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Abstract. The dominating set D of the graph K = (V ,E) is the independent dominating set (Ids),
the independent domination number i(K) of the graph K is the minimum cardinality of id. In this
article, we introduce the new independent degree domination (idd) of each vertices s ∈V (K), denoted
by did(s) and compute the Adriatic (a,b)-KA index for book graphs, cycle middle graphs and windmill
graphs.
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1. Introduction
Let K be a simple graph with vertex set V (K) and edge set E(K). The degree of independence
of did(s) of vertex s is the number of edges contained in s. The Ids of K are the dominating
and independent set in K . The independent domination number of K denoted by i(K) is
the minimum id size, and α(K) is the maximum id size of k.

For any vertex s ∈V (K), the independent domination degree (idd) ([4], [5], [7], [13]) denoted
by did(s) and defined as the number of minimal dominating sets of K which contain s. The degree
of an independent domination, both minimum and maximum are denoted δid(K) = δid and
∆id(K)=∆id, respectively, where δid =min{did(s) : s ∈V (K)} and ∆id =max{did(s) : s ∈V (K)}.

The misbalance independent degree index [1] of K is defined as

α1(K)= ∑
rs∈E(K)

|did(r)−did(s)|.

Minus F-index or nonzero Zagreb index [9] and Jahabani et al. in [8], is

MF(K)= ∑
rs∈E(K)

|did(r)2 −did(s)2|.

The σ index [6] of a graph K ,

σ(K)= ∑
rs∈E(K)

[did(r)−did(s)]2 .

The misbalance independent indeg index [14] of K defined as

α−1(K)= ∑
rs∈E(K)

∣∣∣∣ 1
did(r)

− 1
did(s)

∣∣∣∣ .

The misbalance independent irdeg index of K is defined as

α− 1
2
(K)= ∑

rs∈E(K)

∣∣∣∣∣ 1√
did(r)

− 1√
did(s)

∣∣∣∣∣ .

The misbalance independent rodeg index of K is

α 1
2
(K)= ∑

rs∈E(K)
|
√

did(r)−
√

did(s)|.

The general independent minus index [10] of a graph K is defined as

Ma
1 (K)= ∑

rs∈E(K)
[|did(r)−did(s)|]a,

where a is a real number.
The misbalance independent sdeg index [11] of a graph K is

α−2(K)= ∑
rs∈E(K)

∣∣∣∣ 1
did(r)2 − 1

did(s)2

∣∣∣∣ .

The general independent misbalance deg index [12] of a graph K is

αa(K)= ∑
rs∈E(K)

[|did(r)a −did(s)a|],

where a = {−1
2 , 1

2 ,−1,1
}
.
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In [3], the Randic index, is

IRA(K)= ∑
rs∈E(K)

(
1√

did(r)
− 1√

did(s)

)2

.

In [2], the IRB index of graph K is

IRB(G)= ∑
rs∈E(K)

(
√

did(r)−
√

did(s))2 .

The Adriatic (a,b)-KA index and coindex of a graph K as

MKA1
a,b(K)= ∑

rs∈E(K)
[|did(r)a −did(s)a|]b,

MKA
1
a,b(K)= ∑

rs∉E(K)
[|did(r)a −did(s)a|]b.

We easily see that
(i) α1(K)=MKA1

1,1(K),

(ii) MF(K)=MKA1
2,1(K),

(iii) σ(K)=MKA1
1,2(K),

(iv) α−1(K)=MKA1
−1,1(K),

(v) α− 1
2
(K)=MKA1

− 1
2 ,1

(K),

(vi) α 1
2
(K)=MKA1

1
2 ,1

(K),

(vii) Ma
1 (K)=MKA1

1,a(K),

(viii) α−2(K)=MKA1
−2,1(K),

(ix) αa(K)=MKA1
a,1(K),

(x) IRA(K)=MKA1
− 1

2 ,2
(K),

(xi) IRB(K)=MKA2
1
2 ,2

(K).

2. Main Results
We compute the (a,b)-KA index of book graph, cycle middle graph and windmill graph.

2.1 Book Graph
Let K = B f is a book graph, there are two kinds of edges based on the idd of the end vertices of
each edges, as shown in Table 1.

Figure 1. Book graph of B3, B4
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Figure 2. Book graph of B5, B6

Table 1. Edge partition of book graph

did(r), did(s)/rs ∈ E(G) ( f +1,1) ( f +1, f +1)

Number of edges 2 f f

Theorem 2.1. Let K = B f be a book graph, then

MK A1
a,b(K)= (|( f +1)a −1a|b)2 f .

Proof. Using definition and Table 1, we deduce

MK A1
a,b(K)= ∑

rs∈E(K)
[|did(r)a −did(s)a|]b

= (|( f +1)a −1a|b) |E1|+ (|( f +1)a − ( f +1)a|b) |E2|
= (|( f +1)a −1a|b)2 f + (|( f +1)a − ( f +1)a|b) f

= (|( f +1)a −1a|b)2 f .

From Theorem 2.1. Note the following results.

Result 2.1. (i) α1(K)= MK A1
1,1(K)= 2 f 2,

(ii) MF(K)= MK A1
2,1(K)= 2 f 3 +4 f 2,

(iii) σ(K)= MK A1
1,2(K)= 2 f 3,

(iv) α−1(K)= MK A1
−1,1(K)=

(
1

f+1 −1
)
2 f ,

(v) α− 1
2
(K)= MK A1

− 1
2 ,1

(K)=
(

1p
f+1

−1
)
2 f ,

(vi) α 1
2
(K)= MK A1

1
2 ,1

(K)= (
√

f +1−1)2 f ,

(vii) Ma
1 (K)= MK A1

1,a(K)= f a 2 f ,

(viii) α−2(K)= MK A1
−2,1(K)=

(
1

( f+1)2 −1
)
2 f ,

(ix) αa(K)= MK A1
a,1(K)= (( f +1)a −1)2 f ,

(x) IRA(K)= MK A1
− 1

2 ,2
(K)=

(
1p
f+1

−1
)2

2 f ,

(xi) IRB(K)= MK A1
1
2 ,2

(K)= (
√

f +1−1)2 2 f .
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2.2 Middle Cycle Graph
Let K = M(C f ) be a middle cycle graph, there are 3 types of edge based on idd of end vertices of
each edges as given in Table 2.

Figure 3. Middle cycle graph

Table 2. Edge partition of middle cycle graph

did(r), did(s)/rs ∈ E(K) ( f −2, f −2) ( f −2, f −1) ( f −1, f −2)

Number of edges 2 f 2 f 2 f

Theorem 2.2. Let K = M(C f ) be a middle cycle graph, then

MK A1
a,b(K)= (|( f −2)a − ( f −1)a|b)2 f + (|( f −1)a − ( f −2)a|b)2 f .

Proof. Using definition and Table 2, we deduce

MK A1
a,b(K)= ∑

rs∈E(K)
[|did(r)a −did(s)a|]b

= (|( f −2)a − ( f −2)a|b) |E1|+ (|( f −2)a − ( f −1)a|b) |E2|+ (|( f −1)a − ( f −2)a|b) |E3|
= (|( f −2)a − ( f −2)a|b)2 f + (|( f −2)a − ( f −1)a|b)2 f + (|( f −1)a − ( f −2)a|b)2 f

= (|( f −2)a − ( f −1)a|b)2 f + (|( f −1)a − ( f −2)a|b)2 f .

From Theorem 2.2. We establish the following results.

Remark 2.1.
(i) α1(K)= MK A1

1,1(K)= 4 f ,

(ii) MF(K)= MK A1
2,1(K)= |−2 f +3|2 f +|2 f −3|2 f ,

(iii) σ(K)= MK A1
1,2(K)= 4 f ,

(iv) α−1(K)= MK A1
−1,1(K)= 4 f

( f−1)( f−2) ,
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(v) α− 1
2
(K)= MK A1

− 1
2 ,1

(K)=
∣∣∣∣ 1p

f−2
− 1p

f−1

∣∣∣∣ ( f q)+
∣∣∣∣ 1p

f−1
− 1p

f−2

∣∣∣∣ (2 f ),

(vi) α 1
2
(K)= MK A1

1
2 ,1

(K)= |√ f −2−√
f −1| (2 f )+|√ f −1−√

f −1| (2 f ),

(vii) Ma
1 (K)= MK A1

1,a(K)= 4 f ,

(viii) α−2(K)= MK A1
−2,1(K)=

∣∣∣ 3
( f−1)2 ( f −2)2

∣∣∣ (4 f ),

(ix) αa(K)= MK A1
a,1(K)= |( f −2)a − ( f −1)a|(2 f )+|( f −1)a − ( f −2)a|(2 f ),

(x) IRA(K)= MK A1
− 1

2 ,2
(K)=

(∣∣∣∣ 1

( f−2)
1
2
− 1

( f−1)
1
2

∣∣∣∣2) (2 f )+
(∣∣∣∣ 1

( f−1)
1
2
− 1

( f−2)
1
2

∣∣∣∣2) (2 f ),

(xi) IRB(K)= MK A2
1
2 ,2

(K)= (|( f −2)
1
2 − ( f −1)

1
2 |2)(2 f )+ (|( f −1)

1
2 − ( f −2)

1
2 |2)(2 f ).

2.3 Windmill Graph
Let K =W g

f be a windmill graph. By calculation, we find that K has (g−1) f +1 vertices and
f g(g−1)

2 edges. In a windmill graph there are two types of edge based on independent degree (id)
of end vertices of each edges as given in Table 3.

Figure 4. Windmill graph of W2
3 , W3

3

Figure 5. Windmill graph of W4
3 , W5

3

Table 3. Edge partition of Windmill graph

did(r), did(s)/rs ∈ E(K) (g−1, g−1) (g−1,(g−1) f )

Number of edges (g−1)(g−2) f
2 (g−1)q

Theorem 2.3. Let K =W g
f be a windmill graph, then

MK A1
a,b(K)= (|(g−1)a − ((g−1)q)a|b) (g−1) f .
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Proof. Using definition and Table 3, we deduce

MK A1
a,b(K)= ∑

rs∈E(K)
[|did(r)a −did(s)a|]b

= (|(g−1)a − (g−1)a|b |E1|+ (|(g−1)a − ((g−1) f )a|b) |E2|

= (|(g−1)a − (g−1)a|b)
(g−1)(g−2) f

2
+ (|(g−1)a − ((g−1) f )a|b)(g−1) f

= (|(g−1)a − ((g−1) f )a|b)(g−1) f .

From Theorem 2.2. We establish the following results.

Result 2.2. (i) α1(K)= MK A1
1,1(K)= (|(g−1)− ((g−1) f )|)(g−1) f ,

(ii) MF(K)= MK A1
2,1(K)= (|(g−1)2 − ((g−1)q)2|)(g−1) f ,

(iii) σ(K)= MK A1
1,2(K)= (|(g−1)− ((g−1) f )|2)(g−1) f ,

(iv) α−1(K)= MK A1
−1,1(K)= (|(g−1)−1 − ((g−1) f )−1|)(g−1) f ,

(v) α− 1
2
(K)= MK A1

− 1
2 ,1

(K)= (|(g−1)
−1
2 − ((g−1) f )

−1
2 |)(g−1) f ,

(vi) α 1
2
(K)= MK A1

1
2 ,1

(K)= (|(g−1)
1
2 − ((g−1) f )

1
2 |)(g−1) f ,

(vii) Ma
1 (K)= MK A1

1,a(K)= (|(g−1)− ((g−1) f )|a)(g−1) f ,

(viii) α−2(K)= MK A1
−2,1(K)= (|(g−1)−2 − ((g−1) f )−2|)(g−1) f ,

(ix) αa(K)= MK A1
a,1(K)= (|(g−1)a − ((g−1) f )a|)(g−1) f ,

(x) IRA(K)= MK A1
− 1

2 ,2
(K)= (|(g−1)

−1
2 − ((g−1) f )

−1
2 |2)(g−1) f ,

(xi) IRB(K)= MK A2
1
2 ,2

(K)= (|(g−1)
1
2 − ((g−1) f )

1
2 |2)(g−1) f .

3. Conclusion
In this paper, the precise values for the independent degree domination indices number of book
graphs, middle graph of cycles and windmill graphs are computed.
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