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Approximate Identities on Non-Euclidean Manifolds

A. Askari Hemmat and Z. Yazdani Fard

Abstract. We define a convolution and present a theory for approximate identity
on the non-Euclidean manifolds. Here we focus on the hyperboloid and sphere.

1. Introduction

The set L!(R) of all complex Lebesgue integrable functions on the real line is a
commutative Banach algebra, if multiplication is defined by convolution

(f xg)x)= f flx—=y)g(y)dy, xe€R.
R

LY(R) has no identity, but approximate identities are available [6, 2]. Suppose
F is a continuous Lebesgue integrable function on R so that fRF (x)dx =1
and set K,(x) = %F(%). Then (K, ), is an approximate identity for L}(R) i.e.,
%ii’%f *K, = f for all f € L'(R). For example

A
(1) Poisson kernel: K;(x) = R
. 1 —cosAx
(2) Fejér kernel: Ky(x) = ————,
TAX

A

)' 2,2
(3) Gaussian kernel: K;(x) = Te’ x* are approximate identities on L'(R) [4].
T

In this paper we enter into the non-Euclidean world and concentrate on the
sphere and hyperboloid. The Dilation operator acts on the sphere by Stereographic
projection and on the hyperboloid by conic projection. We define convolution on
these manifolds and then define the corresponding approximate identity.

Now, here and in what follows, we shall describe the notation and some classical
group that will appear in this paper. Let N, R, be the sets of positive integers,
real numbers, respectively. For n € N we denote by M,(R) the space of all n-
by-n matrices over R. The general linear group GL,(R) consists of all invertible
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matrices in M, (R). The orthogonal group of degree n is a subgroup of the general
linear group GL,(R) given by

0(n) ={Q €GL,(R): Q'Q=QQ" =1,},

where Q! is the transpose of Q and I,, denoting the n-by-n identity matrix. Every
orthogonal matrix has determinant either 1 or —1. The orthogonal n-by-n matrices
with determinant 1 form a normal subgroup of O(n), known as the special
orthogonal group, SO(n).

The indefinite orthogonal group, O(p, q), with p+q = nand p,q € N, defined by

O(p,q) = {M € M,(R) : M'I, M =1},
_Ip

0 I
q
The indefinite special orthogonal group is defined by

with I, , = . Note that for M € O(p,q), detM = +1 or —1.

SO(p,q) ={M € O(p,q) : detM = 1}.

Now, consider the indefinite orthogonal group SO(1,q) and look at the (0,0)-

entry of defining condition M‘I; (M = I, ; where M = [a;]{,_,. We get a3, =
q

1+ agj > 1 and define SOy(1,q) = {M = [q;; ?FO €50(1,q) : agy > 1}, which
j=1 ’

is also the connected component of the identity in O(1, q).

2. Geometry of the one-sheeted hyperboloid

The one-sheeted hyperboloid (H"! C IR®) has cartesian equation x% - x§ - x§ =
—1. In polar coordinates, H>! may be parameterized as x = (x1, X5, x3) = x(¥, @),
where

x; =sinhy,
x,=coshycosp, ¥y €R, ¢ €[0,2m1),
X3 =cosh y sinp,

where y is the arc length over meridians and ¢ is the arc length over equator.
Consider the cone C = {x € R® : x} — x2 — x5 = 0}. All points of H"' will be
mapped onto C using a specific conic projection.

Dilations on H%! are obtained by conic projection in three steps [1]:

(i) given a point x = x(y, p) € HY!, project it to the point
& = (sinh y, sinh y cos ¢, sinh y sinp) € C,

(ii) dilate £ to a& on cone C,
(iii) project back x, = x(y,, ) with sinh y, = asinh y.
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3. Convolution on the one-sheeted hyperboloid

505(1,2)
So.LD [5], one

can easily define a convolution. Let L'(H"!,du) denote the space of integrable
functions on H%! with the SOy(1,2) invariant measure du(x) = cosh ydyde.
Given u,v € L2(H"!) and define their convolution by:

Since H'! is a homogeneous space of SO,(1,2), H'! =

(uxv)(g)= f u(g tx)v(x)du(x), forall g€S0y(1,2).

Hl,l
A motion g € SOy(1,2) can be factorized as g = k;hk,, where k;,k, € SO(2),
h € 80,(1,1), and the respective action of k;’s for i = 1,2 and h are as follows:

1 0 0 sinh y
ki(po) x(x,p)=10 cospy —sing, coshycosy | =x(y, ¢+ o),
0 sing, cosyp, cosh y sinp

and

coshy, sinhy, O sinh y
h(xo) - x(x,0)= | sinhy, coshy, O coshy | =x(x + x0,0).
0 0 1 0

Also we define:
h(x,) - x(x, ) = k(@)h(xo)k(—=¢) - x(x, ¢)

=x(x + 20,9
Now, we define a convolution on H%!, by a section

[[]: HM —504(1,2)

x=x(x,¢) = [x] =k(ph(x),k(p) € SO(2),h(x) € SOH(1,1).
Definition. Given f, g € L}*(H"!,du) and define their convolution by
(fx)) =] fIyI™'x)g)duly), xeH".
HLL
4. Approximate identities on H'!

Lemma 1. Suppose 1 < p < oo and f € LP(HY,du). The mapping y — fy =
f([y]™'") is a uniformly continuous mapping of H%! into LP(H'!, du).
Proof Let € > 0 be given. Since %.(H'!) is dense in LP(H"!), there exists a
continuous function g on H"! and a positive constant A with

g, ) =0 if |x|>A,

such that ||g — fIl, < €/3. The uniform continuity of g implies that there is
0 < & < A such that for all y(y,¢),y(¥,%) € H"! with |y — ¥| < 6 we have
le(¥)—g(¥) < 4n sinhZA)_5§ and so ||g, — g5ll, < €/3. Hence

”fy _fj7||p = ”fy - gy”p + ”gy _gy”p + ”gj7 _fj;Hp <€,
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whenever |y — | < 6. O

Let v be a function on H>!. For a > 0 define
Ya(x) = Ala, x)ip(x1),
where the Radon-Nikodym derivative A(a, x) is given by
du(x1) 1

du(x) B

Theorem 2. Let ) € L*(H!',du) be rotation invariant with fHU PY()dx = 1. If
g € L®(H™,du) and g is continuous at x € H!, then lir%(g x4 )(x) = g(x).
a—

AMa,x) =

Proof. We have

(g*)x) —g(x) = f

H!

g([y1 ) ()duly) — J g0 )Y (¥)duly)
,1 Hl,l
= f [g([y]7 %) — g(x) ] (y)du(y)
Hl,l

= J [g([ya] %) — g() I (y)du(y),
Hl,l

the last integrand is dominated by 2|/g||l¥(y) and converges to 0 pointwise
for every y as a — 0. Hence the result follows from the Lebesgue dominated
convergence theorem. O

Theorem 3. Let ) € L*(HY!,du) be rotation invariant with fHM P(x)dx = 1. If
1<p<ooand f € LP(H",du), then lir%||f *, —fll, =0.
a—

Proof. We have

(f #1o)(x) = f(x) =f [ ([y1710) = FOOIYa()du(y).

Hl,l
By Minkowski’s inequality for integrals

1

p »
If % 9pe — fll, < ( f U |f([y1-1x)—f(x)||¢a<y)|du<y)) dM(X))
Hl,l Hl,l
SJ ( f |f([y]-1x)—f(x)|P|wa<y)|Pdu(x))”du(y)
gl H

= f Ify = Fllpla(¥)lduly)
Hl,l

If g(y) = IIf, — fll,, then g is bounded and continuous, and g(0) = 0. Hence
lil‘l‘(l) |f *1pq — fll, = 0 by previous theorem. O
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. 7'5_% 2 Ginh?
Example. (i) wa(x,tp)=—2 e @S,
a

(D) Pa(x,e)= ,
Valz,¢) 2am?(1 + a®sinh? y)
are examples of sequence (v,), that satisfies in previous theorem.

5. Approximate identity on the upper sheet of two sheeted hyperboloid

We start by recalling the geometry of the upper sheet of two sheeted
Hyperboloid. The two-sheeted hyperboloid, Hi C R3, with Cartesian equation

2_ 2 .2 _ ;
x5 — xj — x5 = 1 may be parameterized as

x, =coshy,
X, =sinhycosy, ¥y =0, ¢ €[0,2m).
X3 = sinh y sin ¢.

Consider the cone C* = {x € R® : x} — x5 — x5 = 0,x; > 0} and define dilation on
H? by conic projection of H? onto C* [3]:

x(x,¢) = x,(xq, ) with sinh % = asinh %

50,(1,2)
so(2) ’

functions in L'(H i, du), the space of integrable functions on H f_ with the SOy(1,2)

Since Hi is a homogeneous space, Hi = we can define convolution for
invariant measure du(x) = sinh yd y d ¢, and show that the approximate identities
exist on L'(H2) in a similar fashion on L'(H"").

6. Approximate identity on the sphere

The two-dimensional sphere of radius 1 (S*> € R®) has cartesian equation
x2 +x2 + x§ = 1. In polar coordinates, S> may be parameterized as x =
(x1, x5, x3) = x(6, ), where

X, =sin6 cos
x,=sinfsiny, 6 €[0,7], p<[0,27).
X5 = cos 6

Dilations on S? are obtained by considering usual dilations in the tangent plane
at the North Pole and lifting them to S? by inverse stereographic projection from
the south Pole. Thus, in polar spherical coordinates, the dilation operator acts on
a point (0, ¢) by:

0

6
D,x(0,¢)=x,(6,,¢), with tan Ea =atan .
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Consider the group of proper rotations of R® about the origin, denoted by SO(3).
Any element p € SO(3) may be expressed as the product of two rotations about
the x5-axis, and one about x,-axis. Let

cosA —sinA O cosA 0 sinA
R, (A)=|sinA cosA 0] and R, (A)= 0 1 0 R
0 0 1 —sinA 0 cosA

so p has the Euler angle decomposition p = p(a,f,7) = R,,(a)R,,(B)R,,(7),
where 0 < a, ¥ < 2w and 0 < 8 < 7. Since SO(3) acts on the sphere, we can
define a convolution. Let L}(S2, du) denote the space of integrable functions on S2
with the rotation invariant measure on the sphere du(x) = sin 8d08d¢. We define
a convolution on S2, by a section

[[]:5%—S0(3)
x=x(0,¢)— [x] =p(p,0,0) =R, (¥)R,,(6).

Definition. Given f, g € L}(S2,du) and define their convolution by
(f *8)(x) =J FYI'X)e()duly), xS
SZ

Lemma 4. For any function f on §* and every y € S2, let fy defined by f,(x) =
f([y1'x), forall x € S*. If 1 < p < oo and if f € LP(S*,du), then y — f, is a
continuous mapping of S% into LP(S?,du).

Proof. Similar to proof of Lemma 1. O

Theorem 5. Given f € L(S2,du) and € > 0, there exists a neighborhood V of N
in §% with the following property: if u is non-negative Borel function which vanishes
outside V, and iffs2 u(x)du(x) =1, then ||f xu— f|l; <e.

Proof. By Lemma 4, We can choose V so that [|f — f,[l; <€, forally € V. If u
satisfies the hypotheses, we have

(f xw)(x)— f(x) = J [(FLy) %) = FO)Tu(y)du(y).
52
So that

IIf *u—flllsf Iu(y)ldu(y)f F(Ly] 7 ) = £ ()ldu(x)
s? s?

=J If = fyllhu(y)duly) <e. O
SZ

Let v be a function on S2. For a > 0 define

a() = 2a, O (x1),
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where the Radon-Nikodym derivative A(a, 0) is given by
du(x1) 4q2
du(x)  [(a®2—1)cosO + (a® +1)]*

Theorem 6. Suppose v € L}(S2,du) with fSZ Y(x)dx = 1. If g € L°(S2,du) and
g is continuous at x € S2, then lin})(g x 1 )(x) = g(x).
a—

AMa,0)=

Proof. Similar proof of Theorem 2. U

Theorem 7. Suppose 1 € L'(S? du) with fszip(x)dx =11If1<p < ocoand
f € LP(S%,dp), then lim|f %4, = fll, =0.
a—s

Proof. Similar proof of Theorem 3. U

a2

[(a®2—=1)cosO — (a%+1)]%’

Example. (i) ,(0,¢)= -

(1+a? tanz(%))ze_“2 an’(3)

(i) 4(0,¢)=A(a,0)

>

3
4rmz2a tan(%)
are examples of sequence (1),), that satisfies in Theorem 7.

The respective action of R, and R,, on S 2 are as follows:
R,,(A)x(0,9) =x(0, ¢ +A), €y

R,,(A)x(6,0) = x(6 +A,0). (©))
Also we define

R,,(A)x(0,¢) =R, (¢)R, (AR, (—p)x(0,¢) =x(0 + A, ).

Then convolution on the sphere is commutative and associative and L!(S2,du) is
a Banach algebra with approximate identity.

7. Conclusions

In this paper a constructive theory for the approximate identities on the one-
she hyperboloid and sphere has been developed. After introducing the notation of
convolution on these manifolds, we showed that the space of square integrable
functions on these manifolds has approximate identities.
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