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1. Introduction

In order to demonstrate the existence and ultimately the uniqueness of solutions to a variety
of mathematical models such as, variational inequalities, approximation theory, optimization
problems, and initial and boundary value problems in ordinary and partial differential equations,
fixed point theorems are crucial tools. Over the past few years various writers have built various
forms of generalized metric spaces using various approaches. The existence of FPs in contraction
maps in BPMS (Bipolar Metric Spaces) which are generalizations of the Banach contraction
principle, is one among the most latest developments in FP theory. The principles of BPMS
was created in 2016 by Mutlu and Giirdal [[14]. They, then looked into some fundamental fixed
point (FP) and common fixed point (CFP) results for covariant and contravariant maps under
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contractive conditions (Mutlu et al. [[15]). A significant amount of substantial work has been
done on BPMSs (see, Gurdal et al. [4]], Gaba et al. [5], Kishore et al. [9-12]], Mutlu et al. [16],
Naresh et al. [17]], Rao et al. [19], Reddy et al. [20]).

Recently, Hussain et al. [6,7]] introduced and explored the idea that parametric metric spaces
are a natural generalization of metric spaces. As a generalization of parametric metric space,
Kumar et al. [13] established fixed point theorems and introduced the idea of binary operation
at the place of non-negative parameter t. The concept of BPPMS (Bipolar Parametric Metric
Space) was introduced and some FP theorems were proved on this space by Pasha et al. [18].

The concept of (a, f)-admissible mappings was recently presented by Chandok [1]] and
derived some fixed point findings. Afterwards, many authors then obtained a generalization
of the result, as an example, refer to Cho [2]], and Dewangan et al. [3]]. Although, Khojasteh
et al. [8] presented a brand-new category of functions known as simulation functions. In [8]],
they demonstrated the validity of many fixed point theorems and demonstrated that numerous
results found in the literature are only the outcome of their own findings.

Within the context of bipolar parametric metric space, we provide several fixed point
theorems in this paper by using (a, §)-Z-type contraction mappings via simulation function.
Additionally, we could be able to provide appropriate and pertinent examples related to homotopy
and integral equations.

2. Preliminaries

In this section, first we recall some basic results.

Definition 2.1 ([18]). Suppose 0. : 8 x 3 x (0,00) — R* is a function defined on two non-empty
sets $ and S such that

(a) 0.(z,p,¢)=0, for all ¢ >0 then r =1, for all (r,n) €S xS.

(b) r=1, then 0.(z,9,¢)=0, for all c >0 and (r,) €S x

(¢) 0.(x,p,¢) =0c(n,1,¢), forallc>0 and r,p eSNS

(d) 0.(x,n,¢) <0.(x,3,¢)+0c(A,3,¢)+0:(A,n,¢), for all ¢ >0, r,Ae 8 and 1,3 € S.
The triplet (3,S,0.) is called a BPPMS.

Example 2.1 ([18]). For allr €8, pe 3 and ¢ >0, let $ =[-1,0] and 3 =[0,1] be equipped with
0.(x,n,¢) = clr—vl. Consequently, (S,3,0.) is a complete BPPMS.

Definition 2.2 ([18]). Let (81,31,0¢1) and (82, J2,0.9) be BPPMSs and Q:81 U371 — 82 U3y be
a function. If Q(81) €89 and Q(J1) € 9, then Q is known as a covariant map or a map from
(81,91,0¢1) to (S2,392,0.9) and is written as Q:(51,31,0.1) = (82,32,0.9). If Q:(81,31,001) =
(S2,82,0.,) is a map, then Q is known as a contravariant map from (81,31,0.1) to (Sg2,J2,0.2)
and this is denoted as Q:(51,31,0.1) = (82, F2,0.9).

Definition 2.3 ([|18]). Let (8,S,0.) be a BPPMS. Then

(z1) The points of the sets 8, §, and SN S are referred to as left, right, and central points,
respectively. A sequence on (5,S,0.) that consists solely of left, right, or central points is
termed a left, right, or central sequence.
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(z2) If 0.(x4,9,c) < p for all @ = ap and ¢ > 0 means that a left sequence {r,} converges to a
right point 1 if and only if to each g > 0 there exists an ag € N.

Similar to this, a right sequence {1,} converges to a left point y if and only if we can locate a
ao € N satisfying, whenever a = ag, ¢ >0, 0.(r,14,¢) < 9.

Definition 2.4 ([18]]). Let (3,S,0.) be a BPPMS.
(i) A sequence ({ry},{hq}) on the set S x § is termed as a bisequence on (5,S,0,).
(i1) The bisequence ({x4},{n,}) is said to be convergent if sequences {x,} and {t,} are convergent.

This bisequence is termed to be biconvergent if {r,} and {y,} converge to the same point
uesSns.

(ii1) ({re},{ne}) is a bisequence for (5,S,0.) is known as a Cauchy bisequence if, to each ¢ >0,
we can locate a number ag € N, which, for every positive integer a,b = ag, ¢ > 0, 0.(x,,
Mp,c) < 9, is called a Cauchy bisequence.

Definition 2.5 ([18]]). Let (51,31,0.1) and (S2,J2,0.9) be BPPMSs.

(i) A map Q:(51,31,001) = (82,392,0.9) is termed to be left continuous at a point og € 81,
if to each g > 0, we could find a 6§ > 0 satisfying 0.1(0¢,7n,¢) <68, 0.2(Qay), Q(N),c) < p
whenever 1 € 31, ¢ > 0. It is right continuous at a point g € 37 if to each ¢ > 0, we could
find a 6 > 0 satisfying 0.1(0,n0,¢) < 81, 0.9(Q(0),Q(np),c) < p whenever 0 € 51, ¢ >0. If Q
is continuous at each point o € §; and 7 € 31, then it is called continuous.

(i) a contravariant map Q:(81,31,0.1) S (82,392,0.9) is continuous if it has a covariant map
Q:(81,31,0.1) = (82,32,0¢,)-

It follows from this definition that a covariant or contravariant Q from (81,31,0.1) to
(82,392,0.9) is continuous, iff left sequence {n,} converges to a right point ¢ on (81,31,0.7)
implies {Q(,)} — Q(¢) on (Sg2,T9,0.9) and right sequence {¢,} converges to a left point 7 on
(81,31,0¢1) implies {Q(cy)} — Q@) on (Sg2,T2,0¢9).

Definition 2.6 ([8]). If § meets the following criteria, it is referred to as a simulation function:
§:10,00) x[0,00) — R

(i) §(0,0)=0;

@11) §(x,tw)<to—g, for all ¢,tv > 0;

(iii) if {ng},{os} <(0,00) such that lim n, = lim o, = ¢ € (0,00), then lim sup§(n,,0,) <0
a—o00 a—o00 a—oo

Example 2.2 ([8]). Let §:[0,00) x [0,00) — R be defined as
@) 1, if (0,6) =(0,0),
§(o,¢) =

ic—o, if otherwise,
where 1 € (0;1). Then, § is a simulation function.
(i) §(o,¢)=1¢—0, for all o,¢ €[0,00) and 7 €[0,1), then § is a simulation function.

(iii) F(o,¢) =¢c—¢@(c)—o, for all o,c € [0,00) where ¢ : R — R" is a lower semi continuous
function such that ¢(o) =0 iff 0 = 0. Then, § is a simulation function.
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3. Main Results
We prove FP theorems on BPPMS in this section.

Definition 3.1. Suppose Q:8USJ3 — 8US be a covariant map, a,:8 x 3 —R* and 8,3 be two
non-empty sets then Q is a (a, f)-admissible mapping if

a(r,n) =1 and B(x,y) = 1 implies that a(Qr,Qy) =1 and f(Qr,Qn) =1, for all (r,n) €(S,S).

Definition 3.2. Consider the BPPMS (§,S,0.). Assume a covariant map Q:SUS —3US and
a,B:8x3—R", such Q is called to be an (a, §)-Z-contraction with respect to § if
§(alr,3)B(x, 5)0.(Q2r,€23,0),0.(x,3,¢)) = 0, (3.1)

forallr €8, 3 €3 and ¢ > 0 where § is a simulation function.

Theorem 3.1. Let (8,S,0.) be a complete BPPMS, and Q : (5,3,0.) = (8,S3,0.) is a (a, B)-Z-
contraction covariant mapping with regard to a simulation function § if there exist n:R* — R*
with n(p) < p such that
S(n(a(r,3)B(x,3)0:(Qr,Q3,¢)),n0(x,3,¢))) =0,  for all (r,3) € (8,9). (3.2)
Assume that
(1) Qis (a,p)-admissible;
(ii) there exist elements oo € 8 and ¢o € S such that a(og,Qco) =1 and P(oy,Qc¢o) =1 and
a(Qoo,60) =1 and B(Qoo,co) = 1;
(1i1) Q is 0.-continuous.
The function Q:3US — SUS contains a UFP (unique fixed point).

Proof. By condition (ii) of this theorem there exist elements o9 € S and ¢y € S such that
a(o9,Qco) = 1, B(0g,Q¢0) = 1 and a(Qog,c0) = 1, B(Qoo,co) = 1. Define the bisequence
(o), {ca) € (8,3) such that Q(o,) = 0441 and Q(¢,) = Cga1, for all a e NU{0}. If 04 = 0441 =
Ca = Cq+1 for some a, then g, € SNJ is FP of Q and this completes the proof. Now assume that
04 #0g+1 and ¢4 # Gq+1, for all @ e NU{0}. Since from (i), Q is an (a, f)-admissible, we derive

a(00,Q60) = algg,¢1) = 1= a(Q0oo,Q6¢1) = alo1,62) = 1.

Continuing this process, we get

a(04,Ca+1) =1, foralla=0. (8.3)
Similarly,
B(04,6a+1)=1, foralla=0. (3.4)

From (3.2), and (3.4), we have
0=8(a(04,6a-1)B(0¢,64-1)0:(Q204,0264-1,¢)),N(0:(0¢,64-1,¢)))
=8§(n(a(04,6a-1)P(04,64-1)0c(0a+1,64,¢)),N0:(0¢,64-1,¢)))

< n(ac(o'a, Ca-1,C)) — n (C((O'a, Ca—l)ﬁ(aa, Ca-1)0:(04+1,Gq, C)) .
Therefore, for all @ =0,1,2,3,...,

Tl(a(aa,ga—l)ﬁ(ga, Ca—l)ac(0a+1, Ca; C)) < n(ac(aa, Ca_]_, C))
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By using the property of 1, we get
2(04,6a-1)(04,6a-1)0:(04+1,64,¢) <0:(04,6a-1,C)
and also we have
a(Qoo,60) = alo1,60) =2 1 = a(Qo1,Q60) = alog,61) = 1.
Continuing this process, we get
a(0g441,¢4) =1, foralla=0.
Similarly,
B(Og+1,64)=1, foralla=0.
From (3.2), and (3.7), we have
0<FM(a(04-1,6a)P(04-1,6a)0:(Q04-1,0264,¢)),N(0:(04-1,Ga,C)))
=8((a(04-1,60)B(04-1,6a)0c(0a;6a+1,6)),M(0c(0a-1,64,€)))
<N:(04-1,6a,¢)) —N(a(0¢-1,6a)(0a-1,6a)0c(Ta;Ga+1,0)).
Therefore, for all ¢ =0,1,2,3,...,
N(a(04-1,6a)(04-1,6a)0c(04,6a+1,¢)) <NO(04-1,64,C)).
By using the property of n, we get
a(04-1,6a)0(04-1,6a)0:(0a;6a+1,¢) <0c(0a-1,64,C)-
Moreover
a(00,60) = 1= a(Q00,Q60) = alo1,61) = 1.
Continuing this process, we get
a(04,60)=1, foralla=0.
Similarly,
B(04,64)=1, foralla=0.
From (3.2), and (3.10), we have
0 =F(M(a(04,6a)B(04,64)0:(Q204,064,¢)),N0:(04,64,¢)))
=§(1(a(04,6a)P(04,6a)0c(Ta+1,6a+1,)),1M(0c(0q,6a,€)))
<NQc(0a;6a,)) =1M(a(0a,6a)P(0a;6a)0c(0a+1,Ga+1,¢)).
Therefore, for all ¢ =0,1,2,3,...,
N(0q,6a)P(0a,6a)0c(0a+1,6a+1,¢)) <Nc(0q,Ga,C)).
By using the property of 1, we get

a(04,6a)B(04,6a)0:(04+1,6a+1,¢) <0c(04,Gq,C).

(3.5)

(3.6)

(3.7

(3.8)

(3.9

(3.10)

(3.11)

According to eqs. (3.5), (3.8) and (3.11), the bisequences {0.(04,¢4,¢)} are nonincreasing

bisequences of non-negative real numbers. For 6 = 0, they should biconverge.

Assume that 0 > 0. Using the properties of 1, egs. (3.5), (3.8) and (3.11)), and the condition (iii)

in Definition [2.6] we obtain

0 <limsup§(M(a(04,6a)B(04,6a)0:(00+1,6a+1,¢)),N0c(04,64,¢))) <0

a—00
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which is a contradiction. Therefore, 6 = 0, this implies
lim 0.(04,¢q,¢) =0, lim 0.(04+1,64,¢)=0 and lim 0.(04,¢q+1,¢)=0. (3.12)
a—oo a—0o0 a—o0

We shall demonstrate that the bisequence ({o,},{c,}) is a Cauchy bisequence sequence. Assume
({04}, {cq)) does not form a Cauchy bisequence. Then, there exists g > 0 for which we can assume
subsequences ({0p_},{¢5,}) and ({04,},{c4.}) of ({04}, {ca}) With b(z) > a(z2) > z such that for every
zand c>0,

0.(0q,,6p,,0) =9, 0:(0p,,64,,€) =9 (3.13)
and
0:(00a,,6b,_1,6) <P, 0:(0p,,6a,1,0) <. (3.14)
By the condition (iv) in Definition [2.1] and using eqs. and (3.14), we get
® =0.(0a,,6p,,0)
<0c(0a,,6b, 1,€) +0c(0b,,6b, 1,€) +0c(0p,,6p,,¢)
<@+0.(0p,,6p, ;,¢) +0:(0p,,6p,,C).
Letting z — oo in the above inequalities and by using egs. [3.12and (3.13), we get
lim vc(04,,6p.,¢) = 9. (3.15)
Also, from the condition (iv) in Definition [2.1, we have
0:(04,,6p,,¢) =0:(04,,6p,,1,¢) +0c(0p,,,,6b,,,,6) +0:(0p,,1,6p,,C),
19:(0a,,6b,.1,¢) =0c(00a,,6b,,E) <0:(0b,,,,6b,,1,6) +0c(0p,,1,6b,,C).

On taking limit as z — oo on both sides of above inequality and using eqs. (3.12) and (3.15), we
get

zli_)r(r}oDc(Gwz,cbzﬂ, c)=g. (3.16)
Similarly, it is easy to demonstrate that

lim 0.(0q,,,,6,,¢) = lim 0.(0p,,,,Ga,,c) = lim 0.(0p,,Gq,,c) = lim 0.(0p,,Gq,,,,C) = ®.

zZ2—00 Z2—00 zZ2—00 zZ2—00

(3.17)

Furthermore, Q is a (a, f)-admissible, thus we have

a(Uaz,Cbz,C)Z 1’ ﬁ(Uaz,Cbz7C)2 17

a(0p,,6a,,¢)=1, P(0p,,6q,,¢)=1. (3.18)

From the fact that Q is an (a, 8)-Z-contraction with respect to §, along with eqs. (3.15)), (3.18)
and the condition (iii) in Definition |2.6] we get

0= lim sup§(n(a(0q,,66.)B(0a.:65.0c(0a,,1,6b,.1,6):M0c(0a,,6p., ) <O.

This is a contradiction, so ({0,},{cs}) represents a Cauchy bisequence. Because (5,S,0.) is
complete,({0,},{c,}) converges to the point 7€ SNS and

Q) ={6ar1} = €SN

ensures that {{2(¢,)} has unique limit. Since Q is continuous, Q(¢,) — Q(7), implying that
Q(n) =n. Hence, 7 is an FP of Q. If ¢ is any FP of Q, then Q(¢) = ¢ implies that c e SN and
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¢ # m, then from eq. and the condition (ii) in Definition we have
0 = F(n(a(r, ), )0 (Qr, Qg ), N0, (7,6, ¢)))
<n.(m,¢,c)) —n(a(r,)p(r,6)0.(Qr,Qg,c)).
By using the property of 7, we have
0<0(m,¢,c)—alr,¢)p(r,¢)0.(Qm,Q¢,c) <0,

which is a contradiction, so 7 =¢. O

Theorem 3.2. Let (8,S3,0.) be a complete BPPMS and Q : (8,3,0.) = (8,S,0.) be a (a,f)-Z-
contraction covariant mapping with respect to a simulation function § if there exist n:R* — R*
with n(p) < p such that

S(n(a(x, 36, 3)0.(Qr,Q3,¢)),n0:(x,3,¢)) =0,  for all (x,3) € (8,9). (3.19)
Assume that
(1) Qis (a,p)-admissible;

(ii) there exist elements o € 8 and ¢y € S such that a(oy,Qco) =1 and P(0o,Q¢0) = 1 and
a(Qoo,6o) =1 and p(Qog,c0) = 1;

(ii1) if {oga},{cqa}) is a bisequence in (S,3) such that a(04,64+1)=1, P(04,6a+1)=1, a(04+1,64)=1,
B(04+1,60) = 1, for all a then there exists sub-bisequences ({04,},{5q,}) of ({04},{¢a}) such
that a(0q,,6a,,,) 21, P(0q,,6a,,1) =1, a(0q,,1,60,) 21, B(0q,,,,6a,) =1, for all zeN and
a(o,Q¢) =1, p(0,Q¢)=1 also a(Qo,¢) =1, B(Qo,¢)=1.

Then, the function Q:8US — SUS has a UFP (Unique Fixed Point).

Proof. After demonstrating Theorem we create a bisequence. ({04},{c.}) € (5,3) such
that Q(o,) = 04+1 and Q(¢,) = ¢4+1, for all a € NU {0} which converges to some 7 € &
and ¢ € 8 respectively. From definition of (a,)-admissible mapping and condition (iii) of
hypothesis, there exists a sub-bisequence ({0,,},{cq,}) of ({04},{cs}) such that a(o,,,6q4,,,) =1,
B(0a,,6a,,,)=1, a(0q,,,,64,) =1, B(0q,,,,64,) =1, for all zeN and alc,Q¢,,) =1, B(6,Q6,,)=1
also a(Qo,,,m) =1, f(Qo,,,n) = 1. Thus applying eq. for all z, we have

0=F(n(a(og,,m)P(0q,,m)0:(Q0,,,0m,c),n0(0q,,7,c¢)))
=35(n(aloq,,m)P(0q,,M)0(0q,,,,Q1,¢)),n0(0q,,T,c))
<n@(oq,,m,c)—n(alog,,m)B(0q,, TV(0q,,,,Q21,c)).
By suing the property 7, we have
0<0.(0q,,m,c)—aloq,,m)p(0g,,m)0(0q,,,,27,c)
which is equivalent to
0.(0q,,,,Qm,¢)=0,(Q0,,0mn,¢) < alo,,,n)(04,,m)0:(Q0,,,0m,c)
<0.(0q,,m,c).
Letting z — oo in the above, we have 0.(,Qn,¢) = 0. Moreover, from eq. (3.19), we have
0 = F(n(a(s,6a,)B(c,64,)0:(026,926,,,¢)),n(0:(¢,6q,,))
<n(0(6,6a,,¢)) —m(a(s,64,)6(6,64,)0:(06,64,,,€)).
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By suing the property 7, we have
0<0:(5,6a,,0) — a(5,6a,)B(5,6a,)0:(€26,Gq,.;, )
which is equivalent to
0:(Q6,64,,1,¢) = 0:(26,Q64,,¢) < a(6,64,)8(6,64,)0:(Q6,64,.,1,€)
<0(6,64q,,C)-

Letting z — oo in the above, we have 0.(Q¢,¢,c) =0. Now, we show that 7 =¢ce8nS, then from
(3.19), we have

0 = F(n(a(r, ), )0 (Qr, Qg, ), n(0.(7, 6, ¢)))
<n.(r,¢,c)) —nlalr,c)f(r,5)0.(Qm,Qc, ).
By using the property of , we have
0<0.(m,¢6,¢)—alr,¢)p(r,6)0.(Qr,Q¢,c) <0,
which is a contradictory 7 = ¢, which implies (unclear meaning???). It is possible to
demonstrate that 7 is a fixed point of () using the same reasoning as above, Similar arguments

as provided in the proof of Theorem [3.1] are used to obtain the uniqueness of the fixed point of
Q. O

Corollary 3.1. Suppose (8,3,0.) be a complete BPPMS and Q : (§8,3,0.) = (3,3,0.) be a
covariant mapping satisfying
1 (a(x,3)B(r,3)0:(Qr, Q3,¢)) <xn@.(x,3,¢)), forall (x,3)€(S,S), (3.20)
where x €[0,1) and n:R* — R* with n(p) < p and n(0) = 0. Also, assume that
(1) Qis (a,p)-admissible;

(ii) there exist elements oy € S and ¢y € S such that a(oy,Q¢o) =1 and B(oo,Q¢0) =1 and
a(Qoo,60) = 1 and f(Qoo,c0) = 1;

(i) Q is 0.-continuous.
Then, the function Q:3US — 3SUS has a UFP.

Proof. Following Theorem by taking as a §-simulation function, §(o,¢) = k¢ —o0. O

Example 3.3. Let § =[-1,0] and S =1[0,1] with ?.(o,n,¢) = clod — 1|, for each 0 €8, n€ 3 and
¢ > 0. Then, (8,3,0.) is a complete BPPMS. Define Q:5U3 = 8US given by

7 ifoe[-1,0]
Q — 6’ 1 b b
(@) {o, if o€ (0,1,

and let §:[0,00) x [0,00) — R as §(0,¢) = k¢ — 0 where x = % €[0,1). We define two mappings

a,Bf:8x3—R" as

3 5
_Ja ifo,ce[-1,0], d _J3 ifo,ce[-1,0],
0,¢) {o, ifo.ce©,1 PIPOD=10" o ce,11.
Also, let 7: R* — R* be defined as n(¢) = ¢, for all £ > 0. Let 0 € 8§ and ¢ € S, such that a(o,¢) =1
and f(o,¢) = 1. Since o0,¢ € [-1,0] and so Qo € [-1,0], Q¢ € [-1,0] and a(Q0o,Q¢) =1 and
B(Qo,Q¢) = 1.
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Thus, Q is (a, f)-admissible. Condition (ii) is satisfied with 09 =0 and ¢gp = -1 and eq. is
also satisfied in Theorem [3.1|with (0,4,¢,) = (-1 ;, ;) for all n e N. If o,¢ € [-1,0] then a(a c) =2
and fB(o,¢c) = g Now

n(a(?d)ﬁ(?;é)bc(g?, Qaa C)), n(ac(F,ﬁ, C)) = a(;73)ﬁ(;75)06(§2;’ Qé? C), DC(;757 C)

3\(5
:((5)(5) 6 gt 3')
implies that
smm@@mmwm«nxam»mm@@mm=3“§M§)§—§ a;aq
2/\3)°16 6/

(8-

=xclr—3l— —clzc 3l

_(1 5)| |
“lg T g e

= — | — |>“
C = V.

As a result, Theorem [3.1]s requirements are all met. Given that f(o,¢) = a(o,¢) = 0. Due to the
satisfaction of all the conditions in Corollary[3.1] Q2 has a UFP with o = 0.

4. Applications

4.1 Application to the Existence of Solutions of Integral Equations
As an application of Theorem we examine the existence and unique solution of integral
equations in this section.

Theorem 4.1. Let us consider the integral equation

mm:um+f S(9,m,0(m)dn, 9E€Y1UTs,
Y1UYqo

where Y1UY 9 is a Lebesgue measurable set. Suppose
(T1) G:(Y2ur3) x[0,00) — [0,00) and b€ L=®(Y1) UL®(Y3),
(T2) there is a continuous function 0 : Y% U Y% —[0,00) and S = % €(0,1) s.t.
15(9,m,0(m) = 5(9,n,c(m] = I6(I, n)([a (1) — (),
for (9,n) € Y% U Y%;
(T3) let ¢, :L®(Y1)?2 UL®(Y9)? — [0,00) such that for each neY1UYq and (0,¢) € L>(Y1)? U
L>(Y3)%, ¢p(a(n),c(m) > 0= $(Qa(n),2c(m) > 0 and p(o(n),c(1m)>0= p(Qa(n),Q(1))>0;

(T4) for each n€Y1UYg and ({04},{¢q}) € (L®°(Y'1),L>®°(Y2)) be a bisequence such that o, — o
and G, — ¢ in ¢ € L(Y'1),0 € L®(Y3) and ¢p(04(1),6a+1(M) >0, ¢(04(1n),6a+1(1n) >0 for all
a € N then ¢(oq(n),o(m)>0, p(o.(n),0(n)>0 and P¢(c(1n),5.(M)>0, 9(c(n),ca(M)>0, a€N;

(T5) 1| fy, 0y, 0@,mdnll <1, i.e., sUPger,ur, Jy,ur, PO MWD, mdn.
Then, the integral equation has a unique solution in L°°(Y 1) UL>(Y9).
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Proof. Suppose 8 = L*°(Y1) and S = L*®(Y2) be two normed linear spaces, where Y1,Yy are
Lebesgue measurable sets and m(Y1UY3) < co.

Consider 0. : 8 x 3 — R" to be defined by 0.(0,1) = clloc —7llo to each (g,7) € 8 xS and ¢ > 0.
Then (8,3,0.) is a complete BPPMS. Define the covariant mapping Q : L°(Y1) U L®(Y ) —
L*>®(Y1)UL™(Y2) by

Qa(9)) =b(9) +f 59,n,0mM)dn, Ve€Y1UYa.

YUY
Now, for all (0,¢) € L®(Y'1)? UL®(Y9)?, $p(a(n),c(n)) >0 and ¢(a(n),c() >0V neY1UYq, we
have

0.(Q0(9),Q¢(9),c) = c[|Qo(9) — Qs ()|l

b(O) + f 9(0,n,a<n»dn—(b<a)+ f
YUY

Y1UYo

=cC

S(9,n, c(n))dn) ‘
<c f 15(9,1,0() — GO, 1,c()ldn

Y1UYo
<c f 3009, )10 () — cmDdn

YUY

<cSlam —¢cmlloo) 0(9,n)dn
YUY

< eS(lo() = cllec) sup f 0(9,m)dn
9€Y1UY 2 JY1UY g

= S(clla() - ¢(lso)
<30.(0,¢,0). 4.1)

Let 3 : [0,00) x [0,00) — R as §(0,¢) = 3¢ — o for all 0,5 € [0,00) and ¥ : R* — R* be defined
as w(t) =t to each ¢ = 0. For € Y;UYqy the following is defined: a,f :8 x 3 — R* as
1, if p(a(n),c(m) >0, 1, if p(a(n),c(m) >0,
a(o,¢)= : and f(o,¢) = .
0, otherwise, 0, otherwise.
Now, using (4.1)), we get
5 5
51//(00(0, G,c)—w (a(a,c)ﬁ(a, ¢)0.(Qa(9),Qc(9), c)) = EOC(U, ¢,c)—0.(Qa(9),Q¢(9),c)=0.
Hence
3(”’ (a(UaC)ﬁ(Ua C)DC(QU(8)79C(8))C)) ’11[/(00(0') C, C))) 2 0'
Therefore, the mapping Q is (a, §)-Z-type contraction. Now using (T's), we get
a(o,¢) = 1= ¢(a(n),c(n) >0
= $p(Qo(n),Qc(n) >0
= a(Qo,Q¢) = 1.
Similarly,
Blo,¢)=1= ¢(o(n),c(n) >0
= @(Qa(n),Qc(m) >0
= B(Qo,Q¢) = 1.
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Consequently, (a,f)-admissible mapping Q exists. As Theorem [3.1]s entire hypothesis is
confirmed, and as a result, there is only one solution to the integral equation. O

4.2 Application to the Existence of Solutions of Homotopy
In this section, we investigate the possibility of a single solution to homotopy theory.

Theorem 4.2. Suppose ($,S,d.) be a complete BPPMS, (&, ®) and (&, ) be an open and closed
subset of (8,3) such that (€,8) < (&,8). Suppose H. : (EUB) x[0,1] = SUSJ be an operator with
following conditions are satisfying,
(1) @ #H(p,s) for each p € 0E UG and s €[0,1] (here 0EUIG is boundary of CUG in SUS);
(i) forall pe € 1€®, s€[0,1] and n:R" — R with n(a +b) < nla)+nbd), n(p) < p and
1n(0) =0 also ¢ >0, xk €[0,1) such that
n(d (5, s),9c(1,5),¢)) <xn(d(p,1,c)).

(i) AM =03 d.(Hc(p,s),9:(1,t),c) < Mc|s—t|, for every p € €, 1€ & and s,t €[0,1].
Then $.(-,0) has a fixed point < $.(-,1) has a fixed point.

Proof. Suppose the sets
O ={se[0,1]:9H.(9,s) = g, for some p € P},
Y ={te€l0,1]: H.(j,t) = j, for some j € &}.

Assuming that there is a FP for $.(-,0) in €u &, we obtain that 0 € ®©N Y. In light of this,
ONY #d¢.

We now demonstrate that, given the connectedness @ =Y =[0,1], ©nY is both closed and
open in [0, 1]. Consequently, there is a fixed point for $.(-,0) in ©NY. We first demonstrate the
closure of ©NY in [0,1]. To see this, let {o4}72,{cal;2 ) €(O,Y) with (04,64) — (@, @) €[0,1] as
a — oco. We have to show that ae ®n'Y.

Since (04,64) € (0,Y), for a = 0,1,2,3,---, there exists sequences ({p,},{j}) With @41 =

ﬁc(@a,aa), ]a+1 = ﬁc(]a, Ca)
Consider

Ndc(Pa; Ja+1,)) = (A (Hc(@a-1,00-1),9c(Jas6a), €))
=(dc(Dc(Pa-1,0a-1),9c(Ja,Ta-1),¢)) + (A (e (Pas00),9c(Jas Ta-1), )
+10(dc(He(®Pa’0a),9c(Jas6a)sC))
= k1(dc(Pa-1,Jas )+ Mclog —0g-11+ Mclog = Gal.
Letting @ — oo and using property of 1, we have

ali_)lgodc(@a,]a+1: c)< ali_gloch(@a—la Jas c)

< lim szc(@a—z,]a—l,c)
a—o0

< lim x%d (%o, j1,¢) =0.
a—o0
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Similar lines, we can prove that
lim d(@q+1,Ja,¢) < lim xd (94, Ja-1,C)
a—0o0 a—0o0

< lim szc(pa_1,]a—2,c)
a—0o0

< lim x%d (%1, Jo,c) = 0.
a—o0
Moreover,
(}L%dc(@ayfpac) = ah_glokdc(@a—lyfa—ly c)

< lim K2dc(g¢)a—2a Ja-2,¢)
a—00

< (}ngokadc(po,jo,c) =0.
We now prove ({4},{j4}) is a Cauchy bisequence. Suppose there are ¢ >0 and {b;},{a} so that
for ap > by >k,
de(Pay, Jby,€) 2 €, de(Pay_y,Jb,,0) <€ (4.2)
and
de(@b,,Jay,C) €, de(@p,,]a;_1,¢) <E. 4.3)
With respect to (4.2) and triangle inequality, we obtain
€ <d(Pay,Jby,C)
<dc(®ay,Jap1,6)+dc@ay_15Jap1,) +de(@ayy, T8y, C)
<dc(Pay,Jay_1,¢) +Acc(@a-2,0a-2),9c(Ja-2,6a-2),C) +€
<dc(Pay,Jap_1,¢)+Mclog_2—Gq-2| +e.

Letting a — oo in the above inequality, we get

Jim do(Pay, Jb,,0) =€ (4.4)
Using (4.3), one can prove
ah_,rgodc(@bk’fpk’c) =€. (4.5)

For all £ € N, by (ii) we have
Ndc(Pay.15Jby1,€)) = KA c(Pay s Tby,»C))
and
(@b, 1> Jap.), ) <kn(d (s, , ]p,>C))-

We get at the limit, n(e) < xn(e), by applying (4.4) and (4.5) which is contradictory. Therefore,
({9a},{Ja}) is Cauchy bi-sequence in (&, ®). To be thorough, 7 € €N & exists with

lim pgr1=7=lim j441. (4.6)
a—0o0 a—00
We have

T](dc(ﬁc(-”-y a)’ ]a+1), C) = n(dc(ﬁc(‘r, a)>ﬁc(]a, Ca), C))
= Kﬂ(dc(T,]a,C))-
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By taking the limsup on both sides and property of n, we have d.($.(7,a),7,c) = 0 implies that
He(r,a) =1. Therefore, t e ON Y. Clearly, ®nY closed in [0, 1]. Let (g9,¢0) € © x Y, there exists
bi-sequences (90, Jo) With ©o = H(90,00), Jo =Hc(Jo,60). Since €U & is open, then there exist
0 > 0 such that By, (%0,6) € €U® and Bg, (0, jo) € €U®G. Choose o € (0¢—€,00+€), ¢ € (Go—€,Go+€)
such that |0 — ¢yl < ﬁ <§,lc—0ool = % <$§,log—0ol < # <§and |og—¢ol = # <$5.
Then for, j € Beus(90,6) =1{7,70,€ 8,¢ > 0/d (o, J,¢) < d (o, Jo,) + 8},
% € Beuw (6, J0) = {9,900 € €, ¢ > 0/d (9, Jo,¢) < dc(90, Jo,¢) + 6},
dc(ﬁc(@aa),]Oa c)= dc(ﬁc(@,a)yﬁc(]o, Go),c)
= dc(f)c(gz), 0-),5730(]0, 0), C)+dc(5§c(g')0a0-0),~60(]03 0), C)
+dc(9c(90,00),9c(J0,60),¢)
<d(Hc(p,0),9c(j0,0),¢)+ Mclog—o|++Mclog - Gol

2
= de(5c(,0),9¢(J0,0),¢) + 7.

Letting @ — oo and using 7 property, then we have
n(dc(Hc(9,0), J0,0)) =n(d(Hc(p,0),9c(J0,0),¢))
< xkn(d (9o, ],c))
<1n(dc($o,],¢))

implies that
dc(Hc(9,0),10,¢) <dc(o,],0)
<d.(90,]0,c)+6.
Similarly, we can prove
dc(90,9c(7,6),¢)) <dc(p, jo,c)
< d.(9o,]o,c)+0
On the other hand,

c
dc(f§70>]0,0) = dc(ﬁc(KJO,UO),y)c(]O,CO: ))C) = MC|UO - C0| < Ma_l
So 9o = jo and hence o = ¢. Thus, for each fixed o € (0o —€,09 +€), H.(-,0) : Bouy(po,5) —
Bouy(90,6). Consequently, we deduce that there is a fixed point for $.(-,0) in €N &. But
which has to be in €u &. Consequently, for o € (o9 —€,00+€), 0 € ®©N Y. For this reason,
(0g—€,00+€)=ONY. It is obvious that in [0,1], ®NY is open. A similar procedure can be used

to demonstrate the opposite. O

— 0 as a — oo.

5. Conclusion

This paper uses contractive mappings of the (a,f)-Z-type via simulation functions to
demonstrate certain FPT in the context of complete BPPMS, along with appropriate examples
that highlight the main findings. Applications for integral equations and homotopy are also
given.
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