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Abstract. In this paper, we looked at some problems with the uniqueness of meromorphic functions
with a second order difference operator. We looked at them from the point of view of partial sharing.
We have obtained two uniqueness results. In the first theorem A2g(3) and g(3) shares a;(3), az(3), co
CM, whereas in the second theorem g(3) and A?g(3) partially share a;(3), as(3) CM that generalizes
the results due to Banerjee and Maity (Meromorphic function partially shares small functions or
values with its linear c-shift operator, Bulletin of the Korean Mathematical Society 58(5) (2021), 1175 —
1192), and Heittokangas et al., Uniqueness of meromorphic functions sharing values with their shifts,
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1. Introduction

We presume that the reader is familiar with the notations of the Nevanlinna theory and for
the basic ([[7,/12,17]). We mean S(t,g) = o(T(r,g)) V v € (1,00). We denote the set meromorphic
functions a; for i = 1,2 by S(j).

The set of all a-points (counting multiplicities or CM) of f is denoted by E(a,f), and all
different a-points of § by E(a, ).
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We use the following fundamental definitions to prove our results.

Definition 1.1 ([1]). It is claimed that a meromorphic function f shares a € 8(f) partially CM
with a meromorphic function g if E(a,§) < E(a,g).

Definition 1.2 ([2]). It is claimed that a meromorphic function | shares a € 8(f) partially IM
with a meromorphic function g if E(a,g) < E(a,f).

Definition 1.3 ([7]). It is claimed that if | and g share the value a CM if E(a,f) = E(a,g). f and
g share the value a IM if E(a,f) = E(a, g).

Halburd-Korhonen [6], and Chiang-Feng [4]] started the counterpart of renowned
Nevanlinna’s theory for difference operator. Several noteworthy results [2,3,|10] followed,
of which we would like to highlight a few.

Heittokangas et al. [9] looked into the relationship between a meromorphic function’s shift
operator and meromorphic function when they share a, co CM in 2009. The outcome is as
follows.

Theorem 1.1 ([9). Let {(3) be @ meromorphic function and c € C. If §(3 + ¢) and {(3) share a,c0
CM, where a € C, then for some constant T,
fG+o)—a
fG)—a
In 2011 by considering three small functions CM, two small functions CM and one small
function IM, Heittokangas et al. [8]], looked into the relation between f(3) and f(3 + ¢), and by
considering the entire function, Huang-Zhang in [10] got a result as in Theorem

Theorem 1.2 ([10]). Let {(3) be a transcendental entire function of order p(f) < 2. If Aff(g) and
f(3) share 0 CM, where k € N and ¢ € C\{0} are such that AF§(3) #0, then

AEf(3) =77,
for some constant 7T.

In order to obtain a similar result for a meromorphic function corresponding to Theorem (1.2}
Chen-Yi [3] researched the uniqueness of A.f(3) and f(3) as follows.

Theorem 1.3 ([3]). Let {(3) be a transcendental meromorphic function such that the order p(f) is
not an integer or infinite and ¢ € C be a constant such that {(3 +¢) # §(3). If A.f(3) and §(3) share
three distinct values a,b,00 CM, then (3 + ¢) = 2{(3).

Zhang-Liao [20]] worked on the entire function in 2014, he removed the restriction that “p(f)
is not an integer”, Zhang-Liao did this in the following way:

Theorem 1.4 ([18]). Let §(3) be a transcendental entire function of finite order ¢ be a non-
zero constant; a, b be two distinct finite constants. If Af(3) (# 0) and §(3) share a, b CM, then
AcFG) = 1G3).
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Theorem 1.5 ([11]). Let §(3) be a non-constant meromorphic function of finite order such that
N(r, ) = 8(x,§), let ¢ € C\{0} be a constant such that A.f(3) # 0 and let a,b be two non-zero distinct
finite complex constants. If A.f(3) and §(3) share a,b CM, then f(3 + ¢) = 2f(3).

In the year 2017, Liu-Lu [14] removed the order restriction from Theorem For
meromorphic functions, without any extra conditions, he proved uniqueness.

Theorem 1.6 ([14]]). Let f(3) be a transcendental meromorphic function of finite order and let
¢ € C be a constant such that §(3+c) # §(3). If Af(3) and §(3) share three distinct values a,b,00 CM,
then §(3 + ¢) = 2§(3).

In the year 2019, Zhen [21] almost followed the same steps as the proof of Theorem but
instead of looking at value sharing, he looked at polynomial sharing. This made Theorem
better.

Theorem 1.7 ([21])). Let f(3) be a transcendental meromorphic function of finite order and let
¢(#0) be a finite number. If Af(3) and (3) share three distinct polynomials P1,P2,00 CM, then
Acf(3) =§3).

2. Lemmas

Lemma 2.1 ([16]]). Let | be non-constant meromorphic function in C. Let a;j,a9,a3 be pairwise

distinct small meromorphic functions in C such that ai,ag € S(f) and
T(r,a3) < vI(x,§) +8(t,f)
for some v €[0,1/3). Then

9 _
1-3v—-e)T(r,f) < ZN(r’f—w

Lemma 2.2 ([13]). Let | be a meromorphic function of finite order, and let ¢ € C,n € N. Then for

) +8(¢, §).

any small periodic function a(3) € S(f) with period c,

Mf)
S S A P
m@w»wm .0

Lemma 2.3 ([11]). Let §(3) be a meromorphic function, and let n be a fixed non-zero complex

number, then for each € >0, we have T(v,f(3 +n)) = T(x,f) + S(x,§).

Lemma 2.4 ([15]). Let | be a meromorphic function of hyper-order y(f) <1 and let ¢ € C\{0}. Let
a,ag,as € S(f) be three distinct periodic functions with period c. Assume that {(3) and (3 +¢)
share partially a1,ag CM and share partially ag IM, i.e.,

E(a1,f(3)) € E(a1,f(3+¢), E(ag,§(3)) S E(ag,fG;+¢))

and
E(as,§(3)) < E(as, §G + ©)).
If p(a,§) > 0 for some a € S(f)\{ag}, then §(3) =(3+¢) for all 3€C.
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Lemma 2.5 ([15]). Let T :R" — R be an increasing function and let s € (0,+00) such that

hyper-order of T is strictly less than one, i.e.,
log*log™* T(x) -

=1 1.
Y utIligp logt
Then
J(v)
TJ+5)=T()+o (tl—y—e) ,

where € >0 and t — oo outside a subset of finite logarithmic measure.

Lemma 2.6 ([17]). Suppose that {(3) is a non-constant meromorphic function and P(f) =
aof? +ay P+ + ap (ag #0) is a polynomial in f with degree p and coefficients a; (j=0,1,...,p)
are constants, suppose furthermore that b;(j=1,2,...,q) (q > p) are distinct finite values. Then

PHf
=8 .
§ (F—b))(F-bg)---(f—bg) (t,f)

m

3. Main Results

Theorem 3.1. Considering g(3) as a non-constant meromorphic function. Suppose that ¢ € C\{0},
bo #0 and a1(3),a2(3) € 8(f) are two small functions. If A2g(3) # 0 and A?g(3), g share a,az,00
CM, then A%g(3) = g(3).

Proof. Due to the fact that A®g(3) and g share co CM, we have

A%g(3)
f
=m(t,g) + N(,g) + S(x,9)

=4T(t,g)+8(x,g).

‘T(t,Azg(g,)) Sm(t, )+m(t,g)+N(t,ch)+O(1)

Thus
S(r,A%g(3)) = 8(x, g). (3.1)
In the same way that A?g(3) and g share aj,as,00 CM. As such two polynomials p1(3),p2(3)
exists, such that
A%g(3) - a1 = 1),
g—a

(3.2)
and
A’g(3)=d2 _ iy
g—az

Case 1: Presuming ¢"1® =1 or ¢"2®) = 1, then A?g(3) = g(3).

(3.3)

Case 2: Presuming ¢"1@ # 1 and ¢P2® # 1, however if suppose ¢"1® = ¢P2® then
A%g(3)—a1 _ A%g(3)—ay
g3 -a1 g -ag ’
we obtain via easy computation that A2 0(3) = g(3).
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Case 3: In this case we presume that ¢?1® # 1 and ¢P2® # 1 with ¢P1® # ¢P2® By (3:2) and (3.3)

9(;)eP1® = A2g(3) — ag + a1 M1 (3.4)
Similarly,
9(3)eP2® = A%g(3) — ag + agef2®. (3.5)

Now by (3.4) and (3.5), we get
_ag—ag + alepl(ﬁ) _ a2€p2(3)
8) = P10 _ o) : (3.6)
Subcase 3.1: Presuming that p;(3) and p2(3) both polynomials are constants. Now from (3.6) we

see that g(3) is also a constant, so is not true.

Subcase 3.2: Now, for this case, without loss of generality we will assume that p2(3) is constant
between p1(3) and pa(3). Now, using (3.6) we get

T(x,g) = T(r,eP1@) + S(r, eP1®)) (8.7
and
T(r,eP?) = S(r,e" @), (3.8)

Now from let P(3,9) = (A%2g(3) — ag) — ¢P2(g — ag). Because ¢/ is constant, P(3,g) is a
polynomial in g(3) and its shifts whose coefficients are small functions of g(3). From (3.3), we
have P(3,9) =0. So P(3,a;) = A%a;1(3) — ag — e"2(a1 — ag). We assert that P(3, a;) #0, on the other
hand, presuming P(3,a;) =0 then ¢"2 = al%aiz From (3.6) we obtain

G) _ az—aq
gle)— = eP1(3) — b2’

Combining (3.9) with (3.2) we get

(3.9)

9 3 a2ep1 _ alep2(3)
A8 == o e (3.10)

From (3.9), we get
A%(g(3)—a1) = G +2¢) — a1(3 +2¢) —2gG +¢) + g(3) — a1(3),

A%(g() — a1) + a1 +20) + a1(G) = gG +20) — 2gG + ©) + 9(3), (3.11)
= A%g(3).
From and

a2ep1(3) _ a]_ epQ(ﬁ)

2 _
A“(g3)—ap)+a1(G+20)+a1(3) = TR (3.12)
9 _ a2ep1 — alep2
T('C,A (g(ﬁ) - a1) + 01(3 + 2C) + a1(3)) = (I(T', M , (313)

J(r,9) = 3(v,9),
we arrive at a contradiction.

Subcase 3.3: If both p1(3) and p2(3) are non-constant, then p}(3) # 0 and p,(3) # 0. By (3.2) we

write

(A%g(3) —a1) = P19 (g —ay). (3.14)
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Differentiating (3.14), we get
(A%g(3)) = " DplG)g —ar) + ey,
(A%g(3)) _ epl(ﬁ)pll(g)(g —ay)+ em(z)g/

A29()—a; A?g(3)—ay
Now, we get
(M%), g
T =)+
A?9(3) —aq PaT T

This implies
AZ 3) / /
A%g(3)—a; g-ag
where p/(3) is an entire function, since p1(3) is a polynomial. By and we obtain
T(r,p}(3)) = m(r,py(3)) < S(r, A%g(3)) + 8(t, g) = 8(v, ). (3.16)
From (3.15) we obtain
PG (A%G) g
g-az  (g—ag)(A%g(3)—a;) (g—az)(g—a)
A% (AZg(3)) g

" (g-0a2) A%g()A%g() —ap)  (g—az)(g-ay)
From the equation (3.1), Lemma |2.2|and Lemma [2.6, we obtain

(3.15)

m (t, LG ) = 8(t, g). (3.17)
g—az

From (3.16) and (3.17) we get

oo nlgt) mleng)
mir, =sm|r, tmrv, ———
g—ag g—ag p13)

< 8(t,0)+ T (t,p}(3)).

Therefore
m (t, ) < 38(x, ). (3.18)
g—ag
Also, in the similar way, we obtain
1
m (t, ) < 8(v,9). (3.19)
g—m
By (3.2), (3.19) and the Lemma [2.2] we obtain
T(r,eP1®) = m(r, eM®) (3.20)
A? 1
<m (t, g(j)) +m|r, ) =38(t, g).
g—a1 g—a1
Also for T(t,eP2®), we obtain
T(x,eP2?) = 8(x, g). (3.21)
By (3.6), (3.20) and (3.21), we obtain J(t,g) = S(t, g), we arrive at a contradiction. Therefore by
Cases 1, 2 and 3, concluding that AZg(3) = g(3). O
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Theorem 3.2. Let {(3) be a non-constant meromorphic function. Let a1,a9 € S(f) such that 1(3)
and Af(3) partially share ai,a9 CM, a3 =1, If

€(a;, () € €(a;, Af(G)), forj=1,2,
and

forall ve

then Af(3) = §(3).

1 1
0, §) and 0<e< 7 0(a1(3),9) +0(az(3),9) + H(Tz,g) >(3—-3v—e),

Proof. By the assumption that Af(3) and §(3) share a CM, we have that
1 1

N t,m =N t,m = S('C, f) (322)
Similarly, we can write for Af(3) and f(3) share ag CM as
1 1
N t,m =N t,m = S(t, f) (323)
It suffices to show that Ag(3) = g(3). Since g(3) and Ag(3) share 0,00 CM
9(3)

By Lemma and Definition [1.1|we have
E(a1,0(3)) < E(a1,A9())
and

E(az,9(3)) < E(ag, Ag(s)).
Hence by Lemma for any a € S(f) we have
—( 1
N <
(t’ Ag- a) =
—( 1 —( 1
=N [e. | +o [N (e =)

=N t,i)+5(t,f).
g—a

2|

Lo

+

o
l/

Case 1: If T = 1. Then, it is clear that
Ag(3) = g(3). (3.24)
Case 2: 1 # 1. By Lemma Lemma [2.4] and Definition we get

3 _
(1-3v-e)T(r,g)= ) N (r, +8(x,g)
j=1 -4
_ 1 _ 1 _
sN(r, )+N(r, +N(7”, +8(v,9)
g—a1 g—az g—as
N(r, L ) N(r, 1 N(r, ! )
g—a g—ag g-as
<1- +1- +1-——20 348,
T(x,9) J(x,9) T, 9) o
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N 5] N[ =) N #s)
. g-ay . > g-ag . > g-ag
<l-lim ——+1-lim ———=+1-lim ——— -3+ 38(t,
M T AR Tep e Ty ©9)
N 5] N[ =) N =
. >g—m . > g—ag . ’9-T
<1-1 +1-lim ——=+1-1 -3+ 3(r,
e () e () e T(,g) &9
N 1 1 i
<1- lim MH— lim N(r’—g‘“g)ﬂ— lim g—:ﬂsu,g)
r—oo ‘J’(t’ g) r—oo ‘J'(t,g) r—oo ‘J'(t, g)
=0 N[ ) N[ s)
. P g-m . > g—ag . > Ag(3)-T2
<l-lm ——+1-lim ———=+1-lim —————= -3 +38(t¢,g)
e T, 0) e T, g) e T, g) !
N(r ) N[ #s) N[ so=)
. P g-m . > g—ag . > Ag(3)-T2
<l-lm ——+1-lim ———=+1-lim —————= -3 +38(t,g),
T T, 0) r T, g) e T, 0) !
(B3-3v—¢€)<0(a1(3),9) +0(az(3),9) + H(Tz,g) +3(t, ), (3.25)
which contradicts our assumption. Hence the proof. O
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