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1. Introduction

The four well-known standard products of graphs are the direct product, Cartesian product,
strong product, and lexicographic product (Klavzar [6]). According to Asmerom []1]], there are a
total of 256 distinct possible graph products depending on how the edge set is defined. One of
these graph products is the bow-tie product, which is the focus of this article.

The main metrics tackled in this article are harmonic centrality and harmonic centralization.
Note that centrality in graph theory and network analysis quantifies the importance of a
vertex in a graph. It is used to identify which node takes up the critical position in a network
(Zhang and Luo [14]) and is equated to either remarkable leadership, good popularity, or
excellent reputation. Freeman [5] discussed the concepts behind the different measures of
centrality.
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Among the many measures of centrality is harmonic centrality. This was introduced in 2000
by Marchiori and Latora [8], and developed independently by Dekker [4], and Rochat [12]. For
a related work on harmonic centrality in some graph families (Ortega and Eballe [9,/10]).

While centrality is on the node level of a graph, centralization quantifies the graph-level
centrality score based on the various centrality scores of the nodes. Centralization may be used
to compare how central graphs are. For a related work on harmonic centralization of some graph
families (Ortega and Eballe [9,(11]).

In this article, the harmonic centrality of the vertices and the harmonic centralization
of the bow-tie products of path Py with any path P,,, cycle C,,, and fan F,, is derived.
The expressions obtained could be of use when one determines the harmonic centrality
and harmonic centralization of more complex graphs. For a study on graph products with
betweenness centrality (Kumar and Balakrishnan [7]]).

All graphs considered here are simple, undirected, and finite.

2. Preliminary Notes

For referencing, below are the definitions and some properties of the concepts discussed in this
article.

Definition 2.1 (Bow-tie product of graphs). Let G and H be graphs. The vertex set of the
bow-tie product G >< H is the Cartesian product V(G) x V(H); where two vertices (u,v) and
(u',v’) are adjacent in G >< H if and only if either (i) u = »’ and v is adjacent to v’ in H, or (ii) u
is adjacent to »’ in G and v is adjacent to v’ in H.

w
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(a) Path Py (b) Path P35 (c) Po><1Pg (d) P3><1Py

Figure 1. (a) Path Ps, (b) Path Pj3, (¢c) Bow-tie product P >< Pg, and (d) Bow-tie product P3>< Ps

Figure [1| presents the paths Py and P3, and the bow-tie products Po >< P3 and P3>< Ps.
The term “bow-tie" comes from the figure produced by the path Ps multiplied to itself like those
of the standard products of graphs. We can see from the figure that P, >< P35 has an order of 6
and a size of 8.

Further inspection of the graphs in Figure [l reveals that G >< H # H >< G, where the
bow-tie products have different sizes for Py ><1 P3 and P3><Py. Therefore, the bow-tie product
is not commutative.

Consider the graphs A = P2,B = Py, and C = P3. We can see the graphs A ><(B><C) and
(A><B)><C in Figure |2 and Figure 3| respectively, are not the same since they have different
sizes. Therefore, the bow-tie product is not associative.

Communications in Mathematics and Applications, Vol. 14, No. 1, pp. , 2023



Harmonic Centrality and Centralization of the Bow-Tie Product of Graphs: J. M. E. Ortega and R. G. Eballe 407

a b w
o——=O

(a) Graph A x
i
O—C y

(b) Graph B (c) Graph C (d) Graph B><C (e) Graph A< (B>« ()

Figure 2. (a) Graph A, (b) Graph B, (c) Graph C, (d) Graph B><C, and (e) Graph A ><(B><C)
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(b) Graph B (c¢) Graph C (d) Graph A><B (e) Graph (A><B)><C

Figure 3. (a) Graph A, (b) Graph B, (c) Graph C, (d) Graph B><C, and (e) Graph A ><(B><C)

Definition 2.2 ([3]]). Let G = (V(G),E(G)) be a nontrivial graph of order m. If u € V(G), then

the harmonic centrality of u is given by the expression

Ra(w)

m-1’°

where Rg(u) = ; m is the sum of the reciprocals of the shortest distance d(u,x) in G
XFU

Ha(u) =

between vertices u and x for each x € (V(G) \ u), with m =0 in case there is no path from u
tox in G.

Definition 2.3 ([9]]). The harmonic centralization of a graph G of order m is given by

% (J{Gmax(u) - J{G(uz))
Cj{(G) _ i=1

m—2 ’

m
where Hgmax(2) is the largest harmonic centrality among all vertices in G.

G: X1 X2 X3 X4
° o o

xg

X5 X6 x7

Figure 4. Graph G with xg € V(G), where Hg(xg) = 21 and Cy(G) = §

In the graph G given in Figure [4, we have

19 2 5 25 19 10
J_CG(:)C]_)_ Ea j-CG(:)CZ)_ 57 j—CG(-’X:3)— ?7 j—CG(xll)_ E’ }CG(.’)C5)— E’ j’CG(.’)C(;)— i)
10 31
Heg(x7) = o7’ and Hg(xg) = YoR
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Clearly, J{Gmax(x):% from node xg, thus,
ey @) =3G9+ - B+ (o-w)+(E-a) G- 5 _4
e B2 "3 9

Definition 2.4 ([13]]). The nth harmonic number H, is the sum of the reciprocals of the first n
natural numbers, that is H, =} _; % .

3. Main Results

The bow-tie products of special graph families considered in this article are again that of path
Py with path P,, of order m =1, path Py with cycle C,, of order m = 3, path Py with star S,,, of
order m +1,m = 3, path P9 with fan F,, of order m + 1,m = 2, and path Py with wheel W,,, of
order m+1,m=3.

Uz

ui us
uo

o O+ 0 o

Ui U2 U3 Um-1 Um

(a) (b) (0
Figure 5. (a) Path P,,, (b) Cycle C,,, (c) Star S,

Uo

Ui u2 U3 U4
(a) (b)
Figure 6. (a) Fan F,,, (b) Wheel W,,,
Theorem 3.1. The harmonic centrality of any vertex (u;,v;) for the bow-tie product of path P3 of

order 2 and a path graph P,, of order m is given by
4H,, 1+1

2@m-1) fori=1,2and j=1or m,
Hppoarp Wi V)= ag - am, 41 . ‘
— 2@m-1) fori=1,2and 1<j<m.

Proof. Let Py = [uq,us] and P,, = [v1,v9,...,U,,]. Based on the structure of the graph
product (see Figure [7), vertex (ui,v1) is of distance 1,2,...,m —1 to each of the vertices
(u1,v9),(u1,v3),...,(u1,vy), respectively. It is also of distance 1,2,...,m —1 to each of the vertices
(ug,v9),(ug,v3),...,(ug,vy), respectively, while it is of distance 2 to (u9,v1). Since vertices
(u1,v;m),(ug,v1), and (ug,v,,) have the same situation with vertex (u1,v1) as far as distances to
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all other distances are concerned, it follows that for ; =1,2 and j =1, m. So that,
2Hp-1+5 4Hp, 1+1
2m-1 ~ 2@m-1)"
Vertices (u;,v;) where i =1,2 and 1< j <m, on the other hand, are connected to two sets of
vertices for distances of 1,2,...,7—1 and another two sets of vertices with distances of up to

1,2,...,m —j and also connected to one more vertex with a distance of 2. Thus, for i = 1,2 and
Jjef2,3,...,m—1},

Hpyoap,, (Ui vj) =

2H; 1+2Hp j+5 4H; 1 +4H,_j+1
o2m—1 - 22m —1)

Figure (7| presents the skeletal graph of the bow-tie product of path Py with path P,, of
order m.

Hpysap,, (Wi vj) = O

(u1,v1)  (u1,v2) (u1,v3) (W1,Um-1) (W1,Um)

(u2,v1) (u2,v2) (u2’v3)---(u2’vm_1) (u2,vm)

Figure 7. The graph of the bow-tie product Ps ><1P,,

Theorem 3.2. The harmonic centralization for the bow-tie product of path Py of order 2 and a
Path graph P, of order m is given by

Cf}-((P2 ><Pm)
m-1
1 2 . .
m (16Hm7—1 - 8Hm_1+(m—3)(8HmT-1 + 1) - 2J§2(4H]_1 +4Hm_J+1)) 5 Lfm 1S Odd,
m ((Sm - 16)HmT_2 _8Hm—1+m+4_}n_6_2j§2(4Hj—1+4Hm—j+l)) 5 lfm 1S even.

Proof. If m is odd, the maximum harmonic centrality of Po ><P,, is H m1 for vertices (u1,v ms1 )
and (z9,V m+1). From this harmonic centrality values the harmonic centrality of all other vertices
are subtracted and normalized by dividing by m — 1. Thus,

m-1
2
Cy(Py><tPpy) = 16H n1 ~8Hyp-1+(m—3)8Hn1 +1)~2 ) (4H,j 1 +4H - j+1)) .

(m-1)2m-1) ( iz
If m is even, however, the maximum harmonic centrality is H =2 for vertices (ul,v%),
(ug,v%), (uq,v mTJrz) and (ug,vam). The harmonic centrality of all other vertices is subtracted

from this value and normalized by dividing by m — 1. Therefore,

Cy(Po><P,,)
1 16 N
= 8m-16)Hn—2—-8H,,_1+m+4———-2 4H: 1+4H,,_;+1)|. O
(m—l)(Zm—l)(( m—16)H 2 m-1+m - jzz( j-1+4Hp ))
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Theorem 3.3. The harmonic centrality of any vertex (u;,v;) for the bow-tie product of path Pg of
order 2 and a cycle graph C,, of order m is given by
2m+3

j_CP2><1Cm(ui>Uj) = m

Proof. Let Py =[u1,us] and Cp, =[u1,ug,...,um,u1l. Each vertex in Py ><C,, (see Figure[8) is
adjacent to four vertices and have a distance of 2 to 2m — 5 other vertices, so that
41)+2%2 9m 43

2m-1  2@m-1)°

Hpyoac,, (i, vj) =

(ug,v1)

(ul,vm)

——

W1, om-1) (w1,03)

Figure 8. The graph of the bow-tie product Ps><1C),

Theorem 3.4. The harmonic centralization for the bow-tie product of path Py of order 2 and a
cycle graph C,, of order m is zero.

Proof. Since the harmonic centrality of the vertices in the bow-tie product of path Py and cycle
graph C,, have the same values, the harmonic centralization of Py ><C,, therefore equates to
Zero. -

Theorem 3.5. The harmonic centrality of any vertex (u;,v;) for the bow-tie product of path Ps of
order 2 and a star graph S,, of order m + 1 is given by

4m+1 f . .
s, fori=1,2and j=0,
Hpyoas,, (Wi v;) = { 2o

22m+1)’ fori=1,2and 1<j<m.

Proof. Let Py =[u1,us]and S,, =[vg,v1,v9,...,U,]. Based on the structure of the graph product
Py><S,, (see Figure[9), vertex (u1,v¢) is adjacent to 2m vertices and have a distance of 2 to one
other vertex. The same situation is exhibited by (ug,v() in terms of distances to other vertices
is concerned, it follows for u =1,2 and j =0
2m()+1(3)  4m+1

2m+1  2@2m+1)’

On the other hand, vertices (u;,v;), where i = 1,2 and j = 1,2,...m are adjacent to two
vertices and have a distance of 2 to 2m — 1 vertices, thus
20+@m-13  2m+3

2m +1 - 22m+1)

Hpysas,, (Wi vj) =

Hpopas,, (Wi, v5) =
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(u1,v2) (ug,v2)

(u1,v1) o (ug,v3)

(u1,vm) (u1,v4) (u2,vm) (ug,v4)

Figure 9. The graph of the bow-tie product P2 >< S,

Theorem 3.6. The harmonic centralization for the bow-tie product of path Pg of order 2 and
star graph S,, of order m + 1 is given by

2m —2

2m+1°

Cy(P2><1Sp) =

Proof. For Po1><S,,, vertices (u1,v9) and (ug,v9) have the maximum harmonic centrality of
4m+1

@MD" From this value, 2m vertices with harmonic centralities of % is subtracted and
normalized by dividing by m. Thus
2m(dm+1-2m+3)) 2m-2

CoPe>aSm)=—— o omtl) 2mil

O]

Theorem 3.7. The harmonic centrality of any vertex (u;,v;) for the bow-tie product of path Pg of
order 2 and a fan graph Fy, of order m +1 is given by

dmtl - fori=1,2and j=0,

22m+1)°
Hpyoar,, (Ui, vj) = 2’?,;21 , fori=1,2and j=1,m,
2m+5 . .
2(2';’;1), fori=1,2and 1<j<m.

Proof. Let Py =[u1,usl and F,, = [vg,v1,02,...,Um]. Po><F,, (see Figure has an order of
2m + 2 where vertex (11, jo) is adjacent to 2m vertices and have a distance of 2 to one vertex.
The same is true for vertex (ue,jg), thus, for i =1,2 and j =0,

2m+5  4m+1
2m+1 2@2m+1)’
Vertex (u1,j1), on the other hand is adjacent to three vertices and have a distance of 2 to

2m — 2 other vertices. The same is true for vertices (us,j1),(u2,/jm) and (us2,j,), so that for
i=1,2and j=1,m,

Hpypar, (Ui, vj) =

3+2m-2)F m+2
om+1  2m+1
As for all other vertices, they are adjacent to four vertices and have a distance of 2 to 2m —3

other vertices, therefore, for i =1,2 and 1 <j<m,

4+2m-3);  2m+5
2m+1  2@2m+1)

Hpypar, (ui,v) =

Hpypar, (Ui, vj) =
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(u2,v0) |

(u1,v1) (u1,v2) (w1,0m)

Figure 10. The graph of the bow-tie product Py ><F,,

Theorem 3.8. The harmonic centralization for the bow-tie product of path Py of order 2 and fan
graph F,, of order m + 1 is given by
2(m — 1)

P F,)=—.
Cy((Py>< ) m@2m+1)

Proof. The maximum harmonic centrality for Py ><F), is 24m+1 from which 4 vertices with

(2m+1)

harmonic centrality values of 2’:‘,;21 and 2m — 4 vertices with harmonic centrality of 2(22",2151) is
deducted and normalized by dividing by m, therefore
2m@dm +1)—8(m +2)—(2m —4)2m +5)  2(m —1)?
Cae(Pyo<iFy) = m@dm+1)-8(m+2)-(2m-4)2m+5) 2(m-1) .

2m(2m + 1) T m@2m+1)

Theorem 3.9. The harmonic centrality of any vertex (u;,v;) for the bow-tie product of path Py of
order 2 and a wheel graph W,, of order m + 1 is given by

somtls, fori=1,2and j=0,
Hpyoaw,, (uiv)) = { gy

semipe fori=1l2and 1<j<=m.

Proof. Let Py =[u1,us] and W, =[vg,v1,v9,...,Uy]l. The resulting graph product of Py ><W,,
is of order 2m + 2 (see Figure [11).

(u1,v2)

(u1,v1)

(w1,0m) (u1,v4)

Figure 11. The graph of the bow-tie product Py ><1 W,
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Based on its structure, vertex (u1,jo) is adjacent to 2m vertices and have a distance of 2 to one

vertex. The same can be said about vertex (ug,jg), so for i =1,2 and j =0,

2m+g _ 4m+1

2m+1 2@2m+1)’
As for vertex (u1,v1), it is adjacent to six vertices and have a distance of 2 to 2m — 5 vertices.
The same is exhibited by other vertices (u;,v;) where i =1,2 and 1< j <m, thus,

Hpooaw,, (i, v;) =

6+i2m-5) 2m+7

K )= = . L]
Py (i,0;) om +1 22m+1)

Theorem 3.10. The harmonic centralization for the bow-tie product of path Ps of order 2 and
wheel graph W,, of order m + 1 is given by

2m -6
Cy(Pa><W,y,) = .
ﬂ{( 2 m) om+ 1
Proof. The maximum harmonic centrality of Po><W,, is % from which 2m vertices with
harmonic centrality of 2(22’”“171) is deducted and normalized by dividing by m, thus
2m(dm+1-2m-7) 2m-—6
Cy(Po><Wy,) = = . O
(P2 >< W) 2m(2m + 1) om +1

4. Conclusion

We introduced a newly named binary operation on graphs called the bow-tie product. Some
properties as well as some results on both harmonic centrality and harmonic centralization of
the bow-tie product of the path Py with any of the path P,,, cycle C,,, star S,,, fan F,,, and
wheel W, were also presented. For further studies, results can be derived for other families of
graphs using the bow-tie product on graphs.
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