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1. Introduction

Optimization Problems (OP) are modelled and solved as deterministic OPs, but in the real-
world applications, OPs are not purely deterministic, because it contains uncertain information.
Therefore, to model such uncertain and imprecise data, fuzzy optimization problems were
introduced. Again, through further research, fuzzy set theory is advanced by Intuitionistic
Fuzzy Set Theory (InFST), then by PYthagorean Fuzzy Sets (PYFS) and finally gROPF set
theory.
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In Intuitionistic Fuzzy set theory, the degree of belongingness and non-belongingness of
elements in the set are modelled by degree of membership and degree of non-membership on
[0,1] such that, whose sum is less than 1. However, because 0.5+ 0.6 > 1, an analyst cannot
choose membership (mbp) and non-membership (n-mbp) degrees of an element such as 0.5 and
0.6. To overcome such situations, the PYFS theory was introduced, and then, in 2016, Yager
[15] introduced the gROPF set theory. This theory allows the analyst to choose membership
and non-membership degrees such that, sum of the gth power is less than one, for g > 1.

Motivated by fuzzy optimization problem, we discuss the g ROPF optimization problem in
this paper by considering a triangular gROPF (T'-gROPF) valued objective function with convex
linear inequality constraints. Therefore, we introduced a,f level set for triangular gROPF
numbers and Hukuhara differentiability for gROPF valued functions. By using them, we
formulated the KKT optimality condition for the g ROPF optimization problem. This condition
allows us to obtain the non-dominated solution for the given gROPF optimization problem.

2. Preliminaries

Definition 2.1 ([2]). Let X be a universe of discourse, an Intuitionistic Fuzzy Set (IFS) A on a set
A is an object having the form A = {(x, {31(x),n7(%)) | x € X}, where the function { ;(x) :A—10,1]
is the degree of mbp, and 7 ;(x): A —[0,1] is the degree of n-mbp of the elements in the set A
satisfying 0 < { 53(x) +n4(x) < 1.

Definition 2.2 ([15]). Let X be a universe of discourse, a PYthagorean Fuzzy Set (PYFS) in
X is given by P= {{x, {p(x), np(x)) | x € X}, where the function {5(x): X — [0,1] is the degree
of mbp, and np(x) : X — [0,1] is the degree of n-mbp of the elements in the set S satisfying
0< ()2 +Mp@E)?<1.

Definition 2.3 ([14]]). Let X be a universe of discourse, a gROPF set Q~ in X is given by

Q= {(D'C,CQ“(S'C), T]Q“(J'C)) | x € X}, 2.1)
where the function ¢ Q(o’c) : X —[0,1] is the degree of mbp, and nQ(x) : X —[0,1] is the degree
of n-mbp of the elements in the set X satisfying 0 < ((Q(o’c))q + (né(o'c))q <1l,qg=1,forall x€S.
The degree of Hesitancy of elements in X is denoted by HQ(dc) =(1-( Q(a‘c))q - (nQ(x))q)l/ q,
Definition 2.4 ([4]]). A gROPF relation R is a qROPF subset of X x Y, which is defined as

IR = {{(%,y),{ar(%,5),nap(x,%)) | € X,y €Y}, (2.2)

where (sg(x,y): X xY —[0,1] and neg(x,y): X xY —[0,1] denote the mbp and n-mbp degrees
of (x,y) in X xY which satisfies the condition 0 < (qu(a'c,y) + nZR(a'c,y) <1, forall (x,y)e X xY.
The set of all gROPF relations on X xY is denoted gROPF(X xY).

Definition 2.5 ([1]). Let A and B be two nonempty subsets of R"and ¢ € R. The Minkowski
addition and scalar multiplication are defined as follows:

A+B={G+b:GecA and be B},

¢A ={ca:aeA}.
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Definition 2.6 (Convexity of Fuzzy Mapping [6]). A fuzzy valued function f : Q S R* — Fq is
said to be convex on a convex subset Q < R”, if for each a €[0,1] both level sets f (&, a)* and
F(x,a)V are convex on Q. Thatisfor 0<A' <1, x,y€Q

L@ =i+ 29 <@ = ADFL@) + A fL),
FU@- 5%+ A9 =@ -FY @) + VY (9).

f is said to be concave if —f is convex.

3. Differentiability of gROPF Valued Function

Definition 3.1 ([9]). Let A = ((d,b,¢) : M j;,Nj) be a Triangular gROPF number. Its mbp
function and n-mbp functions are given by

@M - <i<b,
b-a
(i@ =20 psise, (3.1)
o
0, a>xorx>c¢,
bralNaGmd) G oy cp,
b—a
nA(x):<H+_N—/z<é-@, b<i<é, (3.2)
.
1, a>xorx>c,

where { ;(x) and 71 4(%) denote the degree of mbp and n-mbp of A M 4 denote maximum degree
of mbp and N; denote minimum degree of n-mbp, M;,N; €[0,1], and 0 < MZ{ +NZ. < 1.
a,b,c€[0,1] and {4(%)? +n;(%)? < 1.

Definition 3.2. The (a, B) level set of the triangular gROPF number A = ((d,b,¢): M i Ny is
the set of all x such that whose degree of mbp greater than equal to @ and degree of n-mbp is
less than or equal to B, i.e.,

Agp={aeX (@0 =ani@)<p,a?+pI<1} (3.3)

which is represented in the interval form Aa,ﬁ =[AL, AV], where

- . ab-a) b1-p)+a(B-Ny)

A —max{a+ M, , 1-N, , (3.4)

§ [ ae-b) b(l—ﬁ)+c‘([3—NA~)}

AY =min{¢— ¢ , . (3.5)
{ MA l—NA

Definition 3.3. Let X and Y be two sets, a ¢ROP fuzzy valued function from X to gROPF set
of Y is defined as

¢ :X — qROPFS(Y) such that x' — ¢(x"),

2@ (), ¥ €Y), where for ' € X,(0 . (v):Y —[0,1] and 0 (y"):

Y — [0,1] denote the mbp and n-mbp of y’ = ¢(x'), such that 0 < Cg(x,)(y’) + ni(x,)(y’) <1.

where ¢(x') = (y',(
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Let G be an open subset of R” and Q" be the set of all gROPF numbers. Let f : G — Q! be a
qROPF valued function defined on G.

Definition 3.4. For two g ROPF numbers ¢q1,q2, d = g1 Hg2 means the Hukuhara difference of
g1 and qo, if there exist gROPF number d such that dHqgo =q1.

Definition 3.5. Let P and @ be two gROPF sets then the Hausdorff distance between P and @
is defined by HD(P,Q) = min(HD(q;,q ;)), where q; € P and q; € Q.

Definition 3.6. Let q1 = (( gl,ngl) and q2 =(( 32,1732) be two g ROPF numbers, the Hausdorff

distance between A and B is given by

HD(g1,q2) = max(|{g, —{Z,1,1nd; —ng,D)- (3.6)

Theorem 3.1. Let q; and q; be two qROPF numbers in Q", such that q; = (Cgﬁ,ng) and
q;= ((gj,ngj). The function HD(g;,q ;) = max(l(gvi —ngl, |77(»1q«i —Tlgjl), is a metric on Q™.

Proof. We are going to show that HD satisfies all the axioms of a metric

My: HD(G;,q;) =0 < max(I(7 — {2 |,Ing —ng D=0 {7 ={ ng =ng .
Therefore, © q; = q;.

My: HD(G;, ;) =max((g, - {F nf —ng D =max({f —{L|Ing —n% D=HD(QG;,q)).

M3: Let q;,q; and g, € Q". It is obvious that HD(q;,q;) <HD(q;,qr) + HD(q%,q;), by applying

x+y+lx—yl
max{x,y} = =5,

From the axioms M1, My and M3 we get HD is a metric on Q™. Therefore, (Q",HD) is a metric
space. O

Definition 3.7. A gROPF valued function f : [a,b] € R — Q" is said to be continuous at xg €
[a,b] if for every £ >0, § > 0 such that for all x’ € [a,b] with |x' —xj| <5 = [}-I]I]])(f(x’),f(xb)) <E.

Definition 3.8. A ¢ROPF valued function f : (a,b) € R — Q! is said to be Hukuhara-
differentiable or H-differentiable at t6 € (a,b), if the both limits
fto+ANBfEy) . ft)Bf G+ A
At'—0+ At At'—0* At
exist and is denoted by f’ ().

(3.7

Definition 3.9. Let X be a set, a ¢ROP fuzzy valued function f : X — Q is said to be a,
level-wise H-differentiable at x € X, if and only if both f é‘ 8 and fé{ﬁ-differentiable at xo € X, for
all a,fela,b] with 0 <a?+ 7 < 1. That is the limits
L o g0+ B (ko) . fo @) BF ko +h)
h—0* h © R=0t h
exists.

(3.8)
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Theorem 3.2. If a gROPF valued function f : X — Q! is said to be H-differentiable, then
the interval valued function fa’ﬁ are also H-differentiable. In particular f(fﬁ(X), and fgﬁ(X),
are also H-differentiable for every a,B€[0,1] with 0<a?+p9 < 1.

Proof. Proof is obvious from the definition of f, and f, 5
Let G be an open subset of R” and for X = (%1,%2,...,%,), f(X)€ Q and

fciﬁ(X) = fclx-:ﬁ(xl7x277xn) = f(x1)x29---,xn)|{;’ﬁ,

gﬁ(X) = f‘lrjaﬁ(xl’xz’ e ’xn) = f(x].)xz’- .. yxn)la{ﬁ .

Definition 3.10. The Gradient of the continuous g ROPF valued function f denoted by vf(X)
and is defined as VF(X) = (6f(X) o[ X) af(X)).

0%, > 0xz "7 0xy

4. KKT Optimality Condition for gROPF Optimization Problem

Consider the following linear optimization problem with gROPF valued objective function and

inequality constraints
(qFP) max/minf(X)=f(x1,x9,...,%,), 1=1,2,....k
subject to ﬁj(X) = or <0, forj=1,2,...,m,
where X belongs to an open set G € R", f(X) and i~zj eQ".
For convenience, consider a minimization problem
(qFoP) minf(X)=f(x1,x9,...,%,), i=1,2,....k
subject to Ej(X) <0, forj=1,2,...,m,

where f ,ﬁ j» where j =1 to m are convex, continuously H-differentiable functions defined on R”".

Definition 4.1. A solution X° is said to be a non-dominated solution to the gROPF optimization
problem, if there exist no other feasible solution X* such that f(X*) < f(X°).

Theorem 4.1. Let X ={X e R" : hj(X) < 0,j=1,2...,n}, be a feasible set of the constraints
R j :R* = R, assume that which is convex and continuously H-differentiable at X°eX for
j=1,2,...,n. Suppose that the objective function f :R" — Q is convex and a,f level-wise
continuously H-differentiable at X°. If there exist non-negative real valued functions (Lagrange

function multipliers) y; for j=1,2,...,m defined on [0,1] such that,

() VLX) + V(X + lej(a,ﬁ)vﬁj(X°)=o, for all a,B€[0,1], (4.1)
=
(i) yila,phX)=0, forall a,pel0,1], (4.2)

then X° is a non-dominated solution of the problem.

Proof. To prove the theorem we assume the contradiction that, there will no such non-dominated
solution to the qRoP problem satisfying the assumptions and conditions (i) and (ii), i.e., there
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exist X € X such that £(X) < f(X°). Hence,
{ Fop @<l { fep®=fg& { FL ) < fL (%)
FIaX) < I 5X°) FUSR) < FU &) FUL0 < FULX°)
Now, define a functlon
fX) = iy X+ £ (X (4.4)
Therefore,
FX) = FL 0+ f2 XD
< fa g X+ fIX°)  (from @3))
<f(X°),
ie.,
fX) < fX). (4.5)

Since f is continuously differentiable and convex at X°, f is level-wise continuously
differentiable and convex at X°, i.e., f (I; 5 and fgﬁ is convex and differentiable

VAX)=Vfi(X)+VfS ﬁ(X) for all a, € [0,1].
Hence for any fixed o', ' €[0,1]

VIL 5 X+ VFY ,;I<X>+ij<a BOVR;(X*)=0

= VX)) +) wila,f)VhiX°)=0. (4.6)
j=1
Also,
via,BHh;(X°)=0, forall j=1,2,...,m. (4.7)

Now consider a new gROPF valued optimization problem
min £ (X)
subject to ﬁj(X) <0, forallj=1,2,....m

Clearly from and (4.7), the above optimization problem satisfies the conditions (i) and (ii)
of the hypothesis. Therefore, £(X°) is an optimal solution to the problem.

But this contradicts equation (4.5).

Therefore, our assumption is wrong that is X° is a non-dominated solution to the problem. [

Illustrative Example. Consider the following g ROPF optimization problem
f =1((4,5,7);0.7,0.3) ® %1 ® ((5,6,9);0.3,0.8) ® 2 ® ((6,7,8);0.4,0.5) ® £3 ® ((1,2,3);0.2,0.6) 4
subject to A1(k1,%9,%3,%4) = X1 + X2 + 3x3 + 2144 < 35
ho(x1,%9,%3,%4) = 3%1 + Dxg +4x3 + 2x4 < 40

4%1+3x3<15
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X1,%92,%3,%4 =0
f =((4,5,7);0.7,0.3) ® %1 ® ((5,6,9);0.3,0.8) ® 2 ® ((6,7,8);0.4,0.5) ® £3 ® ((1,2,3);0.2,0.6) 4
subject to A1(x1,%9,%3,%4) = X1 + X2 + 3x3 + 2x4 — 35

ho(iq, %9, %3, %4) = 341 + 5o + 43 + 244 — 40

4x1+3x3—-15

X1,%9,%3,%4 =0

For a,fc[0,1] withO<a?9+87<1

fofzﬁ:x1(3'8_’6)+a‘c2(2_’6)+5C3(6+0%“4)+5C4(1+i),

0.7 0.2 0.6
" 2.9+2p 36-1.2 o o
U o_ . , e QYL (, @
“’ﬁ_xl( 0.7 )”2( 0.2 )”3(8 0,4)”4(3 0_6)-
For a,f €[0,1] with 0 < a? + 7 < 1, we can also obtain
[ 3.8-6 ] [ 2.9+26 ]
0.7 0.7 1 3 4
L % - Sﬁo—z}z B 1 N . B o
vfa’ﬁ: . N ) Vfa,ﬁz . N ) Vhlz 3 ’ th— 4 y Vh,3: 3 .
1+57] 13- &

Solve A1 =0 and hg = 0, obtain the solution x* =(0,0,5,10). Solved using LINGO 18.0.

Applying the conditions (4.1I) and (4.2)

(3'5}/3) * (2'%.+72ﬁ) +y1(a, B)+3ya(a, f) +4ys(a, f) —y4 =0,

J(5)+ (52 s viep s sustap =0

(6+ %) +(8—5%) +3wila, B)+4wala, f) +3ys(a, ) =0,

(4.8)

(1+ %)+ (8- g%) +2v1i(a, B) + 2ya(a, f) —pg = 0.
The above system is feasible and we get non-negative values for v1,w9o, w3, ws, ¥4 is arbitrary,
therefore x* become a solution to the given optimization problem.

5. Conclusion

The Hukuhara difference for gROPF sets and Hukuhara differentiability or H-differentiability
for gROPF valued functions are defined. The a, B level set [AL, AU] is defined for triangular
gROPF number A, using this we formulated the Karush-Kuhn-Tucker optimality condition
for gROPF optimization problem. Also, a gROPF optimization problem is illustrated using
the proposed KKT optimality condition.
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