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Abstract. Interconnection Networks are a boon to human made large computing systems which are
often designed based on the need. In this paper, we address the question of obtaining an interconnection
network to suit a specific need which is a cumbersome procedure. The methods for constructing
infinitely large interconnection networks from any simple, undirected graph G is illustrated and
their properties are discussed. Further, we study the behaviour of certain vertex-degree based graph
invariants of the constructed networks under the transformations by means of graph operation and
obtain explicit relations for energy and some degree-based topological indices. Also, we show that they
can be computed in polynomial time for these constructed networks. By doing so, we also obtain new
methods of constructing infinite families of integral graphs.
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1. Introduction
Due to the steady increase of computation power being driven with the rapid advancement of
technology, very large scale multi-processor systems which exploit parallelism have been put to
practical use which employ interconnection networks for their inter-processor communication.
Such interconnection networks can be modelled by a graph when the nodes are represented as
the set of vertices and the links connecting them constitute the set of edges (Cheng et al. [7]).
Feng [13] affirm the fact that concurrent processing depends on interconnection networks
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for communication among processors and memory modules. Interconnection networks are
also essential when large quantums of data cannot be handled on a single processor. In such
instances, the entire task can be split up into small-scale processes which can be performed
simultaneously.

The architecture designed for such purposes often utilizes conventional topologies which are
mostly structured, connected and have a fixed way of extending to higher dimensions (Jurczyk
et al. [22]). But in reality, there is a dire need for unconventional, sometimes disconnected large
networks which should satisfy the critical necessities of the real time network like increased
fault tolerance, reduced transmission delay, etc. and at the same time continue to carry forward
the properties of the original graph in the rapidly expanding and changing dynamic network
(Ghasempour et al. [14], Fan et al. [34], and Zhu et al. [54]). This brings in the need of structured
interconnection networks which can be derived from the previous dimension by a standardized
procedure. The procedures can vary from merely adding edges to compositions which specify few
constraints on them. Several such methods for constructing networks by extending the graphs
chosen with desired properties have been discussed in (Indulal and Vijaykumar [20], Vaidya
and Potal [45,46]. It is always interesting to study the behaviour of certain invariants when the
graphs undergo tranformation by means of a graph operation.

Graph energy was first formally put forward as a mathematical definition in 1978, whose
chemical roots traces back to 1940s. After this, for about 20 years, graph energy was a dormant
area of research and later it flourished into an enormous field of investigation attracting the
interest of large number of researchers. Today, a number of variants of this mathematical
quantity are confronted in apparently distinct areas such as analysis, probability, matrix theory,
etc. (Li et al. [27], and Mihalić et al. [35]). Apart from the chemical significance of spectral
graph theory, it also finds application in various other fields. Though finding the exact value
of energy for large families of graphs is an extremely cumbersome task, it undoubtedly has
a lot of advantages. Several bounds have been obtained for the energy of various classes of
graphs. To know more about these, one may refer to (Li et al. [27], and Liu et al. [31]). Rarely,
exact formulae of energy have been established for certain family of graphs (Chen and Xie [6],
Louis [32], Suntornpoch and Meemark [40], and Surya and Subbulakshmi [41]). Likewise, other
spectral properties such as the largest eigenvalue have also been studied for various families
of graphs and several bounds have been obtained (Li and Feng [25], and Lovász and Pelikán
[33]). These help us in studying some more intricate properties about the spectrum and energy,
namely equienergetic graphs, integral graphs and cospectral graphs, construction of new classes
of graphs and propose several methods for the same (Le et al. [26]).

The concept of integral graphs was introduced by Harary and Schwenk in 1974 [17].
Characterization of integral graphs seems to be very difficult (Adiga et al. [1]). Hence,
construction of new classes of integral graphs becomes interesting. Further advancements
on this topic can be found in (Adiga et al. [1], and Balinska et al. [4]).

Topological Indices is yet another research topic which has originated from chemistry. They
are graph invariants that characterise their topological structure. The motivation of works in
this area comes from the wide applications and the vast expanse of works done in this topic
(Dehmer [9]).
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In this paper, we enumerate different methods for construction of interconnection networks
which can also be visualized as a graph undergoing a transformation under a certain graph
operation. This enables us to derive exact analytical expressions for energy, spectral radius,
least eigenvalue and some degree based topological indices namely, first Zagreb index, first
modified Zagreb index, simple topological index and total adjacency index for the constructed
interconnection networks in terms of these parameters of the underlying graph. The obtained
polynomial time computable expressions have been verified using MATLAB1. As a consequence,
we also construct six new infinite classes of integral graphs. In addition, the computed spectral
parameters and the degree based topological indices of the various interconnection networks
constructed are compared both numerically and graphically.

2. Motivation
Interconnection networks have become an integral part in many cutting edge technologies
such as High-Performance Computing (HPC) platforms (Yasudo et al. [51]), 3D-TTN which is
a power efficient cost effective high performance hierarchical interconnection network for the
next generation green supercomputer (Faisal et al. [11]), DPillar network which can accomodate
millions of servers for a future data center (Liao et al. [29]), in packet-switched networks of large
systems with many nodes (Lüdtke and Tutsch [23]) and in various other applications that help
in realizing computers clocked at several GHz (Jain [21]). These applications cover a wide range
of different scientific applications, including weather forecasts, physical simulations, molecular
modeling, nuclear research, quantum mechanics, and artificial intelligence (Zahn [52]).

The usefulness of the concept of graph energy can be observed in the context of large, complex
networks. It has been shown that when graph energies are applied to local egocentric networks
and some generative network models, the values of these energies correlate strongly with vertex
centrality measures, particularly with the betweenness and the eigencentrality of vertices. As
the exact computation of these centrality measures is expensive and requires global processing
of a network, this result establishes a significant success in the field of network science [36].

The growth rate of a transportation network respresented by a dichotomous matrix can
be described by its spectral radius (Ulanowicz [43]). The spectral radius of the channel graph
have been known to bound the channel capacity (Cohn [8]). Further, the maximum entropy of
a unifilar Markov information source can be expressed in terms of the largest eigenvalue
of its connection matrix (Immink [19]). The least eigenvalue provides information about
independence number and chromatic number of the graph and interlacing gives information
about its substructures (Fan et al. [12], and Tan and Fan [42]).

Topological indices have been found propitious in various instances, to mention a few, to
quantify the pattern of interactions of trophic processes (Ulanowicz [44]), to gauge the structural
properties of networks which are very beneficial connecting experimental data with a functional
interpretation in biological terms (Emmert-Streib and Dehmer [10]), in characterizing networks
based on an information theoretic approach (Wilhelm [49]) and as correlation measures to
characterize the structure of complex networks (Solé and Valverde [39]).

1The Matlab Team, MATLAB, The Mathworks, Inc., Natick, Massachusetts, Version 9.3.0.713579 (R2017b)
(2017).
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3. Preliminaries
Definition 1 ([5]). The spectrum of a graph is the list of eigenvalues of the adjacency matrix

together with its multiplicities. We write Spec(G)=
(
λ1 λ2 . . . λp
m1 m2 . . . mp

)
, where λ1,λ2, . . . ,λp are

the eigenvalues and mi is the multiplicity of λi , 1≤ i ≤ p.

Definition 2 ([15]). The energy of a graph is defined as the sum of the absolute values of the
eigenvalues of its adjacency matrix. i.e., if A is a n×n matrix with n eigenvalues λ1,λ2, . . . ,λn,
then

E(G)=
n∑

i=1
|λi| .

Definition 3 ([12,47]). If the eigenvalues of the adjacency matrix of a graph G are written in a
nonincreasing manner, i.e., λ1 ≥λ2 ≥ . . .≥λn, then λ1 is referred to as the spectral radius or
(index) and λn is the least eigenvalue of G.

Definition 4 ([30]). A graph whose spectrum consists entirely of integers is called an integral
graph.

Definition 5 ([48]). The Kronecker product of A = [ai j] ∈ Mm,n(R) and B = [bi j] ∈ Mp,q(R) is
denoted by A⊗B and is defined to be the block matrix

A⊗B =

 a11B . . . a1nB
... . . . ...

am1B . . . amnB

 ∈ Mmp,nq(R) .

Definition 6 ([53]). The first Zagreb index Z1 is equal to the sum of the squares of the degrees
of the vertices of the underlying graph.

Definition 7 ([16]). For a simple connected graph G(V ,E),
∑

v∈V (G)

1
(d(v))2 is called the first

modified Zagreb index, denoted by MZ1.

Definition 8 ([38]). The simple topological index PG for a graph G is defined as the product of
the order d(G,k)’s, where d(G,k) is the number of edges which radiate from the kth vertex.

Definition 9 ([3]). The total adjacency index is the sum A′ of all matrix elements in the upper

triangular adjacency matrix, i.e., A′ =
N∑

i, j=1,i≤ j
ai j .

Theorem 1 ([18]). Let A and B be square matrices of order m and n respectively with real
entries. If λ is an eigenvalue of A with corresponding eigenvector x and if µ is an eigenvalue
of B with corresponding eigenvector y, then λµ is an eigenvalue of A⊗B with corresponding
eigenvector x⊗ y.

4. Construction of Interconnection Networks via Adjacencies
Let G be a graph with vertex set V = {ui}, 1≤ i ≤ n and N(ui) denote the set of vertices which
are adjacent to ui . In this section, we construct the following new interconnection networks via
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their adjacencies.

Construction 1. The k-layer enveloping graph LEk(G), k ≥ 3 of G is obtained by taking the
union of G with (k−1) duplicated copies of G, denoted by G j , 1 ≤ j ≤ k−1 with V (G j) = {ui j}
and such that

(i) ui(k−1) is adjacent to N(ui),
(ii) ui(k−l−1) is adjacent to N(uil), where 1≤ l ≤ ⌊ k

2

⌋
.

See Figure 1.
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Figure 1. (a) C4, (b) LE4(C4)

Construction 2. The k-replica cleaving graph RCk(G), k ≥ 3 of any graph G is obtained by
taking the union of G with (k−1) replicated copies of G and each vertex in these replicated
copies is adjacent to all the neighbours of the corresponding vertex in the given graph.

Construction 3. The k-spin cleaving graph SCk(G), k ≥ 3 for any graph can be obtained by
adding to each vertex of G, new k−1 vertices ui1,ui2, . . . ,ui(k−1) such that

(i) ui(k−1) is adjacent to the neighbours of ui ,
(ii) ui(k−l−1) is adjacent to the neighbours of uil , where 1≤ l ≤ ⌊ k

2

⌋
.

Construction 4. The k-penultimate cleaving graph PCk(G), k ≥ 3 of G is obtained by adding
to each vertex ui of G, new k−2 vertices ui1 ,ui2 , . . . ,uik−2 such that

(i) ui1 ,ui2 , . . . ,uik−2 is adjacent to the neighbours of ui ,
(ii) take the union of the above resultant graph with G.

Construction 5. The k-penultimate enveloping graph PEk(G),k ≥ 3 for any graph G is
constructed by taking k−2 copies G1,G2, . . .Gk−2 of the graph such that,

(i) every vertex in G i is adjacent to the neighbours of the corresponding vertex in G j , 1≤ i,
j ≤ k−2,

(ii) take the union of the resultant graph with G.

Construction 6. The k-semi eveloping graph SEk(G) of G can be constructed by taking ⌊ k−1
2 ⌋

copies of G and
⌈ k−1

2

⌉
copies of each vertex of G such that

(i) each vertex in the replicated copies of graph is adjacent to all the neighbours of the
corresponding vertex in the given graph and each nth replicated copy is adjacent to all the
neighbours of the corresponding vertices in the 1st to (n−1)th copy for 1≤ n ≤ ⌊ k−1

2

⌋
,
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(ii) each vertex in the replicated copies of the vertices are made adjacent to all the neighbours
of the corresponding vertex in the given graph and each vertex in the mth copy of the
vertex taken should be made adjacent to the neighbours of the corresponding vertices of
the 1st to

(⌈ k−1
2

⌉−k
)
th copy of the vertex.

Here, we take k ≥ 3.

Construction 7. The k-inceptive enveloping graph, IEk(G), k ≥ 3 of G can be constructed
by taking one copy of the given graph and k−2 copies of its vertices. Further, all the newly
added vertices of the copied graph and the copy of the vertices should be made adjacent to the
neighbours of the corresponding vertices of the given graph and its copy.

Construction 8. The k-vertex enveloping graph, denoted by V Ek(G), k ≥ 3 for any graph G is
obtained by attaching k−1 copies of each vertex of G and then joining every copy of the vertex
to all the neighbours of the corresponding vertex in all the copies.

Construction 9. The k-edge depleted enveloping graph of G, DEk(G), k ≥ 3 can be constructed
by taking k−2 copies of the given graph and one copy of each vertex. To complete the construction,
we shall make the vertices in the replicated copies adjacent to all the neighbours of the
corresponding vertex in all the copies and the copy of the vertex.

Construction 10. The k-terminal over enveloping graph, TEk(G), k ≥ 3 of any graph G is
obtained by adding k−1 copies of the graph and making each of the vertices in these copies
adjacent to the neighbours of the corresponding vertex in all the copies except the vertices of
(k−2)th copy which is adjacent to the neighbours of the (k−1)th copy.

Construction 11. The k-circumscribed enveloping graph of G, CEk(G), k ≥ 3 is obtained by
attaching k−2 copies of vertices of the given graph and it’s copy once. After which, all the
attached vertices are made adjacent to the corresponding neighbours of all the vertices in the
newly attached copy of the graph and the copy of the vertices.

5. Realization as Interconnection Networks
This section delibrates the properties of the interconnection networks defined in Section 4 by
means of graph operations. We observe that all the graphs constructed by the aforemention
methods possess k|V (G)| vertices and attain the status of an interconnection network due to
the following reasons as stated in [50].

(1) Fixed number of interfaces: For an efficient interconnection network, fixed degree of its
vertices is desirable. In all the constructed interconnection networks, the degree of all the
vertices can be uniquely determined with the information about the degree of the vertices
in the graph which is used to generate it. Through this, the achieved fixed degree of the
vertices of all the interconnection networks constructed can also be maximized to any
extent based on the dimension of the chosen extension, which is definitely a favourable
feature for its successful implementation.

(2) Minimized Transmission Delay: The time taken for an information to be transmitted
corresponds to the small diameter of the underlying interconnection network. Also, it is
well known that the density of any graph is inversely proportional to that of its diameter
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and density is the average number of links per node [2, 24]. Hence, interconnection
networks with large density are preferred for practical purposes. The density of the
interconnection networks defined above are recorded in terms of the density d(G) of the
underlying graph G in Table 1.

Table 1. Density of the constructed interconnection networks

Operations Density

Layer Enveloping
(
2− 1

k
)
d(G)

Replica Cleaving
(
3− 2

k
)
d(G)

Spin Cleaving
(
1+ 1

k
)
d(G)

Penultimate Cleaving 2
(
1− 1

k
)
d(G)

Penultimate Enveloping
(
k−2+ 2

k
)
d(G)

Semi Enveloping
(

k+1
2

)
d(G)

Inceptive Enveloping 4
(
1− 1

k
)
d(G)

Vertex Enveloping
(
k−1+ 1

k
)
d(G)

Edge Depleted Enveloping
(
k− 1

k
)
d(G)

Terminal Over Enveloping
(
k− 2

k
)
d(G)

Circumscribed Enveloping
(
k−1+ 2

k
)
d(G)

Figure 2. Density of the constructed Interconnection Networks

As we see, most of the networks are of high density which increases with increase in k. In
some cases, to achieve a reasonable density, a smaller k should be designated. Figure 2
shows the plot with the ratio of the density of the interconnection network to the density
of the underlying graph plotted against its dimension.

(3) Maximum Fault Tolerance: Maximizing fault tolerance in an interconnection network is
usually correlated with maximizing its edge connectivity. All the defined operations except,
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layer enveloping, spin cleaving, penultimate cleaving and penultimate enveloping generate
connected networks when the underlying graph G is connected. The edge connectivity
of the constructed interconnection networks are tabulated with reference to the edge
connectivity, κ′(G) of their underlying connected graphs G in Table 2.

Table 2. Edge Connectivity of the constructed interconnection networks

Operations Edge Connectivity

Replica Cleaving 2deg(v)

Semi Enveloping deg(v)

Inceptive Enveloping 2deg(v)

Vertex Enveloping (k−1)deg(v)

Edge Depleted Enveloping (k−1)deg(v)

Terminal Over Enveloping (k−1)deg(v)

Circumscribed Enveloping (k−1)deg(v)

Figure 3. Edge Connectivity of the constructed Interconnection Networks

It is evident that the edge connectivity of the constructed networks depend on the vertex
v of G with the smallest degree, denoted by deg(v). Also, it is convincing that as the
network becomes larger and larger with increase in k, both the factors deg(v) and k−1
increase which widens the scope of attaining interconnection networks with maximum
edge connectivity. It is worth noting that disconnected graphs can also be constructed
with the operations tabulated in Table 3 if the underlying graph G taken is disconnected.
In this case, the number of components in the obtained interconnection network will be
equal to that of the underlying graph G. A plot with the ratio of the edge connectivity of
constructed interconnection networks to the edge connectivity of the underlying graph
plotted against its dimension is displayed in Figure 3.
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(4) Scope of Easy Routing Algorithms: The construction of interconnection networks that
are proposed here enhances the number of vertices and their degree via adjacency
relationships which offer a wide range of possibilities for the application of routing
algorithms to suit various needs.

(5) Enhanced Embeddability: We can easily see that many existing well known
interconnection networks can be viewed as a subgraph of the interconnection networks
that can be constructed from our methodology. For example, the popular hypercube Q3

forms a subgraph of LS2(C4) and SSk(P2) forms the well-known book graph. The extensive
applications of hypercube networks and their variants can be found in [28]. Further, when
G is a connected graph, one can easily see that

(i) RCk(G) can be embedded in TEk(G),
(ii) SEk(G) can be embedded in DEk(G) and TEk(G),

(iii) IEk(G) can be embedded in DEk(G) and TEk(G),
(iv) V Ek(G) can be embedded in DEk(G) and CSk(G).

These extensive embeddability options in the constructed interconnection networks allows
us to apply the algorithms designed for one to another which enables their economical
implementation.

(6) Symmetry: It is easy to see that all the constructed interconnection networks are
symmetric about the horizontal axis that pass through the middle. Further, even in
the disconnected interconnection networks, we can see that they can be viewed as the
union of similar subgraphs. This feature enables us to employ specific algorithms to the
identical subgraphs which reduces the cost and toiling involved in designing for the entire
interconnection network.

(7) Infinite Extendability: All the interconnection networks defined in the above section
presents assured infinite extendability of any graph chosen as the existence of infinite
number of natural numbers is guaranteed.

(8) Efficient Layout of VLSI Circuits: An efficient layout is marked by the maximum number
of layers it has, the size of each of its layers and so on. The interconnection networks
which can be constructed using our methodology satisfy most of these requisite properties.

Apart from these properties, it is also worthy to note that composition of two or more
of the operations may result in another graph operation. Though there are contradictions
between the desirable properties, most of the proposed interconnection networks can render
useful applications in many fields of science and technology which can be chosen based on the
need [37].

6. Spectral Parameters of the Constructed Networks
In this section, we describe the adjacency matrices of all the networks that can be generated
through the operations we have defined. As a consequence, we also tabulate the eigenvalues,
energy, largest eigenvalue and the least eigenvalue of all the networks obtained through the
defined operations.

Communications in Mathematics and Applications, Vol. 14, No. 1, pp. 349–373, 2023



358 Interconnection Networks via Adjacencies and Their Vertex-Degree. . . : S. S. Surya and P. Subbulakshmi

Theorem 2. Let G be any graph on n vertices whose adjacency matrix is A. If λ1,λ2, . . . ,λn are
the eigenvalues of G, then the energy of the graphs defined above are obtained as in Table 3,
where E and k denote the energy of the graph G and dimension of the constructed network
respectively.

Table 3. Energy of the constructed interconnection networks

Constructed Networks Energy

Layer Enveloping kE

Replica Cleaving (k−2+2
p

k−1)E

Spin Cleaving (k−2+p
5)E

Penultimate Cleaving (1+p
4k−7)E

Penultimate Enveloping kE

Semi Enveloping kE

Inceptive Enveloping (2
p

2k−3)E

Vertex Enveloping (k−2+
p

k2 −2k+5)E

Edge Depleted Enveloping (
p

k2 +2k−3)E

Terminal Over Enveloping (1+
p

k2 +2k−7)E

Circumscribed Enveloping (k−3+
p

k2 −2k+9)E

Proof. The adjacency matrices of the constructed networks can be realized as in Table 4 and
their spectrum can be obtained as a consequence of Theorem 1. Then, the last column of Table 4
establishes the result.

Table 4. Adjacency matrix and Spectrum of the constructed interconnection networks

Operations Adjacency Matrix Spectrum

Layer
Enveloping



A 0 0 . . . 0 A
0 A 0 . . . A 0
0 0 A . . . 0 0
...

...
...

. . .
...

...
0 A 0 . . . A 0
A 0 0 . . . 0 A



 0 λi 2λi

n( k−1
2 ) 1 ( k−1

2 )

 , if k is odd

 0 2λi

nk
2

k
2

 , if k is even

Replica
Cleaving



A A A . . . A A
A A 0 . . . 0 0
A 0 A . . . 0 0
...

...
...

. . .
...

...
A 0 0 . . . A 0
A 0 0 . . . 0 A



 λi (1+p
k−1)λi (1−p

k−1)λi

k−2 1 1



Table Contd.
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Spin
Cleaving



A 0 0 . . . 0 A
0 0 0 . . . A 0
0 0 0 . . . 0 0
...

...
...

...
...

0 A 0 . . . 0 0
A 0 0 . . . 0 0



 λi −λi
1+p5

2 λi
1−p5

2 λi

( k−1
2 ) ( k−3

2 ) 1 1

 , if k is odd

 λi −λi
1+p5

2 λi
1−p5

2 λi

( k
2 −1) ( k

2 −1) 1 1

 , if k is even

Penultimate
Cleaving



A A A . . . A 0
A 0 0 . . . 0 0
A 0 0 . . . 0 0
...

...
...

. . .
...

...
A 0 0 . . . 0 0
0 0 0 . . . 0 A


 0 λi (1+p4k−7

2 )λi (1−p4k−7
2 )λi

n(k−3) 1 1 1



Penultimate
Enveloping



A A A . . . A 0
A A A . . . A 0
A A A . . . A 0
...

...
...

. . .
...

...
A A A . . . A 0
0 0 0 . . . 0 A


 0 λi (k−1)λi

n(k−2) 1 1



Semi
Enveloping



A A A . . . A A
A A A . . . A 0
A A A . . . 0 0
...

...
. . .

...
...

A A 0 . . . 0 0
A 0 0 . . . 0 0


 λi

k



Inceptive
Enveloping



A A A . . . A A
A A A . . . A A
A A 0 . . . 0 0
...

...
. . .

...
...

A A 0 . . . 0 0
A A 0 . . . 0 0


 0 (1−p

2k−3)λi (1+p
2k−3)λi

n(k−2) 1 1



Vertex
Enveloping



A A A . . . A A
A 0 A . . . A A
A A 0 . . . A A
...

...
. . .

...
...

A A A . . . 0 A
A A A . . . A 0


 −λi ( (k−1)+

p
k2−2k+5
2 )λi ( (k−1)−

p
k2−2k+5
2 )λi

(k−2) 1 1



Table Contd.
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Edge
Depleted

Enveloping



A A A . . . A A
A A A . . . A A
A A A . . . A A
...

...
. . .

...
...

A A A . . . A A
A A A . . . A 0


 0 ( (k−1)+

p
k2+2k−3
2 )λi ( (k−1)−

p
k2+2k−3
2 )λi

n(k−2) 1 1



Terminal
Over

Enveloping



A A A . . . A A
A A A . . . A A
A A A . . . A A
...

...
. . .

...
...

A A A . . . A 0
A A A . . . 0 A


 0 λi ( (k−1)+

p
k2+2k−7
2 )λi ( (k−1)−

p
k2+2k−7
2 )λi

n(k−3) 1 1 1



Circumscribed
Enveloping



A A A . . . A A
A 0 A . . . A A
A A 0 . . . A A
...

...
. . .

...
...

A A A . . . 0 A
A A A . . . A A


 0 −λi ( (k−1)+

p
k2−2k+9
2 )λi ( (k−1)−

p
k2−2k+9
2 )λi

n (k−3) 1 1



Corollary 1. If λ1,λ2, . . . ,λn are the eigenvalues of G written in a nonincreasing manner, then
the spectral radius and the least eigenvalue of the constructed networks are obtained as in
Table 5.

Table 5. Spectral Radius and Least Eigenvalue of the constructed networks

Operations Spectral Radius Least Eigenvalue

Layer Enveloping 2λ1(G) 2λn(G)

Replica Cleaving (1+p
k−1)λ1 if |λ1| > |λn|

(1−p
k−1)λn if |λn| > |λ1|

(1+p
k−1)λn if |λn| > |λ1|

(1−p
k−1)λ1 if |λ1| > |λn|

Spin Cleaving (1+p5
2 )λ1 if |λ1| > |λn|
−λn if |λn| > |λ1|

(1+p5
2 )λn if |λn| > |λ1|
−λ1 if |λ1| > |λn|

Penultimate Cleaving (1+p4k−7
2 )λ1 if |λ1| > |λn|

(1−p4k−7
2 )λn if |λn| > |λ1|

(1+p4k−7
2 )λn if |λn| > |λ1|

(1−p4k−7
2 )λ1 if |λ1| > |λn|

Penultimate
Enveloping

(k−1)λ1(G) (k−1)λn(G)

Semi Enveloping λ1(G) λn(G)

Table Contd.
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Operations Spectral Radius Least Eigenvalue

Inceptive Enveloping (1+p
2k−3)λ1 if |λ1| > |λn|

(1−p
2k−3)λn if |λn| > |λ1|

(1+p
2k−3)λn if |λn| > |λ1|

(1−p
2k−3)λ1 if |λ1| > |λn|

Vertex Enveloping
(k−1+

p
k2−2k+5)
2 λ1 if |λ1| > |λn|
−λn if |λn| > |λ1|

(k−1+
p

k2−2k+5)
2 λn if |λn| > |λ1|
−λ1 if |λ1| > |λn|

Edge Depleted
Enveloping

(k−1+
p

k2+2k−3)
2 λ1 if |λ1| > |λn|

(k−1−
p

k2+2k−3)
2 λn if |λn| > |λ1|

(k−1+
p

k2+2k−3)
2 λn if |λn| > |λ1|

(k−1−
p

k2+2k−3)
2 λ1 if |λ1| > |λn|

Terminal Over
Enveloping

(k−1+
p

k2+2k−7)
2 λ1 if |λ1| > |λn|

(k−1−
p

k2+2k−7)
2 λn if |λn| > |λ1|

(k−1+
p

k2+2k−7)
2 λn if |λn| > |λ1|

(k−1−
p

k2+2k−7)
2 λ1 if |λ1| > |λn|

Circumscribed
Enveloping

(k−1+
p

k2−2k+9)
2 λ1 if |λ1| > |λn|
−λn if |λn| > |λ1|

(k−1+
p

k2−2k+9)
2 λn if |λn| > |λ1|
−λ1 if |λ1| > |λn|

Proof. Proof follows from column 3 of Table 4.

Corollary 2. The k-layer enveloping graph of any integral graph is integral.

Corollary 3. The k-replica cleaving graph of any integral graph is integral if and only if
k = m2 +1, where m is any integer.

Corollary 4. The k-penultimate cleaving graph of any integral graph is integral if and only if
k = (2m−1)2+7

4 , where m is any integer.

Corollary 5. The k-penultimate enveloping graph of any integral graph is integral.

Corollary 6. The k-semi enveloping graph of any integral graph is integral.

Corollary 7. The k-inceptive enveloping graph of any integral graph is integral if and only if
k = m2+3

2 , where m is any integer.

7. Degree-Based Topological Indices of the Interconnection Networks
This section comprises some findings about four degree-based topological indices of the connected
interconnection networks which have been defined.

Theorem 3. The interconnection network RCk(G) embodies the following degree-based
topological indices, when G is connected.

(i) Z1(RCk(G))= (k2 +4k−4)Z1(G),

(ii) MZ1(RCk(G))= ( k
4 − 1

4 + 1
k2 )MZ1(G),

(iii) PRCk(G) = (k|V (G)|2(k−1)|V (G)|)(PG)k,

(iv) A′(RCk(G))= (4k−2)A′(G).
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Proof.

(i) Z1(RCk(G))= ∑
v∈G

[kdv]2 + ∑
v∈ all (k−1) copies of G

[2dv]2

= k2 ∑
v∈G

[dv]2 +4
∑

v∈ all (k−1) copies of G
[dv]2

= (k2 +4(k−1))
∑

v∈V (G)
[dv]2

= (k2 +4k−4)Z1(G),

(ii) MZ1(RCk(G))= ∑
v∈G

1
[kdv]2 + ∑

v∈ all (k−1) copies of G

1
[2dv]2

= 1
k2

∑
v∈G

1
[dv]2 + 1

4

∑
v∈ all (k−1) copies of G

1
[dv]2

=
(

1
k2 + k−1

4

) ∑
v∈V (G)

1
[dv]2

=
(

k
4
− 1

4
+ 1

k2

)
MZ1(G),

(iii) PRCk(G) = kdv1 ×kdv2 × . . .×kdvn ×2dv1i ×2dv2i × . . .×2dvni

= k|V (G)|PG ×2(k−1)|V (G)|(PG)k−1

= [k|V (G)|2(k−1)|V (G)|](PG)k,

(iii) A′(RCk(G))= [k+ (k−1)]2A′(G)= (4k−2)A′(G).

Along similar lines, we can prove the following results.

Theorem 4. The degree-based topological indices of the interconnection network SEk(G) can be
expressed as follows when G is connected.

(i) Z1(SEk(G))= ( (2k3+3k2+k)
6 )Z1(G),

(ii) MZ1(SEk(G))= ( 1
12 + 1

22 + . . .+ 1
k2 )MZ1(G),

(iii) PSEk(G) = (k!|V (G)|)(PG)k,

(iv) A′(SEk(G))=
{

2(⌈ k
2 ⌉)2A′(G) if k is odd,

k( k
2 +1)A′(G) if k is even.

Theorem 5. For the interconnection network IEk(G), the degree-based topological indices are
obtained in the following way when G is connected.

(i) Z1(IEk(G))= (2k2 +4k−8)Z1(G),

(ii) MZ1(IEk(G))= ( k
4 − 1

2 + 2
k2 )MZ1(G),

(iii) PIEk(G) = (k2|V (G)|2(k−2)|V (G)|)(PG)k,

(iv) A′(IEk(G))= (4k−2)A′(G).

Theorem 6. When G is a connected graph, the constructed interconnection network V Ek(G) has
the following degree-based topological indices.

(i) Z1(V Ek(G))= (k3 −2k2 +3k−1)Z1(G),
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(ii) MZ1(V Ek(G))= ( k2+k−1
k3−k2 )MZ1(G),

(iii) PV Ek(G) = (k|V (G)|(k−1)(k−1)|V (G)|)(PG)k,

(iv) A′(V Ek(G))= (k2 −k+2)A′(G).

Theorem 7. The interconnection network DEk(G) procures the following degree-based
topological indices, when G is connected.

(i) Z1(DEk(G))= (k3 −2k+1)Z1(G),

(ii) MZ1(DEk(G))= ( k3−3k2+3k−1
k4−2k3+k2 )MZ1(G),

(iii) PDEk(G) = (k(k−1)|V (G)|(k−1)|V (G)|)(PG)k,

(iv) A′(DEk(G))= (k2 +k−2)A′(G).

Theorem 8. The following expressions are derived for the degree-based topological indices of the
interconnection network TEk(G) when a connected graph G is its underlying graph:

(i) Z1(TEk(G))= (k3 −4k+2)Z1(G),

(ii) MZ1(TEk(G))= ( k3−2k2+5k−2
k4−2k3+k2 )MZ1(G),

(iii) PTEk(G) = (k(k−2)|V (G)|(k−1)2|V (G)|)(PG)k,

(iv) A′(TEk(G))= (k2 +k−2)A′(G).

Theorem 9. The degree-based topological indices for the constructed interconnection network
CEk(G) can be expressed in the following manner when G is a connected graph.

(i) Z1(CEk(G))= (k3 −2k2 +5k−2)Z1(G),

(ii) MZ1(CEk(G))= ( k3−4k+2
k4−2k3+k2 )MZ1(G),

(iii) PCEk(G) = (k2|V (G)|(k−1)(k−2)|V (G)|)(PG)k,

(iv) A′(CEk(G))= (k2 −k+4)A′(G).

As we observe that for any dimension, the computed spectral parameters and the degree-
based topological indices of all the defined interconnection networks are expressed as a scalar
multiple of the corresponding parameter, it follows that

Corollary 8. The graph invariants Graph energy, Spectral radius, Least eigenvalue, first Zagreb
index, first modified Zagreb index, simple topological index and the total adjacency index are
polynomial time solvable for all the defined interconnection networks.

8. Numerical Results and Interpretations
This section includes the graphical representations of the scalar multiples by which the
parameters of the networks are magnifying across their dimension. Also, the numerical values
are recorded for better visualization of the trends in the descriptors. These representations
plotted using R2 would enable the researchers to compare the behaviour of the parameters for
the different networks in order to choose the optimal network of their choice to suit the intended
purpose.

2R Core Team, R: A Language and Environment for Statistical Computing, R Foundation for Statistical
Computing, Vienna, Austria (2020).
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Table 6. Energy of the constructed interconnection networks

k LE RC SC PC PE SE IE V E DE TE CE
4 4 5.4641 4.2361 4 4 4 4.4721 5.6056 4.5826 5.1231 5.1231
5 5 7 5.2361 4.6056 5 5 5.2915 7.4721 5.6569 6.2915 6.8990
6 6 8.4721 6.2361 5.1231 6 6 6 9.3852 6.7082 7.4031 8.7446
7 7 9.8990 7.2361 5.5826 7 7 6.6332 11.3246 7.7460 8.4833 10.6332
8 8 11.2915 8.2361 6 8 8 7.2111 13.2801 8.7750 9.5440 12.5498
9 9 12.6569 9.2361 6.3852 9 9 7.7460 15.2462 9.7980 10.5917 14.4853
10 10 14 10.2361 6.7446 10 10 8.2462 17.2195 10.8167 11.6301 16.4340
11 11 15.3246 11.2361 7.0828 11 11 8.7178 19.1980 11.8322 12.6619 18.3923
12 12 16.6332 12.2361 7.4031 12 12 9.1652 21.1803 12.8452 13.6886 20.3578
13 13 17.9282 13.2361 7.7082 13 13 9.5917 23.1655 13.8564 14.7113 22.3288

Figure 4. Energy of the constructed Interconnection Networks

Table 7. Spectral Radius and Least Eigenvalue of the constructed Interconnection Networks when
|λ1| > |λn| and |λn| > |λ1| respectively

k LE RC SC PC PE SE IE V E DE TE CE
4 2 2.7321 1.618 2 3 1 3.2361 3.3028 3.7913 3.5616 3.5616
5 2 3 1.618 2.3028 4 1 3.6458 4.2361 4.8284 4.6458 4.4495
6 2 3.2361 1.618 2.5616 5 1 4 5.1926 5.8541 5.7016 5.3723
7 2 3.4495 1.618 2.7913 6 1 4.3166 6.1623 6.873 6.7417 6.3166
8 2 3.6458 1.618 3 7 1 4.6056 7.1401 7.8875 7.772 7.2749
9 2 3.8284 1.618 3.1926 8 1 4.873 8.1231 8.899 8.7958 8.2426
10 2 4 1.618 3.3723 9 1 5.1231 9.1098 9.9083 9.8151 9.217
11 2 4.1623 1.618 3.5414 10 1 5.3589 10.099 10.9161 10.831 10.1962
12 2 4.3166 1.618 3.7016 11 1 5.5826 11.0902 11.9226 11.8443 11.1789
13 2 4.4641 1.618 3.8541 12 1 5.7958 12.0828 12.9282 12.8557 12.1644
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Figure 5. Spectral Radius and Least Eigenvalue of the constructed Interconnection Networks when
|λ1| > |λn| and |λn| > |λ1| respectively

Table 8. Spectral Radius and Least Eigenvalue of the constructed interconnection networks when
|λn| > |λ1| and |λ1| > |λn| respectively

k LE RC SC PC PE SE IE V E DE TE CE
4 2 -0.7321 -1 -1 3 1 -1.2361 -1 -0.7913 -0.5616 -1
5 2 -1 -1 -1.3028 4 1 -1.6458 -1 -0.8284 -0.6458 -1
6 2 -1.2361 -1 -1.5616 5 1 -2 -1 -0.8541 -0.7016 -1
7 2 -1.4495 -1 -1.7913 6 1 -2.3166 -1 -0.8730 -0.7417 -1
8 2 -1.6458 -1 -2 7 1 -2.6056 -1 -0.8875 -0.7720 -1
9 2 -1.8284 -1 -2.1926 8 1 -2.8730 -1 -0.8990 -0.7958 -1
10 2 -2 -1 -2.3723 9 1 -3.1231 -1 -0.9083 -0.8151 -1
11 2 -2.1623 -1 -2.5414 10 1 -3.3589 -1 -0.9161 -0.8310 -1
12 2 -2.3166 -1 -2.7016 11 1 -3.5826 -1 -0.9226 -0.8443 -1
13 2 -2.4641 -1 -2.8541 12 1 -3.7958 -1 -0.9282 -0.8557 -1

Figure 6. Spectral Radius and Least Eigenvalue of the constructed interconnection networks when
|λn| > |λ1| and |λ1| > |λn| respectively
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Table 9. First Zagreb Index of the constructed Interconnection Networks

Dimension RCk(G) SEk(G) IEk(G) V Ek(G) DEk(G) TEk(G) CEk(G)
4 28 30 40 43 57 50 50
5 41 55 62 89 116 107 98
6 56 91 88 161 205 194 172
7 73 140 118 265 330 317 278
8 92 204 152 407 497 482 422
9 113 285 190 593 712 695 610
10 136 385 232 829 981 962 848
11 161 506 278 1121 1310 1289 1142
12 188 650 328 1475 1705 1682 1498
13 217 819 382 1897 2172 2147 1922

Figure 7. First Zagreb Index of the constructed Interconnection Networks

Table 10. First Modified Zagreb Index of the constructed Interconnection Networks

Dimension RCk(G) SEk(G) IEk(G) V Ek(G) DEk(G) TEk(G) CEk(G)
4 0.8125 1.4236 0.625 0.3958 0.1875 0.3472 0.3472
5 1.04 1.4636 0.83 0.29 0.16 0.245 0.2675
6 1.2778 1.4914 1.0556 0.2278 0.1389 0.1911 0.2156
7 1.5204 1.5118 1.2908 0.1870 0.1224 0.1576 0.17971
8 1.7656 1.5274 1.5313 0.1585 0.1094 0.1346 0.1537
9 2.0123 1.5398 1.7747 0.1373 0.0988 0.1177 0.1341
10 2.26 1.5498 2.02 0.1211 0.09 0.1047 0.1188
11 2.5083 1.5580 2.2665 0.1083 0.0826 0.0944 0.1065
12 2.7569 1.5650 2.5139 0.0979 0.07639 0.0859 0.0965
13 3.0059 1.5709 2.7618 0.0893 0.0710 0.0790 0.0882
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Figure 8. First Modified Zagreb Index of the constructed interconnection networks

Table 11. Total Adjacency Index of the constructed Interconnection Networks

Dimension RCk(G) SEk(G) IEk(G) V Ek(G) DEk(G) TEk(G) CEk(G)
4 14 12 14 14 18 18 16
5 18 18 18 22 28 28 24
6 22 24 22 32 40 40 34
7 26 32 26 44 54 54 46
8 30 40 30 58 70 70 60
9 34 50 34 74 88 88 76
10 38 60 38 92 108 108 94
11 42 72 42 112 130 130 114
12 46 84 46 134 154 154 136
13 50 98 50 158 180 180 160

Figure 9. Total Adjacency Index of the constructed interconnection networks
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Table 12. Simple Topological Index of the constructed Interconnection Networks

Dimension RCk(G) SEk(G) IEk(G) V Ek(G) DEk(G) TEk(G) CEk(G)
4 4×1013 3×1012 2×1016 2×1018 4×1020 3×1019 3×1019

5 1×1017 5×1018 5×1020 9×1027 4×1030 5×1029 7×1028

6 4×1020 5×1025 7×1024 3×1038 2×1041 4×1040 1×1039

7 7×1023 2×1033 6×1028 4×1049 4×1052 1×1052 2×1050

8 1×1027 3×1041 3×1032 2×1061 3×1064 1×1064 8×1061

9 2×1030 1×1050 1×1036 4×1073 7×1076 2×1076 1×1074

10 2×1033 1×1059 5×1039 2×1086 4×1089 2×1089 5×1086

11 3×1036 3×1068 1×1043 2×1099 5×10102 2×10102 6×1099

12 3×1039 1×1078 3×1046 6×10112 2×10116 7×10115 1×10113

13 3×1042 1×1088 7×1049 4×10126 1×10130 5×10129 8×10126

Figure 10. Simple Topological Indices of the constructed Interconnection Networks

9. Computer Realization
The energy, spectral radius, least eigenvalue and the degree based topological indices discussed
here have been implemented using MATLAB1. The programs can be accessed using the link:
https://drive.google.com/drive/folders/130gaThvK4-UgBVI67P5U0efOntIY6He-?usp=sharing.

Once the program is run, it would prompt for the input of the corresponding parameter
of the underlying graph. Entering this would enable the user to acquire the desired degree
based graph invariant for the chosen interconnection network. Further, one can easily design
appropriate programs for the required specific interconnection networks.

10. Concluding Remarks and Future Scope
The demand for interconnection networks which are equipped with destined properties is
still evolving. Though there are numerous papers which employ similar techniques in the
construction of interconnection networks, we have begun to design an unique approach. Here,
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the authors provide several novel methods for the construction of interconnection networks by
establishing various adjacency schemes. We notice that all the defined interconnection networks
satisfy all the existing notions of evaluative measures. Modelling interconnection networks as
graphs enabled us to throw light on its various features. We have shown that compositions of
networks also result in the same kind of interconnection networks. Further, the procurement
of exact analytical expressions for graph energy, spectral radius, least eigenvalue and certain
degree-based topological indices as a scalar multiple of the corresponding parameters of the
underlying graph has been achieved and that they can be computed in polynomial time has
been proved. As a result of these findings, six new infinite classes of integral graphs have
been identified. Also, numerical and graphical comparison of the constructed interconnection
networks have been presented with some discussions.

Our constructed interconnection networks would be immensely remunerative when we
need the setting of networks with clusters. In such an instance, one may regard the
underlying graphs or set of vertices as a cluster and foster the connections between them
as suggested in our methods. We are not sure whether the future of computing will accelerate
towards multiprocessor supercomputers, optical interconnection networks, wireless networks
or networks in the cloud. In any instance, we strongly believe that the need for better
interconnection networks will persist and their topological structures will always be crucial
though the set of preferable properties may be subject to change. In addition, they will
continue to be promising applications to complex networks, data center networks and all
the aforementioned networks. This ascertains the fact that this will remain an expanding area
of fertile research enthralling researchers from graph theory, data science, computer science
and engineering. Thus, we would like to focus on research pertaining to the analysis of matrix
representations of interconnection networks which would definitely be beneficial.
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