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1. Introduction
In order to demonstrate the existence and ultimately the uniqueness of solutions to a variety
of mathematical models such as, variational inequalities, approximation theory, optimization
problems, and initial and boundary value problems in ordinary and partial differential equations,
fixed point theorems are crucial tools. Over the past few years various writers have built various
forms of generalized metric spaces using various approaches. The existence of FPs in contraction
maps in BPMS (Bipolar Metric Spaces) which are generalizations of the Banach contraction
principle, is one among the most latest developments in FP theory. The principles of BPMS
was created in 2016 by Mutlu and Gürdal [14]. They, then looked into some fundamental fixed
point (FP) and common fixed point (CFP) results for covariant and contravariant maps under
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contractive conditions (Mutlu et al. [15]). A significant amount of substantial work has been
done on BPMSs (see, Gürdal et al. [4], Gaba et al. [5], Kishore et al. [9–12], Mutlu et al. [16],
Naresh et al. [17], Rao et al. [19], Reddy et al. [20]).

Recently, Hussain et al. [6,7] introduced and explored the idea that parametric metric spaces
are a natural generalization of metric spaces. As a generalization of parametric metric space,
Kumar et al. [13] established fixed point theorems and introduced the idea of binary operation
at the place of non-negative parameter t. The concept of BPPMS (Bipolar Parametric Metric
Space) was introduced and some FP theorems were proved on this space by Pasha et al. [18].

The concept of (α,β)-admissible mappings was recently presented by Chandok [1] and
derived some fixed point findings. Afterwards, many authors then obtained a generalization
of the result, as an example, refer to Cho [2], and Dewangan et al. [3]. Although, Khojasteh
et al. [8] presented a brand-new category of functions known as simulation functions. In [8],
they demonstrated the validity of many fixed point theorems and demonstrated that numerous
results found in the literature are only the outcome of their own findings.

Within the context of bipolar parametric metric space, we provide several fixed point
theorems in this paper by using (α,β)-Z-type contraction mappings via simulation function.
Additionally, we could be able to provide appropriate and pertinent examples related to homotopy
and integral equations.

2. Preliminaries
In this section, first we recall some basic results.

Definition 2.1 ([18]). Suppose dc : S×ℑ× (0,∞)→R+ is a function defined on two non-empty
sets S and ℑ such that

(a) dc(x,y, c)= 0, for all c > 0 then x= y, for all (x,y) ∈ S×ℑ.

(b) x= y, then dc(x,y, c)= 0, for all c > 0 and (x,y) ∈ S×ℑ
(c) dc(x,y, c)= dc(y,x, c), for all c > 0 and x,y ∈ S∩ℑ
(d) dc(x,y, c)≤ dc(x,z, c)+dc(∆,z, c)+dc(∆,y, c), for all c > 0, x,∆ ∈ S and y,z ∈ℑ.

The triplet (S,ℑ,dc) is called a BPPMS.

Example 2.1 ([18]). For all x ∈ S, y ∈ℑ and c > 0, let S= [−1,0] and ℑ= [0,1] be equipped with
dc(x,y, c)= c|x−y|. Consequently, (S,ℑ,dc) is a complete BPPMS.

Definition 2.2 ([18]). Let (S1,ℑ1,dc1) and (S2,ℑ2,dc2) be BPPMSs and Ω : S1 ∪ℑ1 → S2∪ℑ2 be
a function. If Ω(S1) ⊆ S2 and Ω(ℑ1) ⊆ℑ2, then Ω is known as a covariant map or a map from
(S1,ℑ1,dc1) to (S2,ℑ2,dc2) and is written as Ω : (S1,ℑ1,dc1) ⇒ (S2,ℑ2,dc2). If Ω : (S1,ℑ1,dc1) ⇒
(ℑ2,S2, d̄c2) is a map, then Ω is known as a contravariant map from (S1,ℑ1,dc1) to (S2,ℑ2,dc2)
and this is denoted as Ω : (S1,ℑ1,dc1)⇄ (S2,ℑ2,dc2).

Definition 2.3 ([18]). Let (S,ℑ,dc) be a BPPMS. Then
(z1) The points of the sets S, ℑ, and S∩ℑ are referred to as left, right, and central points,

respectively. A sequence on (S,ℑ,dc) that consists solely of left, right, or central points is
termed a left, right, or central sequence.
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(z2) If dc(xa,y, c) < ℘ for all a ≥ a0 and c > 0 means that a left sequence {xa} converges to a
right point y if and only if to each ℘> 0 there exists an a0 ∈N.

Similar to this, a right sequence {ya} converges to a left point x if and only if we can locate a
a0 ∈N satisfying, whenever a ≥ a0, c > 0, dc(x,ya, c)<℘.

Definition 2.4 ([18]). Let (S,ℑ,dc) be a BPPMS.
(i) A sequence ({xa}, {ya}) on the set S×ℑ is termed as a bisequence on (S,ℑ,dc).

(ii) The bisequence ({xa}, {ya}) is said to be convergent if sequences {xa} and {ya} are convergent.
This bisequence is termed to be biconvergent if {xa} and {ya} converge to the same point
u ∈ S∩ℑ.

(iii) ({xa}, {ya}) is a bisequence for (S,ℑ,dc) is known as a Cauchy bisequence if, to each ℘> 0,
we can locate a number a0 ∈ N, which, for every positive integer a,b ≥ a0, c > 0, dc(xa,
yb, c)<℘, is called a Cauchy bisequence.

Definition 2.5 ([18]). Let (S1,ℑ1,dc1) and (S2,ℑ2,dc2) be BPPMSs.
(i) A map Ω : (S1,ℑ1,dc1) ⇒ (S2,ℑ2,dc2) is termed to be left continuous at a point σ0 ∈ S1,

if to each ℘ > 0, we could find a δ > 0 satisfying dc1(σ0,η, c) < δ, dc2(Ω(σ0), Ω(η), c) <℘

whenever η ∈ℑ1, c > 0. It is right continuous at a point η0 ∈ℑ1 if to each ℘> 0, we could
find a δ> 0 satisfying dc1(σ,η0, c)< S1, dc2(Ω(σ),Ω(η0), c)<℘ whenever σ ∈ S1, c > 0. If Ω
is continuous at each point σ ∈ S1 and η ∈ℑ1, then it is called continuous.

(ii) a contravariant map Ω : (S1,ℑ1,dc1)⇆ (S2,ℑ2,dc2) is continuous if it has a covariant map
Ω : (S1,ℑ1,dc1)⇒ (S2,ℑ2, ¯dc2).

It follows from this definition that a covariant or contravariant Ω from (S1,ℑ1,dc1) to
(S2,ℑ2,dc2) is continuous, iff left sequence {πa} converges to a right point ς on (S1,ℑ1,dc1)
implies {Ω(πa)} →Ω(ς) on (S2,ℑ2,dc2) and right sequence {ςa} converges to a left point π on
(S1,ℑ1,dc1) implies {Ω(ςa)}→Ω(π) on (S2,ℑ2,dc2).

Definition 2.6 ([8]). If F meets the following criteria, it is referred to as a simulation function:
F : [0,∞)× [0,∞)→R

(i) F(0,0)= 0;

(ii) F(x,w)<w− x, for all x,w> 0;

(iii) if {ηa}, {σa}⊆ (0,∞) such that lim
a→∞ηa = lim

a→∞σa = ℓ ∈ (0,∞), then lim
a→∞supF(ηa,σa)< 0

Example 2.2 ([8]). Let F : [0,∞)× [0,∞)→R be defined as
(i)

F(σ,ς)=
{

1, if (σ,ς)= (0,0),
ις−σ, if otherwise,

where ι ∈ (0;1). Then, F is a simulation function.

(ii) F(σ,ς)= τς−σ, for all σ,ς ∈ [0,∞) and τ ∈ [0,1), then F is a simulation function.

(iii) F(σ,ς) = ς−ϕ(ς)−σ, for all σ,ς ∈ [0,∞) where ϕ : R+ → R+ is a lower semi continuous
function such that ϕ(σ)= 0 iff σ= 0. Then, F is a simulation function.
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3. Main Results
We prove FP theorems on BPPMS in this section.

Definition 3.1. Suppose Ω : S∪ℑ→ S∪ℑ be a covariant map, α,β : S×ℑ→R+ and S,ℑ be two
non-empty sets then Ω is a (α,β)-admissible mapping if

α(x,y)≥ 1 and β(x,y)≥ 1 implies that α(Ωx,Ωy)≥ 1 and β(Ωx,Ωy)≥ 1, for all (x,y) ∈ (S,ℑ).

Definition 3.2. Consider the BPPMS (S,ℑ,dc). Assume a covariant map Ω : S∪ℑ→ S∪ℑ and
α,β : S×ℑ→R+, such Ω is called to be an (α,β)-Z-contraction with respect to F if

F(α(x,z)β(x,z)dc(Ωx,Ωz, c),dc(x,z, c))≥ 0, (3.1)

for all x ∈ S, z ∈ℑ and c > 0 where F is a simulation function.

Theorem 3.1. Let (S,ℑ,dc) be a complete BPPMS, and Ω : (S,ℑ,dc) ⇒ (S,ℑ,dc) is a (α,β)-Z-
contraction covariant mapping with regard to a simulation function F if there exist η :R+ →R+

with η(p)< p such that

F(η(α(x,z)β(x,z)dc(Ωx,Ωz, c)),η(dc(x,z, c)))≥ 0, for all (x,z) ∈ (S,ℑ). (3.2)

Assume that
(i) Ω is (α,β)-admissible;

(ii) there exist elements σ0 ∈ S and ς0 ∈ ℑ such that α(σ0,Ως0) ≥ 1 and β(σ0,Ως0) ≥ 1 and
α(Ωσ0,ς0)≥ 1 and β(Ωσ0,ς0)≥ 1;

(iii) Ω is dc-continuous.
The function Ω : S∪ℑ→ S∪ℑ contains a UFP (unique fixed point).

Proof. By condition (ii) of this theorem there exist elements σ0 ∈ S and ς0 ∈ ℑ such that
α(σ0,Ως0) ≥ 1, β(σ0,Ως0) ≥ 1 and α(Ωσ0,ς0) ≥ 1, β(Ωσ0,ς0) ≥ 1. Define the bisequence
({σa}, {ςa}) ⊆ (S,ℑ) such that Ω(σa) = σa+1 and Ω(ςa) = ςa+1, for all a ∈ N∪ {0}. If σa = σa+1 =
ςa = ςa+1 for some a, then σa ∈ S∩ℑ is FP of Ω and this completes the proof. Now assume that
σa ̸=σa+1 and ςa ̸= ςa+1, for all a ∈N∪ {0}. Since from (i), Ω is an (α,β)-admissible, we derive

α(σ0,Ως0)=α(σ0,ς1)≥ 1⇒α(Ωσ0,Ως1)=α(σ1,ς2)≥ 1 .

Continuing this process, we get

α(σa,ςa+1)≥ 1, for all a ≥ 0. (3.3)

Similarly,

β(σa,ςa+1)≥ 1, for all a ≥ 0. (3.4)

From (3.2), (3.3) and (3.4), we have

0≤F(η(α(σa,ςa−1)β(σa,ςa−1)dc(Ωσa,Ωςa−1, c)),η(dc(σa,ςa−1, c)))

=F(η(α(σa,ςa−1)β(σa,ςa−1)dc(σa+1,ςa, c)),η(dc(σa,ςa−1, c)))

< η (dc(σa,ςa−1, c))−η(
α(σa,ςa−1)β(σa,ςa−1)dc(σa+1,ςa, c)

)
.

Therefore, for all a = 0,1,2,3, . . .,

η(α(σa,ςa−1)β(σa,ςa−1)dc(σa+1,ςa, c))< η(dc(σa,ςa−1, c)).
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By using the property of η, we get

α(σa,ςa−1)β(σa,ςa−1)dc(σa+1,ςa, c)< dc(σa,ςa−1, c) (3.5)

and also we have

α(Ωσ0,ς0)=α(σ1,ς0)≥ 1⇒α(Ωσ1,Ως0)=α(σ2,ς1)≥ 1.

Continuing this process, we get

α(σa+1,ςa)≥ 1, for all a ≥ 0. (3.6)

Similarly,

β(σa+1,ςa)≥ 1, for all a ≥ 0. (3.7)

From (3.2), (3.6) and (3.7), we have

0≤F(η(α(σa−1,ςa)β(σa−1,ςa)dc(Ωσa−1,Ωςa, c)),η(dc(σa−1,ςa, c)))
=F(η(α(σa−1,ςa)β(σa−1,ςa)dc(σa,ςa+1, c)),η(dc(σa−1,ςa, c)))
< η(dc(σa−1,ςa, c))−η(α(σa−1,ςa)β(σa−1,ςa)dc(σa,ςa+1, c)).

Therefore, for all a = 0,1,2,3, . . .,

η(α(σa−1,ςa)β(σa−1,ςa)dc(σa,ςa+1, c))< η(dc(σa−1,ςa, c)).

By using the property of η, we get

α(σa−1,ςa)β(σa−1,ςa)dc(σa,ςa+1, c)< dc(σa−1,ςa, c). (3.8)

Moreover

α(σ0,ς0)≥ 1⇒α(Ωσ0,Ως0)=α(σ1,ς1)≥ 1.

Continuing this process, we get

α(σa,ςa)≥ 1, for all a ≥ 0. (3.9)

Similarly,

β(σa,ςa)≥ 1, for all a ≥ 0. (3.10)

From (3.2), (3.9) and (3.10), we have

0≤F(η(α(σa,ςa)β(σa,ςa)dc(Ωσa,Ωςa, c)),η(dc(σa,ςa, c)))
=F(η(α(σa,ςa)β(σa,ςa)dc(σa+1,ςa+1, c)),η(dc(σa,ςa, c)))
< η(dc(σa,ςa, c))−η(α(σa,ςa)β(σa,ςa)dc(σa+1,ςa+1, c)).

Therefore, for all a = 0,1,2,3, . . .,

η(α(σa,ςa)β(σa,ςa)dc(σa+1,ςa+1, c))< η(dc(σa,ςa, c)).

By using the property of η, we get

α(σa,ςa)β(σa,ςa)dc(σa+1,ςa+1, c)< dc(σa,ςa, c). (3.11)

According to eqs. (3.5), (3.8) and (3.11), the bisequences {dc(σa,ςa, c)} are nonincreasing
bisequences of non-negative real numbers. For θ ≥ 0, they should biconverge.

Assume that θ > 0. Using the properties of η, eqs. (3.5), (3.8) and (3.11), and the condition (iii)
in Definition 2.6, we obtain

0≤ limsup
a→∞

F(η(α(σa,ςa)β(σa,ςa)dc(σa+1,ςa+1, c)),η(dc(σa,ςa, c)))< 0
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which is a contradiction. Therefore, θ = 0, this implies

lim
a→∞dc(σa,ςa, c)= 0, lim

a→∞dc(σa+1,ςa, c)= 0 and lim
a→∞dc(σa,ςa+1, c)= 0. (3.12)

We shall demonstrate that the bisequence ({σa}, {ςa}) is a Cauchy bisequence sequence. Assume
({σa}, {ςa}) does not form a Cauchy bisequence. Then, there exists ℘> 0 for which we can assume
subsequences ({σbz }, {ςbz }) and ({σaz }, {ςaz }) of ({σa}, {ςa}) with b(z)> a(z)> z such that for every
z and c > 0,

dc(σaz ,ςbz , c)≥℘, dc(σbz ,ςaz , c)≥℘ (3.13)

and

dc(σaz ,ςbz−1 , c)<℘, dc(σbz ,ςaz−1 , c)<℘. (3.14)

By the condition (iv) in Definition 2.1 and using eqs. (3.13) and (3.14), we get

℘≤ dc(σaz ,ςbz , c)

≤ dc(σaz ,ςbz−1 , c)+dc(σbz ,ςbz−1 , c)+dc(σbz ,ςbz , c)

<℘+dc(σbz ,ςbz−1 , c)+dc(σbz ,ςbz , c).

Letting z →∞ in the above inequalities and by using eqs. 3.12and (3.13), we get

lim
z→∞dc(σaz ,ςbz , c)=℘ . (3.15)

Also, from the condition (iv) in Definition 2.1, we have

dc(σaz ,ςbz , c)≤ dc(σaz ,ςbz+1 , c)+dc(σbz+1 ,ςbz+1 , c)+dc(σbz+1 ,ςbz , c),

|dc(σaz ,ςbz+1 , c)−dc(σaz ,ςbz , c)| ≤ dc(σbz+1 ,ςbz+1 , c)+dc(σbz+1 ,ςbz , c).

On taking limit as z →∞ on both sides of above inequality and using eqs. (3.12) and (3.15), we
get

lim
z→∞dc(σaz ,ςbz+1 , c)=℘. (3.16)

Similarly, it is easy to demonstrate that

lim
z→∞dc(σaz+1 ,ςbz , c)= lim

z→∞dc(σbz+1 ,ςaz , c)= lim
z→∞dc(σbz ,ςaz , c)= lim

z→∞dc(σbz ,ςaz+1 , c)=℘ .

(3.17)
Furthermore, Ω is a (α,β)-admissible, thus we have

α(σaz ,ςbz , c)≥ 1, β(σaz ,ςbz , c)≥ 1,

α(σbz ,ςaz , c)≥ 1, β(σbz ,ςaz , c)≥ 1. (3.18)

From the fact that Ω is an (α,β)-Z-contraction with respect to F, along with eqs. (3.15), (3.18)
and the condition (iii) in Definition 2.6, we get

0≤ lim
z→∞supF(η(α(σaz ,ςbz )β(σaz ,ςbz )dc(σaz+1 ,ςbz+1 , c)),η(dc(σaz ,ςbz , c)))< 0.

This is a contradiction, so ({σa}, {ςa}) represents a Cauchy bisequence. Because (S,ℑ,dc) is
complete,({σa}, {ςa}) converges to the point π ∈ S∩ℑ and

{Ω(ςa)}= {ςa+1}→π ∈ S∩ℑ
ensures that {Ω(ςa)} has unique limit. Since Ω is continuous, Ω(ςa) → Ω(π), implying that
Ω(π)= π. Hence, π is an FP of Ω. If ς is any FP of Ω, then Ω(ς)= ς implies that ς ∈ S∩ℑ and
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ς ̸=π, then from eq. (3.2) and the condition (ii) in Definition 2.6, we have

0≤F(η(α(π,ς)β(π,ς)dc(Ωπ,Ως, c)),η(dc(π,ς, c)))

< η(dc(π,ς, c))−η(α(π,ς)β(π,ς)dc(Ωπ,Ως, c)).

By using the property of η, we have

0< dc(π,ς, c)−α(π,ς)β(π,ς)dc(Ωπ,Ως, c)≤ 0,

which is a contradiction, so π= ς.

Theorem 3.2. Let (S,ℑ,dc) be a complete BPPMS and Ω : (S,ℑ,dc) ⇒ (S,ℑ,dc) be a (α,β)-Z-
contraction covariant mapping with respect to a simulation function F if there exist η :R+ →R+

with η(p)< p such that

F(η(α(x,z)β(x,z)dc(Ωx,Ωz, c)),η(dc(x,z, c)))≥ 0, for all (x,z) ∈ (S,ℑ). (3.19)

Assume that
(i) Ω is (α,β)-admissible;

(ii) there exist elements σ0 ∈ S and ς0 ∈ ℑ such that α(σ0,Ως0) ≥ 1 and β(σ0,Ως0) ≥ 1 and
α(Ωσ0,ς0)≥ 1 and β(Ωσ0,ς0)≥ 1;

(iii) if ({σa}, {ςa}) is a bisequence in (S,ℑ) such that α(σa,ςa+1)≥1, β(σa,ςa+1)≥1, α(σa+1,ςa)≥1,
β(σa+1,ςa) ≥ 1, for all a then there exists sub-bisequences ({σaz }, {ςaz }) of ({σa}, {ςa}) such
that α(σaz ,ςaz+1) ≥ 1, β(σaz ,ςaz+1) ≥ 1, α(σaz+1 ,ςaz ) ≥ 1, β(σaz+1 ,ςaz ) ≥ 1, for all z ∈N and
α(σ,Ως)≥ 1, β(σ,Ως)≥ 1 also α(Ωσ,ς)≥ 1, β(Ωσ,ς)≥ 1.

Then, the function Ω : S∪ℑ→ S∪ℑ has a UFP (Unique Fixed Point).

Proof. After demonstrating Theorem 3.1, we create a bisequence. ({σa}, {ςa}) ⊆ (S,ℑ) such
that Ω(σa) = σa+1 and Ω(ςa) = ςa+1, for all a ∈ N∪ {0} which converges to some π ∈ ℑ
and ς ∈ S respectively. From definition of (α,β)-admissible mapping and condition (iii) of
hypothesis, there exists a sub-bisequence ({σaz }, {ςaz }) of ({σa}, {ςa}) such that α(σaz ,ςaz+1)≥ 1,
β(σaz ,ςaz+1)≥ 1, α(σaz+1 ,ςaz )≥ 1, β(σaz+1 ,ςaz )≥ 1, for all z ∈N and α(ς,Ωςaz )≥ 1, β(ς,Ωςaz )≥ 1
also α(Ωσaz ,π)≥ 1, β(Ωσaz ,π)≥ 1. Thus applying eq. (3.19) for all z, we have

0≤F(η(α(σaz ,π)β(σaz ,π)dc(Ωσaz ,Ωπ, c)),η(dc(σaz ,π, c)))

=F(η(α(σaz ,π)β(σaz ,π)dc(σaz+1 ,Ωπ, c)),η(dc(σaz ,π, c)))

< η(dc(σaz ,π, c))−η(α(σaz ,π)β(σaz ,π)dc(σaz+1 ,Ωπ, c)).

By suing the property η, we have

0< dc(σaz ,π, c)−α(σaz ,π)β(σaz ,π)dc(σaz+1 ,Ωπ, c)

which is equivalent to

dc(σaz+1 ,Ωπ, c)= dc(Ωσaz ,Ωπ, c)≤α(σaz ,π)β(σaz ,π)dc(Ωσaz ,Ωπ, c)

< dc(σaz ,π, c).

Letting z →∞ in the above, we have dc(π,Ωπ, c)= 0. Moreover, from eq. (3.19), we have

0≤F(η(α(ς,ςaz )β(ς,ςaz )dc(Ως,Ωςaz , c)),η(dc(ς,ςaz , c)))

< η(dc(ς,ςaz , c))−η(α(ς,ςaz )β(ς,ςaz )dc(Ως,ςaz+1 , c)).
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By suing the property η, we have

0< dc(ς,ςaz , c)−α(ς,ςaz )β(ς,ςaz )dc(Ως,ςaz+1 , c)

which is equivalent to

dc(Ως,ςaz+1 , c)= dc(Ως,Ωςaz , c)≤α(ς,ςaz )β(ς,ςaz )dc(Ως,ςaz+1 , c)

< dc(ς,ςaz , c).

Letting z →∞ in the above, we have dc(Ως,ς, c)= 0. Now, we show that π= ς ∈ S∩ℑ, then from
(3.19), we have

0≤F(η(α(π,ς)β(π,ς)dc(Ωπ,Ως, c)),η(dc(π,ς, c)))

< η(dc(π,ς, c))−η(α(π,ς)β(π,ς)dc(Ωπ,Ως, c)).

By using the property of η, we have

0< dc(π,ς, c)−α(π,ς)β(π,ς)dc(Ωπ,Ως, c)≤ 0,

which is a contradictory π = ς, which implies (unclear meaning???). It is possible to
demonstrate that π is a fixed point of Ω using the same reasoning as above, Similar arguments
as provided in the proof of Theorem 3.1 are used to obtain the uniqueness of the fixed point of
Ω.

Corollary 3.1. Suppose (S,ℑ,dc) be a complete BPPMS and Ω : (S,ℑ,dc) ⇒ (S,ℑ,dc) be a
covariant mapping satisfying

η
(
α(x,z)β(x,z)dc(Ωx,Ωz, c)

)≤ κη (dc(x,z, c)) , for all (x,z) ∈ (S,ℑ), (3.20)

where κ ∈ [0,1) and η :R+ →R+ with η(p)≤ p and η(0)= 0. Also, assume that
(i) Ω is (α,β)-admissible;

(ii) there exist elements σ0 ∈ S and ς0 ∈ ℑ such that α(σ0,Ως0) ≥ 1 and β(σ0,Ως0) ≥ 1 and
α(Ωσ0,ς0)≥ 1 and β(Ωσ0,ς0)≥ 1;

(iii) Ω is dc-continuous.
Then, the function Ω : S∪ℑ→ S∪ℑ has a UFP.

Proof. Following Theorem 3.1, by taking as a F-simulation function, F(σ,ς)= κς−σ.

Example 3.3. Let S= [−1,0] and ℑ= [0,1] with dc(σ,η, c) = c|σ−η|, for each σ ∈ S, η ∈ ℑ and
c > 0. Then, (S,ℑ,dc) is a complete BPPMS. Define Ω : S∪ℑ⇒ S∪ℑ given by

Ω(σ)=
{
σ
6 , if σ ∈ [−1,0],
0, if σ ∈ (0,1],

and let F : [0,∞)× [0,∞) → R as F(σ,ς) = κς−σ where κ = 1
2 ∈ [0,1). We define two mappings

α,β : S×ℑ→R+ as

α(σ,ς)=
{

3
2 , if σ,ς ∈ [−1,0],
0, if σ,ς ∈ (0,1]

and β(σ,ς)=
{

5
3 , if σ,ς ∈ [−1,0],
0, if σ,ς ∈ (0,1].

Also, let η :R+ →R+ be defined as η(t)= t, for all t ≥ 0. Let σ ∈ S and ς ∈ℑ, such that α(σ,ς)≥ 1
and β(σ,ς) ≥ 1. Since σ,ς ∈ [−1,0] and so Ωσ ∈ [−1,0], Ως ∈ [−1,0] and α(Ωσ,Ως) ≥ 1 and
β(Ωσ,Ως)≥ 1.
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Thus, Ω is (α,β)-admissible. Condition (ii) is satisfied with σ0 = 0 and ς0 =−1 and eq. (3.2) is
also satisfied in Theorem 3.1 with (σa,ςa)= (− 1

n , 1
n
)
, for all n ∈N. If σ,ς ∈ [−1,0] then α(σ,ς)= 3

2
and β(σ,ς)= 5

3 . Now

η(α(x,z)β(x,z)dc(Ωx,Ωz, c)),η(dc(x,z, c))=α(x,z)β(x,z)dc(Ωx,Ωz, c),dc(x,z, c)

=
((

3
2

)(
5
3

)
c
∣∣∣∣ x6 − z

6

∣∣∣∣, c|x− z|
)

implies that

F(η(α(x,z)β(x,z)dc(Ωx,Ωz, c)),η(dc(x,z, c)))=F

((
3
2

)(
5
3

)
c
∣∣∣∣ x6 − z

6

∣∣∣∣, c|x− z|
)

= κc|x− z|−
(
3
2

)(
5
3

)
c
∣∣∣∣ x6 − z

6

∣∣∣∣
= κc|x− z|− 5

12
c|x− z|

=
(
1
2
− 5

12

)
c|x− z|

= 1
6

c|x− z| ≥ 0.

As a result, Theorem 3.1’s requirements are all met. Given that β(σ,ς)=α(σ,ς)= 0. Due to the
satisfaction of all the conditions in Corollary 3.1, Ω has a UFP with σ= 0.

4. Applications
4.1 Application to the Existence of Solutions of Integral Equations
As an application of Theorem 3.1, we examine the existence and unique solution of integral
equations in this section.

Theorem 4.1. Let us consider the integral equation

σ(ϑ)= b(ϑ)+
∫
Υ1∪Υ2

G(ϑ,η,σ(η))dη, ϑ ∈Υ1 ∪Υ2,

where Υ1 ∪Υ2 is a Lebesgue measurable set. Suppose
(T1) G : (Υ2

1 ∪Υ2
2)× [0,∞)→ [0,∞) and b ∈ L∞(Υ1)∪L∞(Υ2),

(T2) there is a continuous function θ :Υ2
1 ∪Υ2

2 → [0,∞) and ℑ= 5
6 ∈ (0,1) s.t.

|G(ϑ,η,σ(η))−G(ϑ,η,ς(η)| ≤ ℑθ(ϑ,η)(|σ(η)−ς(η)|,
for (ϑ,η) ∈Υ2

1 ∪Υ2
2;

(T3) let φ,ϕ : L∞(Υ1)2 ∪L∞(Υ2)2 → [0,∞) such that for each η ∈Υ1 ∪Υ2 and (σ,ς) ∈ L∞(Υ1)2 ∪
L∞(Υ2)2, φ(σ(η),ς(η))> 0⇒φ(Ωσ(η),Ως(η))> 0 and ϕ(σ(η),ς(η))>0⇒ϕ(Ωσ(η),Ως(η))>0;

(T4) for each η ∈Υ1 ∪Υ2 and ({σa}, {ςa}) ⊆ (L∞(Υ1),L∞(Υ2)) be a bisequence such that σa → σ

and ςa → ς in ς ∈ L∞(Υ1),σ ∈ L∞(Υ2) and φ(σa(η),ςa+1(η))> 0, ϕ(σa(η),ςa+1(η))> 0 for all
a ∈N then φ(σa(η),σ(η))>0, ϕ(σa(η),σ(η))>0 and φ(ς(η),ςa(η))>0, ϕ(ς(η),ςa(η))>0, a∈N;

(T5) ∥∫
Υ1∪Υ2

θ(ϑ,η)dη∥ ≤ 1, i.e., supϑ∈Υ1∪Υ2

∫
Υ1∪Υ2

φ(ϑ,η)ψ(ϑ,η)dη.
Then, the integral equation has a unique solution in L∞(Υ1)∪L∞(Υ2).
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Proof. Suppose S = L∞(Υ1) and ℑ = L∞(Υ2) be two normed linear spaces, where Υ1,Υ2 are
Lebesgue measurable sets and m(Υ1 ∪Υ2)<∞.
Consider dc : S×ℑ→ R+ to be defined by dc(σ,η) = c∥σ−η∥∞ to each (σ,η) ∈ S×ℑ and c > 0.
Then (S,ℑ,dc) is a complete BPPMS. Define the covariant mapping Ω : L∞(Υ1)∪L∞(Υ2) →
L∞(Υ1)∪L∞(Υ2) by

Ω(σ(ϑ))= b(ϑ)+
∫
Υ1∪Υ2

G(ϑ,η,σ(η))dη, ϑ ∈Υ1 ∪Υ2.

Now, for all (σ,ς) ∈ L∞(Υ1)2 ∪L∞(Υ2)2, φ(σ(η),ς(η)) > 0 and ϕ(σ(η),ς(η)) > 0 ∀ η ∈ Υ1 ∪Υ2, we
have

dc(Ωσ(ϑ),Ως(ϑ), c)= c∥Ωσ(ϑ)−Ως(ϑ)∥

= c
∣∣∣∣b(ϑ)+

∫
Υ1∪Υ2

G(ϑ,η,σ(η))dη−
(
b(ϑ)+

∫
Υ1∪Υ2

G(ϑ,η,ς(η))dη
)∣∣∣∣

≤ c
∫
Υ1∪Υ2

|G(ϑ,η,σ(η))−G(ϑ,η,ς(η))|dη

≤ c
∫
Υ1∪Υ2

ℑθ(ϑ,η)(|σ(η)−ς(η)|)dη

≤ cℑ(∥σ(η)−ς(η)∥∞)
∫
Υ1∪Υ2

θ(ϑ,η)dη

≤ cℑ(∥σ(η)−ς(η)∥∞) sup
ϑ∈Υ1∪Υ2

∫
Υ1∪Υ2

θ(ϑ,η)dη

≤ℑ(c∥σ(η)−ς(η)∥∞)

≤ℑdc(σ,ς, c). (4.1)

Let F : [0,∞)× [0,∞) → R as F(σ,ς) = 5
6ς−σ for all σ,ς ∈ [0,∞) and ψ : R+ → R+ be defined

as ψ(t) = t to each t ≥ 0. For η ∈ Υ1 ∪Υ2 the following is defined: α,β : S×ℑ → R+ as

α(σ,ς)=
{

1, if φ(σ(η),ς(η))> 0,
0, otherwise,

and β(σ,ς)=
{

1, if ϕ(σ(η),ς(η))> 0,
0, otherwise.

Now, using (4.1), we get
5
6
ψ (dc(σ,ς, c))−ψ(

α(σ,ς)β(σ,ς)dc(Ωσ(ϑ),Ως(ϑ), c)
)= 5

6
dc(σ,ς, c)−dc(Ωσ(ϑ),Ως(ϑ), c)≥ 0.

Hence

F
(
ψ

(
α(σ,ς)β(σ,ς)dc(Ωσ(ϑ),Ως(ϑ), c)

)
,ψ (dc(σ,ς, c))

)≥ 0.

Therefore, the mapping Ω is
(
α,β

)
-Z-type contraction. Now using (T3), we get

α(σ,ς)≥ 1⇒φ(σ(η),ς(η))> 0

⇒φ(Ωσ(η),Ως(η))> 0

⇒α(Ωσ,Ως)≥ 1.

Similarly,

β(σ,ς)≥ 1⇒ϕ(σ(η),ς(η))> 0

⇒ϕ(Ωσ(η),Ως(η))> 0

⇒β(Ωσ,Ως)≥ 1.
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Consequently, (α,β)-admissible mapping Ω exists. As Theorem 3.1’s entire hypothesis is
confirmed, and as a result, there is only one solution to the integral equation.

4.2 Application to the Existence of Solutions of Homotopy
In this section, we investigate the possibility of a single solution to homotopy theory.

Theorem 4.2. Suppose (S,ℑ,dc) be a complete BPPMS, (E,G) and (Ē,Ḡ) be an open and closed
subset of (S,ℑ) such that (E,G)⊆ (Ē,Ḡ). Suppose Hc : (Ē∪ Ḡ)× [0,1]→ S∪ℑ be an operator with
following conditions are satisfying,

(i) ℘ ̸=Hc(℘, s) for each ℘ ∈ ∂E∪∂G and s ∈ [0,1] (here ∂E∪∂G is boundary of E∪G in S∪ℑ);

(ii) for all ℘ ∈ Ē, ı ∈ Ḡ, s ∈ [0,1] and η : R+ → R+ with η(a+ b) ≤ η(a)+η(b), η(p) ≤ p and
η(0)= 0 also c > 0, κ ∈ [0,1) such that

η(dc(Hc(℘, s),Hc(ı, s), c))≤ κη(dc(℘, ı, c)).

(iii) ∃ M ≥ 0 ∋ dc(Hc(℘, s),Hc(ı, t), c)⪯ Mc|s− t|, for every ℘ ∈ Ē, ı ∈ Ḡ and s, t ∈ [0,1].
Then Hc(·,0) has a fixed point ⇐⇒ Hc(·,1) has a fixed point.

Proof. Suppose the sets

Θ= {s ∈ [0,1] :Hc(℘, s)=℘, for some ℘ ∈P},

Υ= {t ∈ [0,1] :Hc( ȷ, t)= ȷ, for some ȷ ∈G}.

Assuming that there is a FP for Hc(·,0) in E∪G, we obtain that 0 ∈ Θ∩Υ. In light of this,
Θ∩Υ ̸=φ.

We now demonstrate that, given the connectedness Θ=Υ= [0,1], Θ∩Υ is both closed and
open in [0,1]. Consequently, there is a fixed point for Hc(·,0) in Θ∩Υ. We first demonstrate the
closure of Θ∩Υ in [0,1]. To see this, let ({σa}∞a=1, {ςa}∞a=1)⊆ (Θ,Υ) with (σa,ςa)→ (α,α) ∈ [0,1] as
a →∞. We have to show that α ∈Θ∩Υ.
Since (σa,ςa) ∈ (Θ,Υ), for a = 0,1,2,3, · · · , there exists sequences ({℘a}, { ȷa}) with ℘a+1 =
Hc(℘a,σa), ȷa+1 =Hc( ȷa,ςa).
Consider

η(dc(℘a, ȷa+1, c))= η(dc(Hc(℘a−1,σa−1),Hc( ȷa,ςa), c))

≤ η(dc(Hc(℘a−1,σa−1),Hc( ȷa,σa−1), c))+η(dc(Hc(℘a,σa),Hc( ȷa,σa−1), c))

+η(dc(Hc(℘a,σa),Hc( ȷa,ςa), c))

≤ κη(dc(℘a−1, ȷa, c))+Mc|σa −σa−1|+Mc|σa −ςa|.
Letting a →∞ and using property of η, we have

lim
a→∞dc(℘a, ȷa+1, c)≤ lim

a→∞κdc(℘a−1, ȷa, c)

≤ lim
a→∞κ

2dc(℘a−2, ȷa−1, c)

...

≤ lim
a→∞κ

adc(℘0, ȷ1, c)= 0.
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Similar lines, we can prove that

lim
a→∞dc(℘a+1, ȷa, c)≤ lim

a→∞κdc(℘a, ȷa−1, c)

≤ lim
a→∞κ

2dc(℘a−1, ȷa−2, c)

...
≤ lim

a→∞κ
adc(℘1, ȷ0, c)= 0.

Moreover,

lim
a→∞dc(℘a, ȷp, c)≤ lim

a→∞κdc(℘a−1, ȷa−1, c)

≤ lim
a→∞κ

2dc(℘a−2, ȷa−2, c)

...
≤ lim

a→∞κ
adc(℘0, ȷ0, c)= 0.

We now prove ({℘a}, { ȷa}) is a Cauchy bisequence. Suppose there are ϵ> 0 and {bk}, {ak} so that
for ak > bk > k,

dc(℘ak , ȷbk , c)≥ ϵ, dc(℘ak−1 , ȷbk , c)< ϵ (4.2)

and

dc(℘bk , ȷak , c)≥ ϵ, dc(℘bk , ȷak−1 , c)< ϵ . (4.3)

With respect to (4.2) and triangle inequality, we obtain

ϵ≤ dc(℘ak , ȷbk , c)
≤ dc(℘ak , ȷak−1 , c)+dc(℘ak−1 , ȷak−1 , c)+dc(℘ak−1 , ȷbk , c)
< dc(℘ak , ȷak−1 , c)+dc(Hc(℘a−2,σa−2),Hc( ȷa−2,ςa−2), c)+ϵ
< dc(℘ak , ȷak−1 , c)+Mc|σa−2 −ςa−2|+ϵ.

Letting a →∞ in the above inequality, we get

lim
a→∞dc(℘ak , ȷbk , c)= ϵ . (4.4)

Using (4.3), one can prove

lim
a→∞dc(℘bk , ȷpk , c)= ϵ . (4.5)

For all k ∈N, by (ii) we have

η(dc(℘ak+1 , ȷbk+1 , c))≤ κη(dc(℘ak , ȷbk , c))

and

η(dc(℘bk+1 , ȷak+1), c)≤ κη(dc(℘bk , ȷpk , c)).

We get at the limit, η(ϵ)≤ κη(ϵ), by applying (4.4) and (4.5) which is contradictory. Therefore,
({℘a}, { ȷa}) is Cauchy bi-sequence in (E,G). To be thorough, τ ∈E∩G exists with

lim
a→∞℘a+1 = τ= lim

a→∞ ȷa+1 . (4.6)

We have

η(dc(Hc(τ,α), ȷa+1), c)= η(dc(Hc(τ,α),Hc( ȷa,ςa), c))
≤ κη(dc(τ, ȷa, c)).
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By taking the limsup on both sides and property of η, we have dc(Hc(τ,α),τ, c)= 0 implies that
Hc(τ,α)= τ. Therefore, α ∈Θ∩Υ. Clearly, Θ∩Υ closed in [0,1]. Let (σ0,ς0) ∈Θ×Υ, there exists
bi-sequences (℘0, ȷ0) with ℘0 =Hc(℘0,σ0), ȷ0 =Hc( ȷ0,ς0). Since E∪G is open, then there exist
δ> 0 such that Bdc (℘0,δ)⊆E∪G and Bdc (δ, ȷ0)⊆E∪G. Choose σ ∈ (σ0−ϵ,σ0+ϵ), ς ∈ (ς0−ϵ,ς0+ϵ)
such that |σ−ς0| ≤ 1

Ma < ϵ
2 , |ς−σ0| ≤ 1

Ma < ϵ
2 , |σ0 −σ| ≤ 1

Ma < ϵ
2 and |σ0 −ς0| ≤ 1

Ma < ϵ
2 .

Then for, ȷ ∈ B̄E∪G(℘0,δ)= { ȷ, ȷ0,∈G, c > 0/dc(℘0, ȷ, c)≤ dc(℘0, ȷ0, c)+δ},
℘ ∈ B̄E∪G(δ, ȷ0)= {℘,℘0 ∈E, c > 0/dc(℘, ȷ0, c)≤ dc(℘0, ȷ0, c)+δ},

dc(Hc(℘,σ), ȷ0, c)= dc(Hc(℘,σ),Hc( ȷ0,ς0), c)

≤ dc(Hc(℘,σ),Hc( ȷ0,σ), c)+dc(Hc(℘0,σ0),Hc( ȷ0,σ), c)

+dc(Hc(℘0,σ0),Hc( ȷ0,ς0), c)

≤ dc(Hc(℘,σ),Hc( ȷ0,σ), c)+Mc|σ0 −σ|++Mc|σ0 −ς0|

≤ dc(Hc(℘,σ),Hc( ȷ0,σ), c)+ 2c
Ma−1 .

Letting a →∞ and using η property, then we have

η(dc(Hc(℘,σ), ȷ0, c))≤ η(dc(Hc(℘,σ),Hc( ȷ0,σ), c))

≤ κη(dc(℘0, ȷ, c))

< η(dc(℘0, ȷ, c))

implies that

dc(Hc(℘,σ), ȷ0, c)< dc(℘0, ȷ, c)

≤ dc(℘0, ȷ0, c)+δ .

Similarly, we can prove

dc(℘0,Hc( ȷ,ς), c))< dc(℘, ȷ0, c)

≤ dc(℘0, ȷ0, c)+δ
On the other hand,

dc(℘0, ȷ0, c)= dc(Hc(℘0,σ0),Hc( ȷ0,ς0, ), c)≤ Mc|σ0 −ς0| < c
Ma−1 → 0 as a →∞.

So ℘0 = ȷ0 and hence σ = ς. Thus, for each fixed σ ∈ (σ0 − ϵ,σ0 + ϵ), Hc(·,σ) : B̄Θ∪Υ(℘0,δ) →
B̄Θ∪Υ(℘0,δ). Consequently, we deduce that there is a fixed point for Hc(·,σ) in Ē∩ Ḡ. But
which has to be in E∪G. Consequently, for σ ∈ (σ0 − ϵ,σ0 + ϵ), σ ∈ Θ∩Υ. For this reason,
(σ0−ϵ,σ0+ϵ)⊆Θ∩Υ. It is obvious that in [0,1], Θ∩Υ is open. A similar procedure can be used
to demonstrate the opposite.

5. Conclusion
This paper uses contractive mappings of the (α,β)-Z-type via simulation functions to
demonstrate certain FPT in the context of complete BPPMS, along with appropriate examples
that highlight the main findings. Applications for integral equations and homotopy are also
given.
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