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Abstract. Many of the transformations like Euler, Hankel, Sumudu and K -transforms play a vital role
in the field of engineering mathematics and have many applications. This paper refers to the study of
Pragathi-Satyanarayana I-function of one variable. As a part of this study, we obtain different integral
transforms of Pragathi-Satyanarayana I-function of one variable. Also, some of the generalized
transforms have been obtained as special cases. The integral transformations developed here are
useful in real-world applications of mathematical science.

Keywords. Pragathi-Satyanarayana I-function, Hankel transform, Sumudu transform, K -transform,
Euler-beta transforms

Mathematics Subject Classification (2020). 33C60, 33C99

Copyright © 2025 B. Satyanarayana, D. K. Pavan Kumar, Y. Pragathi Kumar and N. Srimannarayana. This is an
open access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Fox [|6]] created the well-known one-variable H-function and showed that it is a symmetric
Fourier kernel to Meijer’s G-function (Shah et al. [[18]]). Later, Rathie [[15] introduced
the I-function to the literature in 1997, which plays an important role in physics, applied
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mathematics, and in other fields. A novel Pragathi-Satyanarayana I-function (Psi-function),
which proved to be the generalized I-function (Ayant [2]) and generalized H -function (Srivastava
et al. [19]) was recently introduced by Kumar and Satyanarayana [[11]. In this paper, we establish
different types of integral transforms of Pragathi-Satyanarayana I-function of one variable
function.

Psi-function of one variable defined by Kumar and Satyanarayana [11] is given by

m.n (@j,aj;A)1n3(@i, @jis Ajidn+1p; 1 f s
. ’ o = — d ’ 11
Podir 1" 1(bj, B3 Bj1,m;(bji, BjisBjidm+1,q; |  2mi L(p(S)Z ’ 4D
where
m n
[1Ti(b; - B;s) [1 TAi(1-a; +a;s)
2 1
P(s) = - - (1.2)
r qi B Pi A
Z[ IT I J‘(l—bji+,6ji8) [T T%iaj —ajis)
i=1|j=m+1 J=n+1
Also,
s 2#£0.

* 0<n<p;, where p; (i=1,...,r),0<m <q;, where q; (i =1,...,r) and r is finite.
* a;, Bj, a;; and f;; are positive integers and A, B, Aj; and B;; are non-negative integers.

* aj, bj, aj; and bj; are complex numbers such that no singularities of rBi(b i—B;s),
j=1,...,m coincides with any singularities of I'*i(1 -a;+ajs), j=1,...,n.

* Contour L is defined over o —ioco to 0 + ico. Using the intricate s-plane in such a manner
that all the singularities of I'2i(b j—Bjs), j=1,...,m lies to the right side of L, and all the
singularities of ['4i(1 —a;+a;s), j=1,...,n lie to the left side of L.

Following different transforms (Gradshteyin and Ryzhik [[7]], and Jasim et al. [9]) have been
applied on Pragathi-Satyanarayana I-function and the results are shown in Section [2}

(a) Hankel transform: The Hankel transform (Ali and Kalla [1]) of order y of a function f(r)
is given by

H(k) = f ) kryrdr, (1.3)
0

where Jy is the Bessel function of the first kind of order y with y = —%.
(b) Sumudu transform: Over the set of functions
A={f®) 13 M,11,72>0,f(®) < MV if t € (1) x [0,00)},
Sumudu transform (Belgacem and Karaballi [3]]) is defined by

Gw)=S[f®]= foof(ut)e_tdt, ue(-11,72). (1.4)
0
(¢) K-transform: The K-transform (Nasim [14]]) of order y of a function f(x) is given by
R {f(x): p} :L (px)%Ky(px)f(x)dx, p>0, (1.5)

where K, is the known as Bessel modified function of third kind.
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(d) Euler-beta transform: The Euler-beta transform (Satyanarayana et al. [17]) of the function
f(2) is defined as
1
BifGrab)= [ 2 M1-2 Gz, (16)
0
where R(a) >0 and R(b) > 0.

Also, we considered the following Laplace transform (Ricci et al. [16]) of Pragathi-
Satyanarayana I-function given by Kumar and Satyanarayana [11] as

F(u) = L[¥[ax"];s]

i B; s+1 r A s+1
e LT by 65 (557) LT (1-aj = (537))
_ 1.
s;) s! o r % o silvy PP sl .7
| I TPi(1-bji-B;i (%) I T4 (aj+a;i (%))
i=1]|j=m+1 J=n+1

In the following section, we are going to derive different integral transforms (1.3), (1.4), (1.5)
and (1.6) of Pragathi-Satyanarayana’s I-function of single variable.

2. Main Results

This section provides detailed proofs of the integral transforms such as Hankel transform
(Ali and Kalla [1]), Sumudu transform (Belgacem et al. [4]), K-transform (Nasim [14]) and
the Euler-beta transforms (Choudhry et al. [5]) applied on Pragathi-Satyanarayana’s I-function
of a single variable.

Theorem 2.1. Prove that

1 ) .
V2 2\¢ (Z_%’%al)’(aj’aj’Aj)l’n’
Hyly(ax?)] = TWZ’Z:E;HM a(_ (@ji,@ji3 A jidn+1,p;5(0, BjsBj)1m, @1

(bji» BjirBjidms 1,055 (3~ 5= 531)
provided
(a1) Re(p)>0, Re(o)>0,
(ag) Re(b;+B;s)>0,
(ag) Re(l1-aj—a;s)>0,
(aq) |argal < %A, A>0,
(a5) |argal = %A, (V+u)>1, A=0.

Proof. Substituting (1.1) in the definition of Hankel transform (1.3), we get

oo 1
Hy{u/(ax”)}zf (px)%Jy(px) —f P(s)a’x7%ds
0 2t Jr,

= if P(s)a’ foo(px)%JY(px)x”sdx
2ni Jr, 0

With the help of gamma representation to the above integral with the limits from 0 to oo gives
us

dx

ds.

1 1 F(E+I+§)
H. {y( 0)}: f (s) 32(03+§) —-os—1 2 2 4 d
ylylax omi L<psa p F(%—U23+%) s
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V21 [ SIS ) (a2
0 27” Sl"(l’_ﬁ+l) 0 5

27271
From the representation of (1.2), we have

/s G551 @)A1,
HY{w(axU)}ZTWZL;f]t;i+1J a(— (aji,aji; ji)n+1,pi,(bj,,3j;B')lm, : O
(bji, BjisBjidm+1,qi5 (3 - 5,-%,1)
Theorem 2.2. Prove that
ua B s+l i s+l
175 (b;+6; (%)) I1 T4 (1~a;~a; (55))

1) st i=1 i=1
S{ylax”)} = ~ Z%a‘f = — (2.2)
050 ! r i ) s i ) s
)3 [ [1 TBi(1-bji—p;i(2)) TI T4 (aj; +aji (2))
i=1|j=m+1 j=n+1

provided
(a1) Re(p)>0, Re(o)>0,
(az) Re(b;+p; (%)) >0,
(as) Re(l-a;-a;(£)) >0,
(ag) A>0, |argal < %A,
(a5) A=0, largz| = A, (V+u)>1.

Proof. Using the dual property of Sumudu transform (Belgacem and Karaballi [3]), and Laplace
transform (Ricci et al. [16]), we have

1 (1
S{y(ax?)} = —F (—)
Ho\u
Using (1.7), Sumudu transform of Pragathi-Satyanarayan’s I-function becomes

®© (- 1)s H]_'Bj(bj+ﬁj(%))HI‘Aj(l_aj_aj(%))
s+1 1 -1

0520 Z [ ) H FBji (1_bji_,6ji (%)) - H rAji (aji+aji (%))
i=1]j=m+1 j=n+1

Theorem 2.3. Prove that
- L A-5-5.8:1),(1-5+3,5:1),
fo xp—lKn(ax)w(be)dx = 20—2a—0w1’:’i‘;§i;r b (;) (b;,B;;B)1,m>(bji,BjisBjidm+1,q;> | (2.3)
(aj,a;;A)10,(a)i,Qji5A)n+1,p;

provided

(a1) 0>0, Re(a)>0, u>0, Re(p)>0,

(az) Re(bj + IBJ'S) > O,

(ag) Re(l1-aj—a;s)>0,

(a4) |largal < %A, A>0,

(a5) |argz| = %A, (V+u)>1and A =0,

(ag) neC.
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Proof. Using the definition of K-transform (1.5) and substituting (1.1) in the left-hand side of
the theorem statement, we get

(e o] (e ¢] 1
p—-1 o — p-1 §,.08
fo x" " Kylax)y(bx")dx f x Ky(ax)(—2nich/)(s)b x ds) dx

0
= if (,b(s)(fooxpws_lKn(ax)dx) béds.
2mi Jr 0

Using the formula
© p—1 _op—2_-p pEn .
x" " Kylax)dx =2°"%a™ T (T (Mathai and Saxena [12], p. 78])
0

ptostn
2

)(ba-azafds.

— %f (p(s)2p+as—2a—p—asl—~(
L JL

o _, 1 ptosxn
=2p~2 P———]1 r{———
@ 2niL¢w)( 2

)bSds

From the equation (1.2), we have
p_1na. [
0o o (1_5_5’%’1)’(1_54_57%71)’
f 2P IK (ax)w(bx®)dx = 2P 2a Py 2 b (a—) (aj,@j; Ap1ns (i, @ji3 Ajidnsip;s |- O
0

pi+2,qi;r
(b;,B;:B)1,m>(bji, BjisBjidm+1,q;
Theorem 2.4. Prove that
¢
f Pt - x)° Lylaxk(t —x)°1dx
0
(1_P,Ml)’(l—0,5;1),(aj,aj;Aj)1,n,
= tpw_lwzli’f;zi;r at'*0 (@i, @ji; Ajidn+1.p;> B s BB 1ms (2.4)
(b, Bji;Bji)ma1,q;,(L=(p+0),u+6;1)
provided
(a1) 0>0, Re(a)>0, u>0, Re(p)>0,
(ag) Re(bj + ﬁjs) >0,
(a3) Re(l —a; - (XJ'S) > O,
(a4) |argal < %A, A>0,
(a5) |argz| = %A, (V+u)>1and A =0,
(a(;) ne C.

Proof. Using the definition of Euler-beta transform (1.6) and substituting (1.1), we get

t
f Pt - x)° Lylaxh(t — x)°1dx
0

t
:f Pt —x)7 71 (i.f(p(s)asx“s(t—x)‘ssds) dx.
0 27wt Jr,
Rearranging,
t
f xP71(t - 2)° Lylaxt(t — x)°)dx = if P(s)
0 2wt Jr,

t
fxp+us—1(t_x)a+5s—1dx ast.
0
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Applying the formula [J 2™ (¢ —x)""1dx = ™" B(m,n), we get
t 1
f Pt — ) Lylaxt(t — x)°1dx = 5 f G(s)tP o wrOs=lg(h 4 s o+ 65)a’ds.
0 7L JL
Using the relation between beta and gamma functions (Jafari [8]), we arrive to
b _ 1 _ ['(p+us)'(o+8s)
plt_ o-1 Bt — 5d — = _pto lf
fox (= ylaxt(t - ldx = 5 LY T oo+t
From the equation (1.2), we have

t
f Pt —x)° Lylaxk(t — x)°1dx
0

(at"*0)ds.

(1-p,u51),(1-0,6;1),(aj,aj;A)1n,
= PO Ly mnt2 at'™ | (@i, aji; Ajdn+1.p;, By B3 B 1ms - O

1/jpi+2,qi+1;r
(bji, BjisBjidm+1,4;(1=(p+0),u+06;1)

In the next section, we will investigate the exceptional instances in the form of special cases
by assigning various values to different parameters.

3. Special Cases

Corollary 3.1. In Theorem 2.1} if we assume r = 1, aj; = aj, Bj; = B, Aji =Aj and Bj; = B;

then the Hankel transform of Pragathi-Satyanarayana I-function (2.1) reduces to the Hankel

transform of the one variable I-function specified by Jayarama and Rathie [10] and the result is
1-3.%:1),@j,aj,A )1,

as follows:
At
all .
P (bjaﬁ ,Bj)l»Qi’(%_%’_%; )

Corollary 3.2. In Theorem if we assume r =1, a;; = aj, Bji =pj, Aji=A; and Bj; =Bj,
then the Sumudu transform of Pragathi-Satyanarayana I-function (2.2) reduces to the Sumudu
transform of the one variable I-function defined by Jayarama and Rathie [10] and the result is
as follows:

S{y(ax?)} = S{I(ax?)}

\/§ m,n+1

Y
Hy{w(axa)} = TIPH-].,QH-]_ 2

(3.1)

T (b1 6 (551)) TI T4 (1—a; - a (&2
1 Ei (-1)° _sn ng /(b B ”'))jgg /(1-aj-a; (57)) .
= -_ —a o ' .
(o wur #s+ls! q; B, 1 D N "
I TBi(1-06;-B,(%51) TI T4 (a;+a; (%))
j=m+1 j=n+1

Corollary 3.3. In Theorem if we assume r =1, a;; = aj, Bji =pj, Aji=A; and Bj; =Bj,
then the K-transform of Pragathi-Satyanarayana I-function reduces to the I-function of one
variable defined by Jayarama and Rathie [[10] as follows:

fooo xp_lKn(ax)u/(be)dx
o[2)
a
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Corollary 3.4. In Theorem if we assume r =1, aj; = aj, fji=pj, Aji=Ajand Bj; =B},
then the Euler-beta transform of Pragathi-Satyanarayana I-function reduces to the one variable
I-function defined by Jayarama and Rathie [10] as follows:

t
f xP7L(t - 2)° Lylaxt(t — x)°1dx
0

1-p,u;1),(1-0,6;1),(aj,@j;A)1,p;

— tp+0—11m,n+2
(bj,Bj;Bjq,,(L—(p+0),u+6;1)

u+o
pi+2,q;+1 at

(3.4)

4. Conclusion

We investigated the effects of applying several integral transforms [8] on Pragathi-
Satyanarayana’s I-function including Hankel, Sumudu, K, and Euler-beta transforms. At
the end, by substituting parameters with specific values, we obtained different integral
transforms of I-function defined by Jayarama and Rathie [[10] which was already proved to be
the generalization of H-function. Based on this one may conclude that Pragathi-Satyanarayana’s
I-function (Kumar and Satyanarayana [[11]) is a generalization of the I-function (Mishra and
Vandana [13]]) and H-function (Srivastava et al. [19]]). As a result, this function can lead to a
wide range of fascinating results in applied mathematics, physics and in engineering. One can
extend and can able to find the integral transforms of two or more variables.
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