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Abstract. An M/G/1 retrial G-queue with multiple working vacation and a waiting server is taken
into consideration in this study. Both the retrial times and service times are assumed to follow general
distribution and the waiting server follows an exponential distribution. During the working vacation
period customers are served at a lesser rate of service. Before switching over to a vacation the server
waits for some arbitrary amount of time and so is called a waiting server. We obtain the PGF for
the number of customers and the mean number of customers in the invisible waiting area which is
acquired by utilizing the supplementary variable technique. We compute the waiting time distribution.
Out of interest a few special cases are conferred. Numerical outcomes are exhibited.
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1. Introduction

Retrial queues are expressed by the fact that if a customer observed that the server is occupied
then they are entered into the invisible waiting area called an orbit. In recent years numerous
researchers have examined the retrial queue. For a more in-depth analysis of the retrial queues,
one can refer [5,/13,,16].

In Queueing theory queueing models with server vacation has a most impactful application.
In addition to the vacation strategy Servi and Finn [11]] developed a newest vacation strategy,
called as Working Vacation (WV). In the WV period the server provides a lesser rate of service to
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the customers than during the regular service period. Wu and Takagi [15] examined M/G/1/MWV.
Kalyanaraman and Murugan [8]] have developed the retrial queue with vacation, Murugan and
Santhi [9] studied the M/G/1 retrial queue with MWV. For a comprehensive study on WV one
can refer [4].

Whenever the system becomes empty the server leaves from the regular service period (RS)
and goes on a WV, but in a waiting server model the server wait for a arbitrary amount of time
before going to WV. For a detailed study on waiting server model one can refer [3],7,(12]. Arrival
of a negative customers causes the server need to repair as well as the removal of the customer
from the system. Once it has been repaired, the server is as good as new. For a comprehensive
study on G-queue one can refer [[10].

In this article, we consider an M/G/1 retrial G-queue with multiple WV and a waiting server.
This article has the following structure. We explain the model in Section [2| In Section |3| model
analysis are framed. In Section 4| performance measures are established. Section [5|discusses
some special cases. In Section [6| numerical outcomes are exhibited along with the graphical
analysis. The conclusion is given in Section

2. Model Description

We examine an M/G/1 retrial G-queue with multiple WV and a waiting server where the primary
customers arrival follows a Poison process with arrival rate A. If an approaching customer
discovers that the server is occupied then they exit the service area because we assume that
there is no waiting area and they joins the orbit. At a service completion instant, if the number
of customer is one at the extreme front end of the orbit, is permitted to approach the server
with a distribution function G(x) and the retrial time follows a general distribution. For the
normal service period, let g(x) and G*(0) signify the pdf and LST respectively, and for WV
period, let I(x), L*(0) signify the pdf and LST respectively. On the service completion epoch of
each customer, if there is a contest between primary customer and an orbit customer, then it
will be determined with Rs(x), rs(x), R;(0) as its distribution function, pdf, LST with general
distribution. The service delivered among the WV period follows general distribution with W, (x),
wy(x), W, (0) as its distribution function, pdf, LST.

The server waits for a arbitrary period of time once the orbit turns empty which follows an
exponential distribution with rate a. After completion of waiting time the server goes for WV
which follows an exponential distribution with rate f and Inter-arrival times, retrial periods,
RS periods, and WV periods are all presumed to be independent of one another.

The negative customers arrival follows a Poison process with arrival rate §. Arrival of a
negative customers causes the server need to repair as well as the removal of the customer from
the system. The negative customer will disappear and have no further effect on the system if
the server is inactive, undergoing repair, or taking a vacation.The repair time follows general
distribution with N,(x), n,(x), N;(0) as its distribution function, pdf, LST.

Let’s use the subsequent random variables.

O(t) — the orbit size at time ¢;

L% — the remaining retrial time in Working Vacation period;
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w2(t)
G ()
R1)
Nt

the remaining service time in Working Vacation period;
the remaining retrial time in regular service period;
the remaining service time in regular service period;

the remaining repair time in RS period.

Further variables are introduced, to generate bivariate Markov Process,
{(E(),B(t)); t =0},

where

B(#) =

E(t) =<

L), if E(t)=0,
G, if E@)=1,
WO, if E(t)=2,
Rt), if E(t)=3,
N°@), if E(t)=4.

At time “t” the four distinct states of the server are

0
1
2
3
4

if the server is not occupied in WV,

if the server is not occupied in RS period,
if the server is occupied in WV,

if the server is occupied in RS period,

if the server is under repair in RS period,

Woo = lim P[O(¢) =0, E(t) =0],
’ t—o0

Ropo= tlim P[O(#)=0,E()=1],

Wo n(x) = tliIgP[O(t) =h,Et)=0,x<L%t)<x+dx]; h=1,

Ry p(x) = tlim PIO®)=h,E®)=1,x<G°(t)<sx+dx]; h=1,

W1(0) = lim PIO®) = h, E(t) =2, x < Wot)<x+dxl; h=0,

Rqip(x)= tlirgloP[O(t) =h,E(t)=3,x< Rg(t) <x+dx]; h=0,

Nj(x) = lim PIO() = h, E(t) =4, x <N°(t)<x+dx]; h=1.
—00

Following are the limiting probabilities:

R;‘(B)zf e 9% r (x)dx, W:(G):f e 9w, (x)dx,
0 0

L*0) = f ooe_exl(x)dx, G*(0) = f ooe_gxg(x)dx,
0 0

Wi 4(0) = fo e Wy p(x)dx, Wi,(0)= fo Wor()dx,

0 0o
Wl*,h(g) = -/(; e_ngLh(x)dx, Wl*,h(o) :/(; Wl,h(x)dx,

Rah(ﬁ):fo e %Ry (x)dx, RS’h(O):fo Ry (x)dx,
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NZ(Q):f e "Ny (x)dx, NZ(O):f Np(x)dx,

0 0

N} (0)= f e %n,(x)dx, Wi(z,00=Y Wi, ()",
0 h=1

Wi (z,00= Y W;, (002",  Woz,0)= Y Wo,(0)2",
h=1 =

h=1
Wiz,0=) W, @2", Wi,0=7) W;,0:z",
h=0 h=0

Wi(z,0)= ) Wix(0)z",  Rj(z,00= Y Rj,0)z",
h=0 h=1

Ry(z,00= Y R;,(0)z",  Ro(z,0)= Y Rox(0)z",
h=1 h=1

o0 o0
Ri(z,00= Y R;,(0)z", R;(z,00=Y Rj,0)2",
h=0 h=0

Ri1(z,00= Y R1,4(0)z", N*@z,00=Y N;©)",
, h

h=0 h=0
N*(z,00= Y Nj(0)z",  N(z,00= Y Np0)z".
h=0 h=0

The above mentioned are the LST and PGF which we have defined.

3. The Orbit Size Distribution

In steady state the system was illustrated by the subsequent differential difference equations:

AW 0 = W10(0) +aRg o+ No(0),

d
——Wo,n(x) = =(B+ VDWo 5 (x) + W1 ,(0)l(x); h=1,

dx
d
—5W1,0(x) = —(B+ MWy 0(x) + W 1(0)w,(x) + AWy ow,(x),
d
- %Wm(x) = =(B+ VW1 5(x) + AW p-1(x) + Wo +1(0)wy (x)

o0
+ /1/ Wo n(x)dx wy(x);h =1,
0
A+ a)R(),() = Rl,o(O),

d
_@Ro’h(x) =—AR¢ p(x)+R1 4(0)g(x) + N;(0)g(x)

+ ﬁfoo Won(x)dx g(x); h=1,
0

d o0
~ 2 Ra0() = ~(1+ O)R1,0(0) + R (O)ry(w) + fry(x) fo Wi o(ors(x)d,

d o0
2 -R14(0) = =1+ DR 14 + AR j-1() + frs() fo Wi p(x)dx +Rop11(0)r(x)
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+/lrs(x)foooRo,h(x)dx; h=1, (3.8)
—%No(x) = —ANp(x) + 6nr(x)foooR1,0(x)dx, (3.9
—%Nh(x) = —ANp(x)+ ANp_1(x) + 6nr(x)foooR1,h(x)dx. (3.10)
Taking the LST from to on both sides results
OWy ,(0) = Wo 1(0) = (A + BYW; ,,(0) = W1 n(O)L*(0); h =1, (3.11)
OW{ 4(8) — W1,0(0) = (A + BYWT ((0) — Wy, 1(0)W,/ () — AW o W, (6), (3.12)
OWS ,(0) = W1 4(0) = (A + BYWT ;,(0) = Wo 4+ 1(0W; (0) = AW, 1(0) = AW, ()W (0); h=1, (3.13)
OR ;,(0) —Ro,1(0) = AR ;,(0) — R14(0)G™(0) — N1 (0)G™(0) - BG™(0)W; ,(0); h=1, (3.14)
OR7 ((0) —R1,0(0) = (A +OR] 1(8) = Ro,1(0R(8) - BR;(OIWT 4(0) — AR 0 R (6), (3.15)
OR; ,(0)~ R14(0) = (A+ R} ,(0) ~ AR ,_1(8)~ R} (0)R0+1(0) — BREOW},,(0)
- AR;‘(H)RS,,I(O); h=1, (3.16)
ON;(0)—No(0) = AN (0) - R ((0)N, (6), (3.17)
ON,(0)— Np(0) = AN, (8) - AN, _,(0)—OR7 ,, (O)N,(6). (3.18)
Summing over A from 1 to infinity x with z" and results,
Wi (z,0)[0 — (B+ A)] = Wy(z,0) — L*(0)[W1(z,0) — W1 0(0)]. (3.19)
Summing over A from 1 to infinity x with z" and comprise with results,
W, (0)

Wi (z,0)[0 —(B— Az + )] = Wi(z,0) -
Placing 6 = f+ A in (3.19), results
Wo(z,0) =L*(B+ M)[W1(z,0) — W1 0(0)]. (3.21)

Placing 6 = 0 and (Sub.) (3.21) in (3.19), results
(1-L*(A+ B)IW1(z,0) — W1 0(0)]

Wo(z,0) — AW, oW, (0) — AW, ()W, (2,0).  (3.20)

W, (2,0) = e (3.22)
Placing 6 = f— Az + A and (Sub.) (3.21) and (3.22) in (3.20), results
B W, (A =2z + BAz(A + YWy o — (L* (A + BYA — Az + B) + 12)W1 ¢(0)]
Wilz,0)= A+ B)-W;(A- Az + BYL A+ BYA— Az + B) + 12) S
(Sub.) in (3.21), results
Wo(z.0) = 2L* (A + YA+ PIAWS (A = Az + B)Wo 0 — W1,0(0)] (3.24)

2ZAA+B)—-WriA=2Az+ BUL*(A+BA—Az+ B)+Az)
Let f(2)=(B+Mz=W,(B+A—-A2)L*(A+ B)B+A—Az)+ Az), for f(2) =0 we obtain f(0) <0 and
f(1) > 0 which = that 3 a real root z; € (0, 1).

Atz =2 is converted in to

W1,0(0) =AW, (A—2Az1+ B)Wop. (3.25)

Commaunications in Mathematics and Applications, Vol. 13, No. 3, pp.[893 m 2022



898 An M /G/1 Retrial G-queue with Multiple Working Vacation...: S. P. B. Murugan and R. Keerthana

(Sub.) (3.25) in (3.23), results

Wi(z.0) = AW, (A= Az+ PU(2)

zZA+B)-W; A=Az + BIL*(A+ B)A - Az + B)+ Az)

Wo,0, (3.26)

where
U@)=z(A+p)-W,(A—Az1+ BIAz+L*(B+ A — Az + V)].

(Sub.) in (3.24), results
L*(B+ MAz(B+ DIWE A=Az + B)— WL - Az1 + P)]

Mol = B Weh— A2+ L A+ YA Azt )+ Az) 00" 82D

(Sub.) and in (3.22), results
1-L*A+PAIWS (A - Az + B) - Wi (A — Az1 + P)]

Wol& 0= p- W*(/l /12 + ,6)(L*(A+ ,6)(/1 Aot Prrhz) o0 (3.28)
Placing 6 = 0 and (Sub.) (3.26), (3.27) and (3.28) in (3.20), results
Wi (2,0) = m Wy (“ﬁ AZ))U(Z) 00.  (3.29)

A+B-A2HPB+AVz-W;A+B-A2)L*(B+ VA +p—-Az)+ /lz)}
Summing over % from 1 to infinity x (3.14) with z” and results

Ry(2,0)(0 — 1) = Ro(2,0) - G*(0)[R1(2,0) — R1,0(0)] - G*()[N(z,0) — No(0)] - Wy (2,0)5G™(0).
(3.30)

(Sub.) W10(0) =AW, (A —Az1 + B)Wy o in (B.I), we get
aRo o+ No(0) = A(1 - W (A - Az1 + )Wy 0

Placing 6 = A and (Sub.) R1(0)+No(0) = A(1 - W, (A —Az1 + B))Wy 0+ AR in (3.30), results
Ry(2,0)=[R1(2,0)+ N(2,0) - M1 -W;(A—Az1 + B))Wo 0 — ARg o + W, (2,001G"(1). (3.31)

Summing over % from 1 to infinity x (3.16) with 2 and comprise with (3.15) results
R(z,0)
z

Ri(z,0)[0-A+Az—-6)]=R1(z,0) - [ +pW{(z,0)+ AR ;(2,0) + ARO,OIR:(H). (3.32)

Placing 6 = 0 and (Sub.) (3.31) and R1,0(0)+ No(0) = (1 -W,; (A —Az1 + B)AW 0+ AR o in (3.26),
results

Ri(z,0) = [w] |[R1(2,0)+ N(2,0)~ (1= Wy (A= Az1 + B)AWo 0 ~ ARo 0 + fW; (2,0)].
(3.33)

Placing 6 = A — Az + 6 and (Sub.) in (3.32), results

R1(z,0)= [M + W1 (2,0)+ AW (2,0)+ AR o |R; (A — Az +§). (3.34)
Placing 6 = 0 and (Sub.) in (3.32), results

R}(z,0)= [ a _SS_();;TZ; il [RO(Z’O) + BW; (2,0)+ AW (2,00 + ARg o |. (3.35)
Summing over A from 1 to infinity x with z” and comprise with results

(0—A+Az)N*(z,0) = N(z,0)- 5N ()R] (z,0). (3.36)
Placing 6 = (1 — Az) and (Sub.) in (3.31), results

N(z,0)=6N;(A-A2)R{(z,0). (3.37)
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Placing 6 = 0 and (Sub.) in (3.31)), results
0(1-N;(A-A2)R](z,0)
N*(z,0)= .
(z,0) =12
Solving equations (3.31), (3.34) and (3.38) in (3.34), results
[ G*(DIBW;(2,0)— (1 - W, (A—Az1+ NAWp 0 — ARg0lz ]

x(A = Az +8)+[zW;(2,0) + AzR oll(A — Az + 6)

| xR;(A-A2+0)+0(1-R;(A—Az+98)N;(A—Az2)]

Ry(z,0) = ;
Dry(2)

[ (A-=Az+0)R;(A- Az +5){(G*(/1)(1 —2)+2)[pW;(z,0)

—(1-W7(A—-Az1+ NAWo 0 — AR 0]l +[zW(2,0) + }LzRo,O]}

Dr(2) ’
0(1-R;(A—=Az+0))N;(A— Az){(G*(/l)(l —2)+2)(pW;(z,0)
—(1- W:(/l —Az1+ ﬁ))ﬂWo,o - A,R(),()) + [ﬁle* (z,0)+ ﬂzRo,o]}

Dra(z)
(Sub.) (3.39), (3.40), (3.41) in (3.33), (3.35) and
[ (1- G*(YL))[,BWJ(Z,O) -(A-W;A=2Az1+ B)NAWy o — AR 0]
2(A— Az +6) +[BzW; (2,0) + AzR 0l[(A — Az + 5)
XxR*(A— Az +8) +8(1-R*(A— Az + SYN (A — 12)]

ADro(z) ’
[ (1—R;(A—Az+5)){(G*(A)(1—z)+z)(ﬁWg(z,0)
(1= W (A= Az1 + BIAWo 0 — AR 0) +[BzW; (2,0) + AzRo o]} ]
Dra(2) ’
[ (1= N (A= A2)(1 - R;(A - Az + H{(G* (M1 - 2) + 2)[-ARo,
BW; (2,0)— (1= W, (A= Azy + BYAWo 01+ [52W (2,0) + AzRo,O]} ]

R1(z,0)=—

N(z,0) =

R;(2,0) = —

Ri(z,0)= +

N (z,0)=—= (A=A2)Dra(z)

(Sub.) and (3.29) in (3.42), (3.43), (3.44), results
Nr1(2) = {B2(A— Az + )(A+ B = A2)W; (A+ B - A2)— Wy (A+f - Az1))

x(1=L*A+ P = A=Az +6)1-W A+ B—Az1))A+ B —Az)

x{(B+NVz=W,(A+f—A2)[Az+(A+ - A2)L* (A + )]} - g

x A+ B—A2) A=W A+ - Az)){(B+ Nz — WA+ —A2)
x[Az+ A+ B-A2)L* A+ I} A - Az +8)+(1-W,; (A + - 12))
x Bl(A=Az+8)R (A - Az +6)+ 6N (A—A2)1-R:(A— Az +6))]
x {(B+ Nz =W A+ B —Az)Az +(A+B—A2)L* (A + B)I}
+A+P-A2A-Az+0)R;(A-Az+86)+(1-R;(A— Az +9))

x SN*(A— /lz)]g{(ﬁ+ Nz =WiA+p—Az)Az + (A + - Az)
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xL'(A+PIH1-W; (A+ -1z}, (3.45)

Nr3@)=[G*AN)(1—-2)+zI(1-L*(A+ pNIW, (A + f—Az) - W, (A + f— Az1)]

Ri(z,0) =

Ri(z,0) =

x (A+B=2A2)+{z(A+ )= W;(A+ B - Az )L (A + B)A+ B - Az)
+ A2} PAz(1-W;(A+ B —-212) - A1 -W,; (A + - Az1))A + f—A2)
x[G*A)A-2)+zl[z(A+ B) - W, (A+ - A2)L"(A+ B)A+ - 2)

+Az]- g(l WA+ B—AzD))A+ f—A2)z(A+ B)— Wi (A + f— Az)

x(L*(A+ B) A+ —2A2)+ AZHG* (M)A -2) + z], (3.46)
2(1-G*(A)Wo,0
(A+B—-22)Dr1(z2)Dra(2)
(1-R;(A-2A2)Wo,0
Dro(z)(A+ B—A2)Dri(2)
(1-R;(A-22))6(1-N}(1—-A2))

Nri(z), (3.47)

Nrs(2), (3.48)

N*(z,0)= Nrs3(z). (3.49)

(A=A2)(A+ B—Az)Dri(z)Dra(z)

We define Rg(z) = R;(z,0) + R{(2,0) + N*(2,0) + Ro 0,

Rgs(z)=

Woo
A+ B—-22)(Dri(z)Dry(z))
x (WXA+B—-A2)-Wi(A+B-Az)A-L*(A+B)— (A — Az +6)
x(1- WU*(/l +B—-1z1)A+ B - )Lz){(ﬁ +A)z— WU*(A+ B—Az) Az

{z(l—G*(/l)){,Bz()L—/lz + &)+ B—Az)

+(A+B—-A2)L*(A+ )} — g{(ﬁ+ﬂt)z —[Az+(A+B-A2)L*(A+ P)]

x WA +B— A2 A=Az +8) A+ f—Az)(L- WA+ B —Az1))
+BION;(A—2A2)1-R;(A-Az+6)+(A— Az + )R (A — Az +6)]
x(1=W, A+ B-2A2){(B+Vz-W,;(A+p—Az1)[Az + (A + - A2)

< L*(A+ P)I} +(}L+,B—/12)g[(1—R:(/1—/12 +8)SN* (L - 1z2)
+(A=Az+ORIA -z + DL =W A+ - Az)){(B+ M)z

WA+ B—AzplAz +(A+,6—/12)L*()L+,3)]}} + {(1 —L*(A+p))

x PzlAz + (A + = A2)G* WIW, A+ - Az2) = W (A + f— Az1)]
—(A-WXA+B-AzN(B+ Dz —[Az+L* A+ BA+ B —12)]

x WA+ B— A2 Az + G* DA+ B — A2)] + BzL*(B+ MW (A + f— Az2)

—WrA+B—Az)IB + /1)}(1 “RY(A-2A2)[A= Az +56(1 - N} (A—-12))]
- %{(/l +B)z—W,(A+B—-2A2)Az+L* A+ YA+ - A2} (A + - Az2)

x (1= W, A+ - A2))G" (D1 - 2)}. (3.50)

when the server is on RS period, as the PGF for the no of customers in the orbit.
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We define W, (z) = W[ (z,0) + W} (2,0) + Wy o

Wo,o
A+ B—A2)D1(2)

W, (A+B-221)+ AM{z(A+ f)—(Az +L* (A + B)A + f— 12))
X WA+ - AzDHL— WA+ f—A2)) + (A + f—A2)2(B+ 1)
— WA+ p-A2)Az + L7 (B+ DA+ - A2},

when the server is on WV period, as the PGF for the no of customers in orbit. Again, we define
R(z) =Rgs(2) + Wy(2),

Wv(z) =

[+ B-2A2222(1-L* A+ YW, (A + f-12)

Wo,0
(A+ B—22)(D1(2)D2(2))
X (Wv*(ﬂ-l-ﬁ—/lz)—W:(/l+,3—/121))(1 —L*A+B)—-(A=Az+6)
X (1= WA+ B—Az))A+ B— A {(B+ Nz — WA+ f— A2)[ Az

R(z) =

{z(l —G*()L)){ﬁz(/l —Az+8)A+f—A2)

+(A+B—A2)L* A+ )1} - g{(ﬁ + M)z —[Az+A+ - A2)L*(A+ )]

x Wr(A+B—-A2)HA = Az +8) A+ B—A2)(1 - W) (A + B—Az1))
+BI6N(A-A2)1-R;(A-22+6)+(A— Az + R (A — Az +6)]
x(1=W, A+ B-22){(B+Vz-W,;(A+p—Az)[Az+ (A + - A2)

x L*(A+ B} + (A + - Az)g[(l ~RI(A=Az+8)SN (A —Az2)

+(A=Az+ ORI (A - Az + O - WA+ - Az )){(B+ D)z

WA+ B-Az)Az + (A + B-ADL A+ P+ {(1-L* (A + )

x Bz[Az + (A + = A2)G*WIW (A + - A2) - W (A + f— Az1)]
—(A-WA+B-Az)H(B+Vz—[Az+L* A+ B)A+ - A2)]

x WA+ B—A2}Az + G*AA+ - A2)] + BzL* (B + VDIW, (A + - A2)

W+ f= AzDI(B+ M} — R (A= A2)[A - Az +6(1 - N} (A= A2))]
- g{(M Bz—W,;(A+p—-A2)[Az+L* A+ YA+ - A2} A+ - Az)

x (1=W; (A+B=A20)G* (D1 -2)} +{A2(1 - Az + BY1-L* (1 + B)
x (WyA+B-12)- WA+ B—Az1)) + Mz(A + B) = W (A + B— Az1)
x(Az+L*(B+ MDA+ - AL - WA+ B—A2) +{z(1+ )
WA+ B—A2)(Az +L*(/l+,6)(/1+ﬁ—/lz))}}{z ~R:(A-A2)

x[z+(1-2R* W1}, (3.51)
as the PGF for the no of customers in the orbit, where
Dri(2)=z(A+B)—-W,(A+B—-A2)[Az+L* (A + B)A + - A2)], (3.52)
Dra(z)=(A-2Az+8)[z—R;(A—-Az+0)IG" (M1 -2)+z]
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6N (A=2A2)A-R;(A— Az +)IG* (A1 -2)+2z], (3.53)

where Dri(z) and Dry(z) are given in (3.53) and (3.54). Make use of the normalizing condition
R(1) =1 to find out that Wy o. Using L'Hospitals rule and (Sub.) z = 1 results,

1-ps

(3.54)

Wo,0 =

{ 0(s) } ’
BC O+ p—W, (P)A+ L (B
N P(s)
GO+ B—W (B)A+PL* A+ P)]
+{,BWU*(A—/lzl+,B)L*(ﬁ+)l)(1—G*(/1)) Q}
G O+ P W (PATPL* B+

A
Ro,() = E(l — W;(/l —Az1+ ﬁ))W0,0 , (3.55)
where
O(s) =(A =AW (A= Az1 + B) + B)IA + BG (L) —= W, (BXA + BL™ (A + B))],

A
P(s)= EW;(ﬁ)[l —R;(ONL+SEWN)IA+L-W,(A—Az1+ B)A+ BL*(B+ )],
A
Q= a(l -W,(A+B—Az1)),
ps < 1,

_ S1-R;(®I1+5EN,)]
Ps = G*(\)

4. Performance Measures
Mean Orbit Length
We assume that:
W,, R — mean orbit size in WV and RS period.
Wyw, Rsywy — mean waiting time of the customer in the orbit during WV period and RS period.
Then

d
W, = EWU(Z)

:%[W{‘(z,O)—kW;(z,O)]L:l
_i S(z) N K(z)
dz |[(—Az+A)Dri(z) Dri(z) z=1
[-Dr | (2)S@)(B— Az +A)—Dri(2)A1+Dri(z)A— Az + B)S'(2)]

Dri(2)2(f—Az+A)
[K’(z)Drl(z)—Dr'l(Z)K(Z)

(Dri1(2))?

z=1

0,0

where
SE) =21 -W,;(A+B-A)z(A+ B) - W, (A + - Az1)(L*(A+ A+ - Az) + A2)],
K(Z)=Az1-L* A+ B)W,(A+B—2A2)- W, (A+ f—Az1)),
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Dri(2)=zA+B) - W, (A+ - A2)L*(A+ YA+ - Az) + A2).
Differentiating S(z), K(z) and Dry(z) with respect to z, we get
S'(z)= )LZWU*’(A +B-A2)z(A+B)—[(B—Az+ A)L*(A+ )+ Az]
xW;A+p—2Az1)+ AL+ B—(A—AL* (A + B))
x W, A+ B—2Az)I(1-W, (A + - Az2)),
K'@)=Q-L* B+ DAW, A+ B-2A2)- W, (A+ - A21))
+Az(1=L*(B+ A)AW, (A + - A2)),
Dri()=(B+ )+ AW;,(/l +B—-2A2)Az+L*(B+ V(A + B —12))
-W,;(A+B—-Az2)(A—AL* (A + P)).

At z=1 W, turns,
BDr1(1)S'(1)-S()[BDr | (1)-ADr1(1)] Dri(1HK'(1)-K(1)Dr(1)

= + 0,0 -

v (BDr1(1))? (Dr1(1))?
By Little’s formula,
va = % >
A
where
S =21-W,;(PNB+A-W,;(A—2Az1+ B)A+ BL*(B+ 1)),
S'(1)= A2Wv*,(ﬁ)[ﬂl +B-W,(A+B—2Az1)(A+ BL*(A+ p))]
+AA =W, (BN +B—-W, (A+ B —Az1)A—AL* (A + B))],
K1) =AA-L*(B+ )W, () - W, (B—Az1+ ),
K'QD)=20-L*(B+ )W, (B)-W,(B+A—Az1) - Wv*’(ﬁ)ﬂ],
Dri(1)=B—-A+BL*(B+ )W, (B)+A,
Dri()=p+ AWU*’(ﬁ)(/l +L*A+B)B)+A—(A—AL* (A + B)HW, (B),

d
R, = ERS(Z)

z=1
= i[R*( 0)+R,(z,0)]
T dz 1 % 0%%> z=1

_d [Nri(z)(1- G*(1))+Nrqo(2)Nrs(2)
T dz Dri(z)(A— Az + B)Dra(z)
[ [Dr’2(z)2Nr'1(z)(/1Dr1(z) —(A+pB—2A2)Dr'(2))
+(A— Az + B)Dr1(z)Nr'{(z)XDry(z) - Dri(z)Nr' (2))]
x(1-G*(A)+2(f— Az + /1)Nr'2(z)Dr'z(z)(Nré(z)Drl(z)
~Nr3(2)Dr'|(2)) + Nr3(2)[2ANry(2)Dry(2) + (A + f - A2)
| xDry(z2)Nry(z) —(A+ B —A2)Dry(2)Nry(2)1Dr(z)
2(Dr1(z)(A+ B — /12)1)7"2(,2))2

0,0 z=1

K

z=1

where

Nri(z) = {/Sz(/l—/lz +8)A+ - AW, A+ —A2) - W) A+ - Az1)
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x(1-L*A+ BN -(A—-2Az+8)A-W,(A+B—-Az1)A+ p—Az2)

x{(B+ Mz =W, (A+ - A2)[Az+(A+ f—A2)L* (A + p)]} —g

x A+ f—A2) 1= WA+ B—Az)){(B+ Dz — W (A+—Az)

x[Az+ A+ —ADL*A+PIA - Az +8) + (1 - WA+ f—A2))
x BlA = Az +ERI (A= Az +6)+ N (A= Az)(1—R:(A— Az + )]
x{(B+ Nz -W A+ - AzDIAz +(A+ - A2)L* (A + )}
+(A+P-ADA = Az +ER A=Az +6)+(1-R (A - Az +6))

x 6N:()L—Az)]§{(,6+/1)z ~ WA+ B—Az)Az +(A+f—Az2)

xL*(A+ BT A-W A+ - )Lzl))},

Dri(2) =+ P)z—=W,(A+B—A2)[L* (A + YA+ B —Az)+ Az],
Dro(z)=(A-2z+8)[z—R;(A— Az +d)IG"(M)(1-2)+z]

—ON(A-22)A-R;(A—-Az+)IG* A1 -2)+z],

Nro(z)=(1-R;(A—Az+0)L—Az+5(1 - N,; (1 —A2))],
Nr3(z)=[G*V)A-2)+zIA-L* A+ BHIW, (A + - A2) =W, (A + f—A21)]

x(A+p—-Az)+ {z(/l+,5)—W:()L+,5—7LZ1)(L*(/1+[3)()L+,3—/1Z)
FANPAZL~ WA+ f—A2) AL~ W A+ f—Az1))A+ - A2)
x[G* A1 -2)+z][z(A+ B) — W:()L+ B—AZ)L*(A+ BY A+ B—Az)+ Az]
_ gu-W;(Mﬁ_m»(uﬁ—Az){zmm—w,;"(mﬁ—Az)
x(L*(A+ B)YA+B—A2) + AZG*(A)(1-2) + z].

At z =1 R, turns,

R, =

(1-G*(W)[2N /(DD F,(1)YADr (1) - D, (1)) + fDr1(1)
(Drl,(DNF!(1)— N7\ (DDr}(1))] + 2BN7,(1)Drly(1)
(Dr1()N7,(1) = Nra(DDr/(1)) + Nr3(DDr(1)[2A
Nriy(ODr,(1) + BDry(DNF1) - N T, (DY)

2(BDr1(1)Drly(1))? Wo,o.

By Little’s formula,

st =

where

R
A/’

Nr3(1) = (1 - WA (BMBG* MW, (A + f— Az1)(A+ BL* (B + 1)) — A — BAG*(A)

— BEGH W} + (1= WS (A + B — Az ))=A2(1 - W, (B) + BAW, (B)
A

x L*(A+ B+ BEL* (A + YW, (B) - W, (A — Az1 + B)) — EﬁG*(A)

x A+ B-WX(BUL*(B+ M)+ ML -Wi(A-Az1 +B),
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Nri(1) =

Nr'l(l):

Nrl(1) =

Wy (B) =Wy (A—Az1+ PO —L*(A+ B(BAUL - G*(L) + B2G* (L)
+ B2L* (A + B)1+ G* (A + B+ AW (B)(BW, (A — Az1 + B)— A)

— BAL* (A + B)(1 = W (A= Azy + YW (B) + W (B) + AG*(N)

x Wy (A=Az1 + BA+ B~ W, (BIL™(B+ 1) + AW (B)] - BG™ (1)
x[A+B—A2W> () + AW, (B)] + AW (B)BL*(B+ A1) — 1)+ AW, ()
x W*(A+ PG MW, (A —Az1 + ) — M1 - W, A+ f—Az1))]

+ gG*(/l)(l — Wy (A= 2Az1+ BB+ A1) = 2AW, (BIL* (A + B)

— A2W; (B) = A2BW, (B)— AB2W, (BIL* (A + B) + AW, (B) - B(B+ D)},
—BASW, (B) + BI—AR(8) + ASR:(5)E(N,) — ASR :(O)E(N,)I(1 - W, (B))
x[A+B—BW (A—=Az1+PL*(B+A)— AW (A+ B —Az1)] - B26W(B)
x L*(B+A)+ B26W (A= Az1 + BL*(B+A) + AS[B+ A — BL* (A + B)

x W (B) = AW (B + A26W. (A — Az1 + BYW. (B) + ABSW, (A — Az1 + )
x WH(BL*(A+ B)— ABEW(B) — AB2L* (A + BYW, (A — Az1 + B) + A2
+ ABZ = A2BWF(B) = AZBW) (A + B— Az1) + ABEW X (BIW, (A — Az1 + B)
x L*(A+ B)+ A2BW (BW, (A — Az1 + B) + gﬁ(l—Wv*(/l+ﬁ—/1z1))
x[A= AR} (5)— ARX(6) + AR} (6) + ASE(N,) — AGE(N,)R ()]
x{(A+B)+ W, (BIA+BL*(A+ B},

[A+ - AW, (A+ f—Az)I(1 - W, (B)[-4ABSR;(5)E(N,) — 4ABR;(5)
+4ABSEN, )]+ 2AB(1 + W, (B)) +[R(5) - SE(N,) + 6R (5)E(N,)]
x (1=WHBNI2ABW, (A + - Az1)L* (A + B) = 2A2BW, (A + B — Az1)

x L*(A+ )] +4A5(1 - W (B)A + B) — 2B25 W (B) — Wi (A + B — Az1)]
— ABPOW; (BW; (A + B—Az1)L* (A + B)+ A2 B, (BIW; (A + B~ Az1)
x L*(A+B)— A2B6W" (P24 + f— BL* (A + ) — 2AW (A + f— Az1)]

+ A3 BW (BISEN,) - R} (8) - SR:(OEWN)] - A2W (BISR (5)
+R}(8)— BRIOW A+ B—Az1)L*(A+ )+ BSEN, )W, (A + - Az1)
x L*(A+ B~ RGN -3A2BW (A + B—Az1) + 3ABW, (A + f— Az1)
—4ALEW(B) + 2ABL* (A + W (B)YA + B) + 2ABL* (A + B)(A — 2)

x WA+ B —Az1)— ABSL* (A + BYW (A + f— Az1) + 222 B2W ()
—222BW (B1+L* A+ YW, (A + B—AzD] + 2AW, (A + f— Az1)

x WX (BI2A+ BL* (A + B)] - 2W. (A + f— Az))(1 - 2W. (A + f— Az1))

x A28+ B(L—WF(BI2A’R} (6) + A26(1 — R} (6))E(N?) + 2A26R (5)

x E(NDIA+ =W, (A + = Az1)(A+ BL*(A+ B)] + g{zwm +5
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+ AW, (BYA+ BL*(A+ B) — W, (BYA — AL* (A + PHISEN,) — R (5)
—~SE(N)R:(6)+11+[A+ - W, (BYA+ BL*(A+ BYH2AX(RE(5) - 1
+ R (6)+ A26(1 - R} (O)PE(N?) — 2B(NBHL - Wy A+ - A21)),
Nrh(1)=-A[1-R:()I[1+SEN,)],
N7J(1) = —2AR} (5)[1+6E(N,)] - A2 6E(N?)(1 - R} (5)),
Dri(1)=p+A—A+BL*(B+ AW} (B),
Dri(1)=f+A+AA+BL* A+ POYW (B)— AL —L*(A + BYW(B),
Dri(1)= —A+ AR} (8) - ASE(N,) + ASE(N,)R}(8) + 8G*(1),
Drij(1) = —2A[1+ AR} (&) + AR} (6)(1 - G*(A)]+ IR (5)(1 - G*(A)) - A2R}" (5)
+ M1 =G* (DR ()] - A28E(N?)(1 - R (5)) - A26E(N, )R} (6)
—ASE(N,)1-R;(5)A -G (1)),

where E(N,) is the mean repair times for regular service time.

(1)

(i1)

(ii1)

(iv)

(v)

5. Special Cases

If the service time distribution follows an exponential distribution, no service among the
vacation period and there is no negative arrival then the present model will be remodeled
as “Time dependent analysis of M/M/1 queue with server vacations and a waiting server”.

If the server does not wait after the completion of the RS period and there is no negative
arrival then the present model will be remodeled as “An M/G/1 retrial queue with multiple
working vacation”.

If the server does not wait after the completion of the RS period, there is no negative
arrival and there is no retrial time in the system then the present model will be remodeled
as “An M/G/1 queue with multiple working vacation”.

If the server does not wait after the completion of the RS period, there is no negative

arrival and the server never takes the vacation then the present model will be remodeled
as “An M/G/1 retrial queue”.

If the server does not wait after the completion of the RS period, there is no negative
arrival, the server never takes the vacation and there is no retrial time in the system then
the present model will be remodeled as “An M/G/1 queue”.

6. Numerical Result and Graphical Analysis

The values tabulated in Table [1|and the curved graph constructed in Figure 1| are obtained by
setting the fixed values y, = 7.6, us = 9.8, tyr =3.5, usr =4.3, «=0.9, 6 = 0.5 and varying the
value of A from 1 to 2 incremented with 0.2 and extending the values of § from 1.5 to 1.9 in
steps of 0.2, we observed that as A rises W, also rises and hence the stability of the model is
verified.
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A

=15

B=1.7

f=1.9

1.0

0.0775

0.0660

0.0571

1.2

0.1122

0.0952

0.0821

14

0.1521

0.1285

0.1104

1.6

0.1960

0.1650

0.1414

1.8

0.2426

0.2036

0.1739

2.0

0.2904

0.2428

0.2069

Table 1. W, with turn over of 1

A

Figure 1. W, with turn over of A

The values tabulated in Table [2|and the curved graph constructed in Figure [2|are obtained by
setting the fixed values y, = 7.6, yus = 9.8, uy,r =3.5, us, =4.3, a =2.5, 6 = 0.5 and varying the
value of A from 1 to 2 incremented with 0.2 and extending the values of § from 1 to 1.8 in steps

of 0.4. We observed that as A rises W,,, also rises which is expected.

A

f=1

f=14

=18

1.0

0.1275

0.0845

0.0613

1.2

0.1565

0.1022

0.0735

14

0.1849

0.1191

0.0849

1.6

0.2120

0.1346

0.0953

1.8

0.2370

0.1484

0.1043

2.0

0.2594

0.1602

0.1118

Table 2. W,,, with turn over of A

025 — B=1
B=1.4
B=1.8

1.0 1.2 1.4 1.6 1.8 2.0
A

Figure 2. W,,, with turn over of 1

The values tabulated in Table [3|and the curved graph constructed in Figure|3|and are obtained
by setting the fixed values y, =0.1, pus =9, pyr = 1.5, pg, =4.5, « = 0.6, 6 = 0.3 and varying the
values of A from 1 to 2 incremented with 0.2 and extending the values of § from 0.4 to 0.6 in
steps of 0.1. We observed that as A rises R also rises which shows the stability of the model.

A

=04

=05

=0.6

1.0

0.7058

0.3831

0.1552

1.2

1.0603

0.6005

0.2738

1.4

1.4994

0.8749

0.4273

1.6

2.0277

1.2055

0.6092

1.8

2.6492

1.5880

0.8069

2.0

3.3682

2.0155

1.0019

Table 3. R, with turn over of 1

Rs

3.5
3.0F
2.5¢
2.0
1.5¢
1.0

0.5-

0'07\ 1 1 1 1 1
1.0 1.2 1.4 1.6 1.8 2.0

A

Figure 3. R with turn over of 1

The values tabulated in Table 4| and the curved graph constructed in Figure |4/ are obtained by
setting the fixed values y, = 0.8, us =5, yyr = 1.5, s, = 4.5, a = 0.6, § = 0.3 and altering the
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value of A from 1 to 2 incremented with 0.1 and extending the values of § from 0.4 to 0.6 in
steps of 0.1. From the graph, we studied that as A rises R, also rises which shows the stability
of the model.

A | p=04|p=05|p=06
1.0 | 1.0479 | 0.4801 | 0.1400
1.2 | 1.4111 | 0.7081 | 0.2872
1.4 | 1.8176 | 0.9835 | 0.4842
1.6 | 2.2680 | 1.3103 | 0.7370

Rsw

0.5

1.8 | 2.7594 | 1.6910 | 1.0513 aol ‘ | | | k
2.0 | 3.2772 | 2.1207 | 1.4284 oo e e el
Table 4. R, with turn over of A Figure 4. R, with turn over of 1

7. Conclusion

In this paper, an M/G/1 retrial G-queue with multiple working vacation and a waiting server is
evaluated. We obtained the PGF for the number of customers and the mean number of customers
in the orbit. We worked out the waiting time distribution. We also derived the performance
measures. We performed some particular cases. We illustrate some numerical results.
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