, A. K. Sethi, O. Moaaz, K. M. Khedher and S.-W. Yao, New oscillation theorems
for second-order differential equations with canonical and non-canonical operator via Riccati
transformation, Mathematics 9(10) (2021), 1111, DOI: 10.3390/math9101111.

E. Tun¢ and S. R. Grace, On oscillatory and asymptotic behavior of a second-order nonlinear
damped neutral differential equation, International Journal of Differential Equations 2016(1)
(2016), 3746368, DOI:[10.1155/2016/3746368.

R. Xu and F. Meng, New Kamenev-type oscillation criteria for second order neutra nonlinear
differential equations, Applied Mathematics and Computation 188(2) (2007), 1364 — 1370,
DOI:/10.1016/j.amc.2006.11.004.

R. Xu and F. Meng, Oscillation criteria for second order quasi-linear neutral delay
differential equations, Applied Mathematics and Computation 192(1) (2007), 216 — 222,
DOI:10.1016/j.amc.2007.01.108,

R. Xu and Y. Xia, A note on the oscillation of second-order nonlinear neutral functional differential
equations, International Journal of Contemporary Mathematical Sciences 3(29) (2008), 1441 — 1450.

Commaunications in Mathematics and Applications, Vol. 16, No. 2, pp. [429 , 2025


http://doi.org/10.1186/s13662-015-0377-y
http://doi.org/10.1016/j.cam.2009.04.009
http://doi.org/10.1016/j.amc.2012.08.106
http://doi.org/10.1016/j.amc.2007.01.040
http://doi.org/10.3934/math.2023641
http://doi.org/10.3934/math.2023212
http://doi.org/10.1007/BF01324723
http://doi.org/10.1016/S0096-3003(03)00300-X
http://doi.org/10.3390/math9101111
http://doi.org/10.1155/2016/3746368
http://doi.org/10.1016/j.amc.2006.11.004
http://doi.org/10.1016/j.amc.2007.01.108

Philos-Type Criteria for Testing the Oscillatory Performance of Solutions...: A. E. Amer et al. 441

[31] L. Ye and Z. Xu, Oscillation criteria for second order quasilinear neutral delay differential equations,
Applied Mathematics and Computation 207(2) (2009), 388 — 396, DOI:10.1016/j.amc.2008.10.051.

[32] S.-Y. Zhang and Q.-R. Wang, Oscillation of second-order nonlinear neutral dynamic equations

on time scales, Applied Mathematics and Computation 216(10) (2010), 2837 — 2848,
DOI:10.1016/j.amc.2010.03.134.

Commaunications in Mathematics and Applications, Vol. 16, No. 2, pp. [429 , 2025


http://doi.org/10.1016/j.amc.2008.10.051
http://doi.org/10.1016/j.amc.2010.03.134

	Introduction
	Auxiliary Lemmas
	Main Results
	Conclusion
	References

