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1. Introduction

The graphs that we consider in this paper are non-trivial, finite, undirected and connected.
Rainbow coloring in a graph was introduced by Chartrand et al. [2]]. For the results related to
rainbow coloring, we refer [2].
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A connected graph G is said to be star rainbow colored if every path on four vertices in it is
rainbow colored. The minimum number of colors necessary to color G such that it exhibits a
star rainbow coloring is called the star rainbow connection number of G, denoted by st,.(G).

To illustrate the concept of star rainbow coloring. Let us consider the Petersen graph G in

Figure |1, where a star rainbow 5-coloring is shown.

Figure 1. A star rainbow 5-coloring of the Peterson graph G

From this allocation of colors we have st,.(G) <5. To show that st,.(G) = 5. Let us assume
that st,.(G) <5, i.e., let st,..(G) = 4. Let us color the edges of G with these four colors so that G
is star rainbow colored. Since the Petersen graph has a cycle of length six, minimum three colors
are to be assigned to the edges of cycle of G for rainbow coloring. Now, if the remaining one color
along with these colors are allocated to the remaining edges of GG, then it can be easily verified
that, adjacent edges of some of the paths on four vertices (such as the paths containing the
vertices {a1,a9,a7,a5}, {a1,as,a9,a10}, etc.) have the same color. This leads to a contradiction.
Hence, st,.(G) = 5.

Therefore, st,.(G)=5.

Further, for the complete graph K, on n vertices, st,.(K,) = nc,, also for the complete

bipartite graph K, ,, sty.(Km ) = mn.

2. Main Results

In this section, we determine the parameter st¢,.(G) for some well-known graphs like the path

graph, cycle graph and wheel graph.
We begin with the path P,, on n vertices.

Theorem 1. st,..(P,) =3, for n = 4.
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Proof. Let G=P,, V(G)={a1,a9,as, ---a,} and E(G)={e,:ex=(ay,ax:1) for 1<x<n-1}.

Casel: Fork=1,n=3k+1.

In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2,3}.

. ForleS"T_l,

clasy-2,a3¢-1) =1, c(asy-1,a3¢) = 2, c(asy,agye+1) = 3.
Therefore, st,.(G) < 3. To show that st,.(G) = 3. Let us assume that s¢,.(G) < 3, i.e., let
str(G)=2.
Let us color the edges of G with these two colors so that G is star rainbow colored. In this case
it is easy to verify that each path on four vertices contains at least two edges with the same
color (like the paths connecting the vertices: {a; : 1 <i <4},{a;,2 < j <5}, etc.). This leads to a
contradiction.
Hence, st,.(G) = 3.
Therefore, st .(G)=3.

Case2: For k=1,n=3k+2.

In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1, 2, 3}.

e Forl<x=< LnT_2J,

c(asy—2,a3x-1) =1, clazy—1,a3,) =2, c(aszy,a3¢+1) =3 and c(ap-1,a,) = 1.

Therefore st,.(G) < 3. To show that st,.(G) = 3. Let us assume that st,.(G) < 3, i.e., let
str(G) =2.

Let us color the edges of G with these two colors so that G is star rainbow colored. In this case
it is easy to verify that each path on four vertices contains at least two edges with the same
color (like the paths connecting the vertices: {a; :1<i <4}, {a;,2 < j <5}, etc.). This leads to a
contradiction.

Hence, st,.(G) = 3.

Therefore, st,..(G)=3.

Case 3: For k=1, n=3k +3.

In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2,3}.

. ForlesnT%,

c(a3x—2aa3x—1) =1, c(a3x—1aa3x) =2, c(a3x, a3x+1) =3 and C(an—2aan—1) =1, C(an—laan) =2.
Therefore, st .(G) < 3. To show that st,.(G) = 3. Let us assume that s¢,.(G) < 3, i.e., let
str.(G)=2.

Let us color the edges of G with these two colors so that GG is star rainbow colored. It is easy to
verify that each path on four vertices contains at least two edges with the same color (like the
paths containing the vertices: {a; :1<i <4}, {a;,2 < j <5}, etc.). This leads to a contradiction.
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Hence, st,.(G) = 3.
Therefore, st,.(G) = 3.

Since the inclusion of an edge to the end vertices of a path P, will give the cycle C,, on n
vertices, if we consider the vertex set and edge set of C,, as V ={a1,a9,as3,---a,,a,+1 =a1} and
E ={(ay,ay+1) for 1 < x < n} respectively, a star rainbow coloring for C,, can be immediately
obtained from theorem 2.1 as follows:

(1) For n =3k +3, k=1, we consider the coloring ¢ : E(G) — {1,2,3} as:
* For 1=sx<3%, c(@3y—2,a3:-1) =1, c(@3y-1,a3:) =2, c(a3y,@3¢+1) = 3.

(2) For n=3k+4, k =1, we consider the coloring c : E(G) — {1,2, 3,4} as:

* For 1=x<|3], clasy-2,a3:-1) =1, c(asy-1,a3,) = 2, c(@3y,a32+1) =3
and c(a,,a1)=4.

(3) For n=3k+5, k=1, we consider the coloring c: E(C,) — {1,2,3,4} as:

* For 1=sx<|[3]-1, clase-2,a3:-1) = 1, c(asz-1,a3:) = 2, c(@3x,@3¢+1) = 3.
* For x = (3], c(@sx-1,a3¢) = 1, c(asy,a3x+1) = 2, c(a3x+1,a3x+2) = 3
and c(a,,a1)=cla,_4,a,_-3)=4. O

We state the above observations in Theorem

3 forn=3k+3,

Theorem 2. For k=1, st,.(C,) =
4 forn=3k+4and 3k+5.

The Bistar graph B,, , is the graph obtained by joining the central vertices of the two star
graphs K1 ,, and K1, by an edge.

By the graphs:

* K1,(Pt), where n =2 and k = 3, we mean the graph obtained from K , by attaching the
end vertex of P}, to the central vertex of K1 ,.

* Ki1m(Pr)K1,, where m,n =2 and k& = 3, we mean the graph obtained from joining the
central vertices of the two star graphs K ,, and K1, by the path P;.

Also, we denote the class of graphs containing the graphs K ,(Pr), K1, (P)K1, and the
path P, as {Ggp}.

In our next result, we characterize the graphs for which st,.(G) = 3.

Theorem 3. Let G be a connected star rainbow colorable graph of order at least 4. Then,
st.(G) =3 if and only if G is one of the following:

(1) the bistar By, p, m,n =2,
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(2) the cycle of length 3k, Cgp, k=2,
(3) the graphs in the class {Ggp}.

Proof. Case 1: G be the bistar graph B, ,,, m,n = 2.
Let a and b be the central vertices of the star graphs K1 ,;, and K1 ,, respectively.
Let V(G) = V1 uUVy, where

« Vi=V(E&yim)={a,a1,a2,,am},

L4 V2 = V(K]_,n) = {b, b]_; b2"“ ,bn}-
Let E(G) = U?_,E;, where,

* E1=EK1,)={a,ay),1<x<m},
* E3={(a,b)},
* E3=E(K;,)={(b,by),1<x=<n}

For a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2,3}.

e Forl1<sx<m,cla,ay)=1,
e c(a,b)=2,
e Forl<x<n,c(b,by)=3.

Therefore, st .(G) < 3. To show that st,.(G) = 3. Let us assume that s¢,.(G) < 3, i.e., let
str.(G) =2.

Let us color the edges of G with these two colors so that G is star rainbow colored. As G
contains two star graphs K1 ,, and K1 ,, let us allocate any one color to the edges of K1 ,,,. Now,
if the remaining one color is allocated to the remaining edges of GG, it can be easily to verified
that, every path on four vertices (like the paths containing the vertices: {ay —a - b —b,} for
1<x<m,1<y<n)contains at least two edges with the same color. This leads to a contradiction.

Hence, st,.(G) = 3.
Therefore, st,.(G) = 3.

Case 2: The proof of this case follows from Theorem 2| and the converse part is obvious.
Case 3: G be the one of the graph of the class {Gp}.

Subcase 1: G =K1 ,(Py) forn=2, k = 3.
Let V(G) = V7 uUVy, where

* Vi=V(Ki,) =1{b1,a1,a2, - ,a,},
* Vo=V(Py)=1{b1,bs, -~ ,bs}.
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Let E(G) = U?:lEi, where

* E1=EK;,)=1{b1,ax),1<x=<n},
o Es=E(Py)={(by,by:1),1<x<k-1}.
Depending on the value of % of P;,, we have the following subcases.

Sub-subcase 1: Let k =3i fori = 1.
In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2, 3}.

For i =1, we have the coloring as follows:
e Forl<x<n,c(bi,a,)=3,

C(bl,b2) = 1,
C(b2,b3) =2.

For i = 2, we have the following coloring.

e Forl<x<n,clbi,a,)=3,

e For 1=sx<%3 c(bsy 9,b3:-1)=1, c(bsy_1,b3:) =2, c(b3y,b3rs1) =3 and c(bp_2,b-1) =1,
c(bp-1,br) =2.

Sub-subcase 2: Let k =3i+1 fori=>1.
In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2, 3}.

e Forl<x<n,c(bi,a,)=3,

* Forl=x< %, c(b3x-2,b03x-1) =1, c(b3x—1,b3¢) =2, c(b3x,b3¢11) = 3.

Sub-subcase 3: Let k=3i+2 for i = 1.
In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2,3}.

e Forl<x<n,ci,a,)=3,

* For1<sx< %, c(b3x-2,03x-1) =1, c(b3x-1,b3¢) =2, c(b3y,b3x+1) =3 and c(bp_1,bz) = 1.

Therefore, st,.(G) < 3. To show that st,.(G) = 3. Let us assume that s¢,.(G) < 3, i.e., let
str(G) =2.

Let us color the edges of G with these two colors so that G is star rainbow colored. As G
contains a star graph K1 ,, let us allocate any one color to the edges of K ,,. Now, if the remaining
one color is allocated to the remaining edges of G, it can be easily to verified that, every path on
four vertices (like the paths containing the vertices: {(a1,b;):1<i <3}, {b;:1<i <4}) are such
that at least two of its edges have the same color. This leads to a contradiction.

Hence, st,.(G) = 3.
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Therefore, st,.(G) = 3.

Subcase 2: G = K1 ,(Py)K1,, for m,n=2, k= 3.
Let V(G) = V1 uVy U V3 where

* Vi=V(Kyin)=1{b1,a1,a2, " ,an},
* Vo=V (Py)=1{b1,bg, - ,bz},
* V3=V(Ky1,)=1{br,c1,c2,"-",cn}.

Let E(G)=U?_,E;, where

* E1=EK1,)=1{(b1,ay),1<x<m},
o Eo=EP)={(by,brs1),1<x<k-1},
* E3=E(K;,)={(br,cyx),1<x<n}.

Depending on the value of & of Py, we have the following subcases.
Sub-subcase 1: Let k =3i fori = 1.

In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2, 3}.

For i =1, we have the coloring as follows:

e Forl1<x<m, c(bi,a,)=3,
e For 1<x<n, c(bs,cy)=3,

C(bl,bz) =1and C(bz,bg) =2.

For i = 2,we have the coloring as follows:

e For1<x<m, c(bi,a,)=3,
e For 1<x<n,c(bg,cy) =3,

* Forl<x< %, c(b3x—2,b3x-1) =1, c(b3x-1,b3¢) =2, c(b3x,b3,+1) =3 and c(bp_2,b_1) =1,
c(br-1,br) =2.

Sub-subcase 2: Let k =3i+1 fori=>1.
In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1,2, 3}.

e Forl1<x<m, c(bi,a,)=3,
e For 1<x<n,c(bg,c,) =3,

* For 1=sx<%1 c(bgy9,b3:-1)=1, c(b3r-1,b3:) =2, c(bsy, bge1) = 3.

Sub-subcase 3: Let k=3i+2 fori=>1.

In this case, for a star rainbow coloring, we consider the following coloring ¢ : E(G) — {1, 2, 3}.
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e Forl<x<m,c(bi,a,)=3,
e For 1<x<n, c(bg,cy) =2,

* Forl<x< k%, c(b3x—2,b3x-1) =1, c(b3x-1,b3+) =2, c(b3y,b3x41) =3 and c(bp_1,b) = 1.

Therefore, st,.(G) < 3. To show that st¢,.(G) = 3. Let us assume that st¢,.(G) < 3, i.e.,
str.(G) =2.

Let us color the edges of G with these two colors so that G star rainbow colored. As G
contains two star graphs K, and K ,, let us allocate any one color to the edges of Ky p,.
Now, if the remaining one color is allocated to the remaining edges of G, it can be easily to
verified that, every path on four vertices (like the paths containing the vertices: {a,,b1,b2, b3},
for 1 <x <m etc.) are such that at least two of its edges have the same color. This leads to a
contradiction.

Hence, st,.(G) = 3.
Therefore, st,.(G) = 3.

Subcase 3: G =P, for n=3.
The proof follows by Theorem

The converse part of Case 3 is obvious.

Consider any tree that is non-isomorphic to the class of graphs {Gxp}. Let P be a path of
maximum length in it. Then, if we color P with the colors 1,2 and 3 (as in Theorem [I)), it is easy
to verify that for a star rainbow coloring of this tree, the total number of colors required will be
between one and L%J + 1. Also, from Theorem |3} the graphs that are isomorphic to the class of

graphs {Gkp} have star rainbow connection number = 3. O

These observations lead to the following simple result, which we state as our next theorem.
It should be noted that both upper and lower bounds mentioned in this theorem are sharp.

Theorem 4. For n >4, 3<st,.(T,) < 5]+ 1

If G contains a cycle, then it is easy to verify that at least one edge in a cycle in G should be
colored with a color 4 or higher for a proper star rainbow coloring. We state this observation in

our next result.

Theorem 5. Let G be a connected star rainbow colorable graph of order at least 4. Then

st,.(G) =3 if G contains a cycle.

Another well-known class of graphs constructed from cycles are the wheels. For n = 3, the
wheel Wy , is defined as the graph C,, + K1, the join of C,, and K, constructed by joining a new

vertex to every vertex of C,,.

In our next result, we determine s¢,.(W1 ).
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Theorem 6. For k=2,
2n for n=3,4,5,
stre(W1p)=<n+3 forn=3k,
n+4 forn=3k+1and3k+2.

Proof. Suppose that Wy, consists of an n-cycle C,, ={a1,a2,a3,"*-@,,a,+1 = a1} and another
vertex b joined to every vertex of C,,.

Let G =Wy, and let E(G) = U?_|E;, where

b E1 = {ex:ex :(axaax+1)71 =x= n}7

e Eg={el,:el,=(b,ay),1<x<n}.

Case 1: n=3,4,5.
In this case, for a star rainbow coloring, we consider the following (2n)-coloring c : E(W1 ;) —
{1,2,3,---2n}.

e For1<sx<n,cb,a,)=x,

e Forl<x<n,cla;,axi1)=n+x.

Therefore, st,.(G) < 2n. To show that st,.(G) = 2n. Let us assume that s¢,.(G) < 2n, i.e., let
st.(G)=2n — 1. Let us color the edges of G with these 2n —1 colors so that G is star rainbow
colored.

Since G has n edges connecting (b,a,) for 1 <x < n, we allocate n colors to these edges. Now,
if the remaining n — 1 colors are allocated to the edges of C,, in G, it can be easily to verified
that, there exists at least one path on four vertices (such as the paths containing the vertices:
{a,,a1,a9,b}) are such that two of its edges have the same color. This leads to a contradiction.

Hence, st,.(G) =2n.
Therefore, st,.(G) =2n.

Case2: n=3k, k=2.

In this case, for a star rainbow coloring, we consider the following (n + 3)-coloring c : E(Wy ) —
{1,2,3,---n+3}.

e Forl<x<n,cb,a,)=x,

e Forl<x< %, c(agy—9,a3,-1)=n+1, clagy_1,a3y) =n+2, c(A3x,a3x+1) =N +3.

Therefore, st,.(G) <n+ 3. To show that st,.(G) =n + 3. Let us assume that st,.(G)<n+3, i.e.,
let st,.(G) =n+2. Let us color the edges of G with these n +2 colors so that G is star rainbow
colored.

Since G has n edges connecting (b,a,) for 1 <x < n, we allocate n colors to these edges. Now,
if the remaining two colors are assigned to the edges of C,, in G, it is easy to verify that, some
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paths on four vertices (such as the paths containing the vertices: {a;:1<i <4}, {a;,2<j <5},
etc.). are such that at least two of its edges have the same color. This leads to a contradiction.
Hence, st,.(G)=n+3.

Therefore, st .(G)=n+3.

Case3: n=3k+1,k=2.

In this case, for a star rainbow coloring, we consider the following (n +4)-coloring c : E(Wy ,) —
{1,2,3,---n+4}.

e For1<x<n,cb,a,)=x,

e For 1<x < L%J, clase_9,a3,-1) = n+1, clase_1,a3y) = n+2, clasgy,asy+1) = n+3 and
clap,a1)=n+4.

Therefore, st,.(G) <n+4. To show that st,.(G) =n +4. Let us assume that st,.(G)<n +4, i.e.,
let st,.(G) =n+ 3. Let us color the edges of G with these n + 3 colors so that G is star rainbow
colored.

Since G has n edges connecting (b,a,) for 1 <x < n, we assign n colors to these edges. Now, if
the remaining three colors allocated to the edges of C,, in G, it is easy to verify that, some paths
on four vertices (such as the paths containing the vertices: {a,-1,a,,a1,a2}, {a,,a1,a9,b},etc.)
are such that at least two of its edges have the same color. This leads to a contradiction.

Hence, st,.(G)=n +4.
Therefore, st,.(G)=n+4.

Case4: n=3k+2, k=2.
In this case, for a star rainbow coloring, we consider the following (n +4)-coloring ¢ : E(W1 ) —
{1,2,3,---n +4}.

e Forl<x=<n,cb,a,)=x,

e Forl<x< L%J—l,
c(asy-2,a3x-1)=n+1, clagy-1,a3;) =n+2, clagy,asy+1) =n+3.

e For x = L%J,
c(agx-1,a3¢) = n+1, clasy,asx+1) = n+2, clasg1,a3x42) = n+3 and clap,a1) =
cl@n-4,a,-3)=n+4.

Therefore, st,.(G) <n+4. To show that st,.(G) = n + 4. Let us assume that st,.(G)<n +4, i.e.,
let st,..(G) = n + 3. Let us color the edges of G with these n + 3 colors so that G is star rainbow
colored.

Since G has n edges connecting (b,a,) for 1 < x < n, we allocate n colors to these edges.
Now, if the remaining three colors are assigned to the edges of C,, in G, it is easy to verify
that, some paths on four vertices (such as the paths containing the vertices: {a,-1,a,,a1,a2},
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{an,a1,a2,as},etc.) are such that at least two of its edges have the same color. This leads to a
contradiction.

Hence, st,.(G)=n+4.
Therefore, st .(G)=n+4. d

If G is either a complete graph or the wheel graph W 5, we have the following result.

Theorem 7. Let G be a connected star rainbow colorable graph of order n = 4. Then st,.(G) =

@, strc(G) =nc, if and only if G is either complete graph or W1 5.

Proof. If G is a complete graph or Wy 5, then the coloring i for 1<i < % to each edge of G
gives st,.(G) < "(”T_l)
Conversely, if G is not a complete graph or Wy 5, then G contains two non-adjacent vertices.

n(n—-1)
2

Clearly, a star rainbow coloring of this graph requires at most < —1 colors.

Hence, st,.(G) = ”(”2_1), stre(G) =ng,.

Therefore, st;.(G) = n("’T_l), stre(G) =nc,. O
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