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1. Introduction

In nonlinear analysis the fixed point theory (FPT), play a key role and divided into two categories
such as contraction mappings in complete metric space (CMS) and continuous mappings in
compact and convex normed space. Zadeh [34]] was first to introduced the concept of fuzzy set
theory. Kramosil and Michalek [15] set the notion of FMS, which was improved by George and
Veeramani [8]. The Banach [4] contractive FPT extended by Gregori and Sapena [10] to fuzzy
contractive FPT of CMS. Some FPT’s on fuzzy contraction introduced by several researchers,
which are the generalization of the results of Gregori and Sapena. For more generalization in
this field, see [9,/11,/16-18]].
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The concept of Hausdorff FMS introduced by Rodriguez-Léopez and Romaguera [25] in 2004.
Mihet [19] in 2008 introduced ¥-CMs in non-Archimedean FMS. After that a number of research
papers developed by researchers to prove FPT’s for MV contraction mapping in Hausdorff FMS
(for more results, see [13,123[]). The concept of a-y-CM and a-admissible mapping (AM) for
single-valued mapping (SVM) first time initiated by Samet [29] and proved different FP results.
In 2013, Hussain et al. [14] found a FPT for a-AM with respect to n on metric space (MS).
Recently, Garcia et al. [7]] gave the idea of a*-7n.-admissible for set-valued mappings in FMS
and obtained a random FPT for MVM.

For more developments in FMS’s in these regards (see [2,3,/13,/20,22,27]). The motive of
this paper is to initiate a new class of almost (a/n)-yr-CM in IFMS and to prove the FPT for
MVM on the collection of non-empty closed subsets. We also initiated an application of FII and
examples in support of our main result. The following are the terminologies, basic definitions
and properties of FMS.

Definition 1.1 ([34]). Let X be a non-empty. A set A defined as A = {(,pz(x) : x € X3}, is said
to be F'S, where pu1(y) is a function with domain X and values in [0,1].

According to [30], * is function from [0,1]% to [0,1] called a continuous ¢-norm such that is
m+n=mn and m x1 =m for every m € [0,1] and m xn <o * p, whenever m <o and n<p
for all m,n,o,p €10,1]. It also satisfy the commutativity (m * n = n * m) and associativity
(m *(n % 0)) =((m = n) * 0). For examples of continuous ¢-norm m * n = mn or m * n = min(m,n),

— mn
and m*n = maxim ] for0<A<1.

Definition 1.2 ([8]). Let X be a non-empty set and a set M defined as M : X x X x(0,00) — [0,1]
is a FS. A triplet (X, M, *) with a continuous t-norm ‘x’ is said to be a FMS if for all y,y,{ € X
and ¢ > 0, satisfying the following conditions:

(VM) M(y,y,t)>0,

(VM) M(x,x,t)=1, and M(y,y,t)=1 < y =y for some ¢ >0,

(VM) M(y,y,t) =My, x, 1),

(\73\/[4) My, ¢, t+3s)=M(y,y,t) * M(y,{,s),

(VM5) M(y,7v,-):(0,00) —[0,1] is continuous.

According to [15], M is a F'S which satisfies [(V),)| and (VM )| while [(VM, )} (VM) and [(VM,)|

defined as M : X x X x(0,4+00) — [0,1] and replaced by (WV(I)L (WVEz) and (WW5)|, as (WVfl)
M(y,v,0)=0, My, y,t)=1iff y =7, M(x,7,-):[0,00) — [0,1] is left continuous.

Remark 1.1 ([15]). It is appropriate to recall that 0 < M(y,y,¢) <1 for all £ > 0, yield y # .

Example 1.1. Let us define continuous ¢-norm m,n € [0,1] such that m *n =mn or mxn =
min(m,n) and My : X x X x[0,00] — [0, 1] as My(y,v,t) = #}M’ for all y,y € X and ¢ >0, then
fuzzy metric My induced by the metric d and (X, M, ) is called a FMS where (X, d) is a metric

space.
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Lemma 1.1 ([15])). Let (X, M, ) be a FMS. Then for y,y € X and t >0, M(y,v,) is non-decreasing
on (0,00) and tlim M(x,y,t)=1, forall y,yeX.

Definition 1.3 ([8]). Let (X,M, %) be a FMS and {y,} be a sequence in X, then
(1) {xn} is said to be convergent at y € X if for each € >0, and ¢ >0, 3 ng € N such that
M(xn,x,t)>1—¢, for all ngeN.
(i) For all € >0, and each ¢ >0, 3 ng € N for Cauchy sequence {y,} such that M(y,, ¥m,t) >
1—¢, for all n,m = ny.

(iii)) The (X,M, %) is complete if {y,} is convergent or Cauchy sequence.

In 2003 the data dependence problem in FP for MV operator was given by Rus and
Sintaméarian [27]]. A collection of all non-empty closed sub sets of X denoted by C(X) or more
precisely CB(X). For A, B € C(X), let H : C(X) x C(X) — [0,00) be defined by

H(A,B) = max{igg( gff{d(a,b)),fg( ggd(a,b))},

where I is called the Pompieu-Hausdorff functional. Also, d(y,B) = inf{d(y,y) : y € B)} or
d(A,y) =infld(y,y): y € A)}.

The concept of MV contraction introduced by Nadler [20] and introduced the notion of
Pompieu-Hausdorff metric to ensure the extant of FP for MV contraction maps. Berinde and
Berinde [5] extend it for MV almost contraction.

Definition 1.4 ([5]). A MV mapping T : X — CB(X) is an almost contraction if there are 6 € (0,1)
and £ =0, such that for all y,y € X, the following inequality hold:

HTx, Ty) = 6d(x, 1)+ Ld(y, Ty).
A new class of F-contraction established by Wardowski [|33].

Definition 1.5 ([|33]]). A mapping 7 : X — X is said to be a SV mapping satisfying
T+ 3 d(Ty, Ty) = F(d(x, 1)
for all y,y € X, with Ty # Ty, where 7 >0 and F: R* — R is a function that satisfy the following
conditions:
(F1) T is strictly increasing, that is for y,y € R", such that y <y = F(y) < F(y).
(F3) for each {y,} cR", ’_}LIEO)(,L =0 iff girgo?(xn) = —00,

(F3) 30<P<1sothat li%l v’ F(y) =0.
X_, +

Recently, Al-Mezel and Ahmed [3] proved a generalized FP results for almost (o,%;)-
contractions with applications to FII. The notion of almost F-contraction in the setting of
Hausdorff metric space for fuzzy mappings defined by Al-Mazrooei and Ahmad [2]. In 2019,
Chauhan et al. [6] proved some FPT’s for Sy-contraction in complete FMS and Sezen [31] proved
FPT’s for new type CMs.
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Definition 1.6 ([31]). Let §:[0,1] — R be strictly increasing, continuous mapping and for each
sequence {a,},en of positive numbers and h_,%lo a, =1 if and only if Iergo S(a,) = +oo. Let A be
the family of all G functions. A mapping ‘Tn: X — X is said to be 9-gontracti0n if there exists
0 €(0,1), such that

M(Ty, Ty,t) <1=G(MTy, Ty, ) <G (M(y,y,t) +6, forall y,yeX and GeA.
Lemma 1.2 ([11]]). Let (X, M, %) be a FMS. Then the 3-tuple (C(X),Hyq, *) is a IFMS.

Definition 1.7 ([11]). Let (C(X),Hy¢, *) be a IFMS. Then for all E,F € C(X),t > 0, the IFM
Hyi(E,F,t): (C(X))? x (0,00) — [0,1] is a function defined as

¢
Hy(E,F,t) = —————— =mi M(a, b,t)], inf M(a,b,t)| ¢,
mE,F,t) [T HEF) mln{ﬁeE(igg (a )) é2p(i‘§£ (a ))}

where H is the Hausdorff distance metric in the collection C(X).

Definition 1.8. Let (C(X), Hy, *) be an IFMS. If there exits 0 < A <1, the MV contraction of a
mapping E: X — C(X) is defined by

Hyv(Ey,Ey,t) = AM(y,v,t), forall y,yeX,t>0.

Definition 1.9 ([11]). Let (C(X),Hy, *) be a IFMS and let S be non-empty subset of C(X).
A mapping E : § — C(X) is said to be almost MV contraction for some £ = 0, if there exists
0 <A <1 such that

Hy(Eyx,Ey,t) = AM(y,y,t)+ LM(y,Eyx,t), forall y,yeX,t>0.

Motivated by the concepts of a-AM in [14,23,29] the concept of a*-1.-admissible for set
valued mappings as follows:

Definition 1.10 ([7]). Let a,n : X2 x (0,00) — [0,1) be two functions for non-empty set X.
A mapping and T : X — 2% is said to be a*-n,-AM if for all y,y € X, we have

alx,y,t) <n(x,y,t)=> a*(Ty, Ty, t) <n.(Ty,Ty,t), forall y,yeX, t>0,
where

a*(Ty,Ty,t)= sup a(y,y,t)
x€Tx,yeTy

and

Ty, Ty, )= sup n(x,7,t).
x€Tx,yeTy

Let y : Rt — R where v € ¥ that satisfy the following conditions:
(w1) v is strictly increasing, that is for y,y € R*, such that y <y = w(y) <w(y),

(w9) for all {y,} cR* lim y, =1 lim y(y,) = —oo,

(wg) 30<P<1 sothat liI(I)l Y w(p) =1.
X_, +
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2. Implicit Functions

Several metric FP results are proved in simpler way by considering the concept of implicit
function contraction type condition. Popa [24] first to take initiative in this direction and solved
FPT’s.

Let T be the set of all continuous functions I' € T such that T(u1,us, us, ug,us): (RY)° — R*
be a collection of all continuous function with the following conditions:
Iy I'(w,u,v,u+v,1), I'(u,u,v,1,u+v), I'(u,u,u,u,u) belong in (0, 1],
T'9) for all (ul, ug,ug, U4, lL5) € (fR+)5 and 0 > 0, F(6u1,6u2,6u3,6u4,6u5) = aF(ul, ug,ug, U4, u5),
(T's) for all u;,v; € RY, u; =v;, i =1,2,3,4,5, T'(u1,us,us3,ug,us) = I'(v1,v2,v3,04,05) also

I“(ul, ug,ug, U4, 1= F(Ul, V92,V3,U4, 1) and F(ul, ug,us, 1, u4) = F(Ul, v2,V3, ]., U4).

Lemma 2.1 ((11]). If T €T and u,v € R* are such that
v>min{l'(v,u,v,u+v,1),I'(u,u,v,l,u+v),I'(u,v,u,u+v,1),I'(u,v,u,l,u+v)},

then v > u.

Lemma 2.2 ([11]). Let (C(X),Hy, *) be a complete IFMS and E,F € C(X) with Hy(E,F,t)>0
for any t > 0. Then, for all m > 1, t >0 and e € E,, such that 3 f = f(e) € F implies
Mce, f,t) > mH(E,F,t).

3. Main Results

Theorem 3.1 ([11]]). Let (C(X), Hy, *) be a complete IFMS and the E : X — C(X) be an MV-almost
contraction, then E has a FP.

Definition 3.1. Let a,n: X x X x(0,00) — [0, 1) be two functions for non-empty set X. A mapping
E:X — C(X) is said to be f}—j-AM if for all y,y € X, t >0, we have

a(y,y,t) 1o a*(Ey,Ey,t) -
n(x,7,t) n(Ey,Ey,t)
where
a*(Ex,Ey,t)= sup a(y,y,t)
YeEyx,yeEy
and

n«(Ey,Ey,t)= inf n(x,v,?).
xeEyx,yeEy
Definition 3.2. Let (C(X),Hy, *) be a IFMS. A MVM E : X — C(X) is said to be an almost
(a/n )-yr-contraction if there exists a,n: X x X x(0,00) —[0,1), yrel', Tel', 7>0and £ =0 so
that
t
o1 +yr | CL1D g0 Ey By.p)
n(x,v,?)
= yr(TM(y,y, ), M(x,Ex, t), M(y,Ey,t), M(x,Ey,t), M\(y,Ex, 1)) + LM(y,Ey,t) (1)

for all y,ye X, ¢t >0, with Hy(Ey,EY,t) > 0.
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Theorem 3.2. Let (C(X),Hyy, *) be a IFMS and E : X — C(X) be a MV-almost (a/n)-yr-CM such
that the following claim grasps:

G) Eisan g—:-AM,

i -7 al¥o,x1,8)
(i1) 3 yoe X, and y1 € Eyo with e =1L,

(iii) for any {x,} in X, so that y, — z and % <1, forall neN,

= f’g;’jg <1, forall neN, then 3 y* € X, such that y* € Ex".

Proof. By hypothesis (ii), there exist yo € X, and y; € Eyo with % <1.If y1 € Ey1, then

x1 is a FP of E and so the proof end. Now, suppose that y; ¢ Ey1. Then M(y1,E y1,t) <1 and so
Hni(Exo,Ex1,t) < 1. From eq. (1), we have

21 +yr(M(x1,Ex1,t) =27+ Ho(Exo,Ex1,8) + LM(x1,E x0,t)
a(xo0,X1,%)

n(xo0, x1,%)
27 +1//1"(M()(1,E)(1,t)) =27+ }CM(EXO,EXIJ) -I-LM()(l,E)((),t)

= yr(TM(xo, x1,8), M(x0, x1,8), M(x1, Ex1,8), M(x0,E x1,£), M(x1, x1,1)))
= yr(CM(xo, ¥1,8), M(xo, x1,8), M(x1, Ex1,8), M(x0, X1, + M()x1,E ) 1,8), M(¥1, ¥1,2)))
which implies
Mx1,Ex1,t) > T(M(xo, x1,8), M(x0, x1,8), M(x1,E x1,8), M(x0, x1,8) + M(x1,EX1,),1)
so thatM(y1,E y1,t) > M(xo, x1,¢). Thus by Lemma[2.1] we obtain
21 +yr(M(x1,Ex1,1)
= yr(FM(xo, ¥1,8), M(x0, X1, 8), M(x0, ¥1,8), M(x0, X1, 8) + M(x0, X1,2),1))
> yr(T(M(xo, x1,8), M(x0, X1, ), M(x1, X0, 8), 2M(x0, X1, ), 1))

1
> wr (Mo, y1,0) T[1,1,1,2, ——
'”r( (xo 11,) ( M(xo,xl,t)))

= yr(M(xo, x1,1)-

Thus

21 +yr(M(x1,Ex1,8) = wr(M(xo, x1,1))- (2)
Since yr €l’, so 3 m <1, such that

yr(mHoi(Exo,Ex1,t) > wr(Hy(Exo,Ex1,0) - 7. (3)
Next as

Mx1,Ex1,t) = Hyi(Exo,Ex1,t) > mHy(Exo,Exi,t). 4)
Again by Lemma 3 w2 € Ex1 (obviously wg # x1), such that

M(x1,w2,t) = M(y1,Ex1,2) (5)
Thus from eqs. (3), (4) and (5), we have

YrM(y1,we,8) = yr(mHo(Exo,Ex1,8) > yr(Hy(Exo,Ex1,t) -7 (6)
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which implies by eq. (2) that
2T +yr(M(x1,w2,8)) = 27 + Yyr(Ho(E xo0,Ex1,8) — 7 = wr(M(xo0, Y1, + 7.
Thus, we have
T+yr(M(x1,w2,8) = wr(M(xo, x1,1)).
Since
a(X17w27 t) >
77()(1,(02, t)
and %-admissibility of E and eq. (I), we have

T+ yr(M(y1,w2,1) = wr(M(y1, w2, 1)) -

27 + yr(M(we, Ews, t))

> 21+ yr(H(Ey1,Ewe,t))
a(y1,wa,t)
n(x1,w2,t)

= yr(T(M(x1,w2,8), M(x1,Ex1,8), Mlws, Ews, 1), M(x1, Ews, t), (w2, E x1,1)))

+ L M(w2,E y1,t)

= yr(TM(y1,w2,t), M(x1,w2,t), M(wa, Ewa, t), M(x1, Ews, t), (w2, w2, 1)),

M(we,Ewa,t) > M(x1,w2,1t).

=>21+yr -Hy(Eyx1,Ews,t)

Thus, we obtain
21 + yr(M(we, Ewe, t))
= yr(T(M(x1, w2, 1), M(y1, w2, 1), M(x1, w2, 1), M(x1, Ewg, 1), M(wgz, w2, 1)),
M(x1,w2,1), M(y1, w2, 1), M(ws, x1,£), M(x1,w2,t) + M(ws, Ewe, t),1)

>yt (MG, 09,) T[1,1,1,2, ———
vrpren oLz s o)

= yr(M(y1,w2,1)).
Thus, we get
21 + yr(M(we, Ewa,t)) = yr(M(y1, w2, 1)).
Since yr €l’, so 3 m <1, such that
yr(mHy(Ex1,Ewe, 1) > wr(Hy(Eyx1,Ewe, 1) —T.
Next, as
M(we,Ewg,t) = Hyi(Ex1,Ewe, t) > mHy(Ex1,Ews,t).
According to Lemma [2.2] 3 y3 € Ews as y3 # wa, such that
M(we, x3,t) = M(we, Ews, t).
Thus, by eqs. (9), and (11I), we have
wr(M(we, ¥3,t)) = yr(M(we, Ews, t))
> yr(Hy(Ex1,Ewe,t))
> yr(mHy(Eyx1,Ewe,t))
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> yr(Hv(Ex1,Ewe,t) -7 (12)
which implies by eq. that
21 + yr(M(we, x3,t)) = 27 + yr(Hy(Ex1,Ewe,t)) — T
2yr(M(y1,w2,0)+ 7.

Thus, we have

yrM(ws, x3,1) = yr(M(y1,ws2,1) —T. (13)
Thus, as in eq. (13), we have {x,} in X so that y,+1 € Ey, and % <1, for all n € N.

Furthermore, for all n € N
YrMXn, Xn+1,8) Z yr(M(xn-1, Xn, ) — T. (14)
Therefore, by eq. (14), we have
YrMxn, Xn+1,8) 2 YrM(Xn-1, Xn ) — T
= Yr(M(¥n-2, Xn-1,1)) — 27

> yr(M(xo, x1,8) —nt. (15)
Letting n — oo, we have
Lim yr(M(¥n, ¥n+1,8) = —00,
which jointly with (wg) gives
,}i_)ITgOM(Xan+1,t) =1.
Thus, from (w3), 3 P €(0,1) so that
Tim [Mtn, tn1, OF -9V, gns1,8) = 1. (16)
From eqs. and (16), we obtain
Mt A1, -9 r M, X1, ) = My X1, O -9V 0, 11,8))
> M, Xns1, D1 - Twr VM0, x1,8) + 2] = My Xns1, 1 - wrM(x0, 11, 1)
> ntIM(xn, Xn+1, D1
>1.
For n — oo, implies
r}irglon[M(Xn,Xn+1,t)]p =1. a7
So that
Tim 2P [V, fns1, )] = 1
=> ilm(Xn,XrHl,t)
n=

converges i.e. a Cauchy sequence {y,}. As (C(X),Hy, *) is complete, so that 3 y* € X, such that
lim y, =x*.

n—oo
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For y* € Ex* as fixed point, from (iii), we have % <1, for all n € N. Assume on the

contrary that y, ¢ Ex*, then 3 ng € N and {y,,} of {y,} so that M(y,,.,,Ex*,t) >0, for all
ny = no. Now, using (1) with y = x,,,., and y = y*, we have
27 +yrM(¥n,, . EX™, 1))
=27 +yr(Mg(Exn, , Ex", 1)
> 2T +yr a(xnk—MMﬂf (Exn, - Ex",t)
N> X" 1)
= Yr(CMWn, 750, Mg E Xy s ), MO EX ™, 8, My, Ex ™ 8) + ME x5y, x5 ).
By (w1), we get
Mxnyq Ex*,t)> yr(TM(xp, X5 ), M(Xngs Xngsrs ), M, Eyx", £), M(xn,, JEx 6, My, Xngs1s0)))
M Ex*,0)=TQ, 1L, M Ex™,0), My ,Ex*,t),1)
by Lemma that is 1> M(y*,Ex*,t) > 1, a contradiction.
Hence

MG ,Ex*,t)=1=>y"e€Ey". O

Theorem 3.3. Let (C(X),Hy,*) be a IFMS and E : X — C(X) be a MV-almost (a/n)-yr-
contractive mapping if their exists a,n:X x X x(0,00) —[0,1), yr eI, T €S, 1>0and £L =0 so
that

t
n(x,v:?)

> (yr(CM(y, 7,8, My, Ex, ), M(y,Ey, 1), M(x,Ey,t), M(y,Ex,t) + LM(y,Ex, )"
forall y,yeX, t>0, ke€(0,1) with Hy(Ey,Ey,t) >0 and the following assertions holds:
(i) E is an &--AM,
alxo,x1,t) _ 4

n(xo,x1,8) ~

wsl,forallnej\f

N(Xn> Xn+1,1)
<1, forall neN, then 3 y* € X, such that y* € Ex*.

(i) 3 yoe X, and y1 € Exo with

(ii1) for any {x,}in X, so that x, — Z and

a(Xn, Z" t)
3 _—
n(Xn; Z’, t)

Proof. From eq. (1) and for all y,y€ X, t >0, k €(0,1) with Hy(Ey,Ey,t)>0
t
2T +Yr M-%M(Ex,Ey, t)
n(x,v,1)

> (yr(COV(, 1,8, M, Ex, 1), M(y, Ey, 1), M(x, Ey, 1), M(y,Ex, ))) + LMy, Ex, )
since f]((i(%)) <1l,yrel, L=0andif £ =0, so that
21 + Hy(Ey,Evy,t) > yr(TM(x, v, 0, M(x,Ex, ), M(y,Ey, ), M(x,Ey,t), M(y,E¥x, t)))

7+ Hy(Ey,Ey,t) = M(y,y,t) = xy € Ex by ['(¢1,¢2,t3,t4,t5) = ¢1 in Theorem 3.2 O
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4. Consequences

Corollary 4.1. Let (C(X),Hyg, %) be a IFMS and E : X — C(X) be a AM-almost (a/n)-wr-CMs.
Suppose A yr eI, >0, such that
a(y,y,t)
o1 +yr | XL 90, @y, By, 0| 2wy, y, )
nx,y,t)

for all x,y€ X, t>0, ke (0,1) and SELL <1 with Hy(Ey,Ey,) < 1. Then x* € X, such that

X* :EX*.

Proof. Considering I'e T, g((;x)) <1given L =0 and I'(¢1,t9,%3,t4,t5) =t1 in Theorem O

Corollary 4.2. Let (C(X),Hy, *) be a IFMS and E1,E2 : X — C(X) be a AM-almost (a/n)-wr-CMs.
Suppose there exists wr €', T > 0 such that
21 +yr(Ho(E1x,E2y,1))

My, Evx, 8)+ My, Ezy,t) M(y,Eoy,t)+M(y,E1y,t
Zillr(min{M(X,y,t), (s 1)6,); (v, Ezy, ), ( 2)/,); (v, 1)(,)}),

for all y,y € X, t >0 with Hy(E1x,E2y,t)) > 0. Then there exists y* € X, such that y* €
(E1nEg2)x".

to+is

Proof. Considering T'eT, Z(())E)Y/;)) <1 given £ =0 and I'(¢1,¢2,%3,t4,t5) =min {¢1, 25 ,%} in

Theorem U

Corollary 4.3. Let (C(X),Hy, *) be a IFMS and E : X — C(X) be a AM-almost (a/n)-yr-CMs.
Suppose A yrel, >0 such that

21 +yr(Ho(Ex,Ey, ) = yr(M(y,y,t)), forall x,yeX,t>0

with Hy(Ey,Ey,t) < 1. Then according the result of Banach-type (a/n)-yr-contraction in IFMS,
1 x* €X, such that y* =Eyx*.

Proof. Considering I'eT, T“’((;CC;':)) <lgiven £L=0 and I'(u1,us,us3,uq,us)=uq in Theorem O

Corollary 4.4. Let (C(X),Hyg, %) be a IFMS and E : X — C(X) be a AM-almost (a/n)-wr-CMs.
Suppose A yrel, 1>0, such that

21 + yr(Ho(y, Ey, 1)) =2 yr(M(x,Ex, t) + M(y,yt)), forall y,yeX,t>0
with Ho(Ex,Ey,t) < 1. Then according the result of Kannan-type (a/n)-wr-contraction in IFMS,
A x* €X, such that y* =Ey*.
Proof. Considering I' € T, Z((;(”Y/f)) <1 given £ =0 and I'(uq,u9,us,uq,us) = ug + ug in
Theorem u

Corollary 4.5. Let (C(X),Hy, *) be a IFMS and E : X — C(X) be a AM-almost (a/n)-yr-CMs.
Suppose A yrel, 1>0, such that

27 + yr(H(EY, Ey, 1) = yr(M(y, Ey, t) + My, Ext)),
for all y,y € X, t >0 with Hy(Ey,Ey,t) < 1. Then according the result of Chatterjea-type
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(a/n)-wr-contraction in IFMS, 3 y* € X, such that y* =Ey".

Proof. Considering I'e T, f}gg;’g <1,L=0and I'(u1,ug,us, ug,us) =us+usin Theorem O

Corollary 4.6. Let (C(X),Hy,*) be a IFMS and E : X — C(X) be a AM-almost (a/n)-yr-
CMs. Suppose 3 yr € I, T > 0 and non negative real numbers Q1,Q9,Q3,Q4 and Q5 with
Q1+ Qo+ Q3+ Q4+ Q5 <1, such that

21 +yr(Ho(Eyx,Ey,t))
> yr(Q My, v, + QM(x, Ex,t) + QsM(y,Ey,t) + QuM(x,Ey,t) + Qs M(y,Ex, 1)),

for all y,y € X, t >0 with Hy(Ey,Ey,t) < 1. Then according the result of Hardy-Roger-type
(a/n)-wr-contraction in IFMS, 3 y* € X, such that y* =Ey".

Cy . t
Proof. ConsideringI'e T, Z((;(;/t)) <1,L=0and I'(u1,u9,us,ug,us) = W1l1+wWolo+wW3U3+Walig+
wsus in Theorem [3.2] O

Corollary 4.7. Let (C(X),Hy, %) be a IFMS and E : X — C(X) be a AM-almost (a/n)-wr-CMs.
Suppose A yrel, 1>0, such that

2+ OOE LBy, 0) = r [min {0 y,0,000 Ex, 0,000 By,

My, Ey,t) + My, Ey,t) })
2 b
for all y,y € X, t >0 with Hy(Ey,Ey,t) < 1. Then according the result of Cirié-type (a/n)-yr-
contraction in IFMS, 3y* € X, such that y* =Ex*.

. . t . .
Proof. Considering 'e T, % <1given L =0and I'(u1,ug,us,us,us) =min{u,ug,us, ”4‘2”‘5

in Theorem 0

Corollary 4.8. Let (C(X),Hy, *) be a IFMS and E : X — C(X) be a AM-almost (a/n)-yr-CMs.
Suppose A yrel, 1 >0, such that
21 +yr(H(Ey, Ey, ) = yr(min{M(y, v, 1), M(x, Ex, 1), M(y, Ey, 1), M(x, Ey,t), M(y, Ex, )},

for all y,ye X, t >0 with H(Ey,Ey,t) < 1. Then according the result of Cirié-type (a/n)-yr-
contraction in IFMS, 3 y* € X, such that y* =Ey*.

Proof. Considering I'e T, ‘;8((;3 <lgiven L=0and I'(u1,us,us3,ug,us) =min{uq,us,us,uy,us}
in Theorem [3.2] H
Example 4.1. Let X = NU{0} be endowed with the usual fuzzy metric M(y,7,t) = —1—, for all

t+x—yl’
XY €X, t>0. Define a,n: X x X —[0,00) by

1, ify,ye{0,1},
aly,yv,t) |4 By

Lyt |2
Ty 0, ifotherwise.

Let (C(X),Hy, *) be a IFMS. A mapping and E : X — C(X) be a AM-almost (a/n)-wr-CMs

if y,y>1,
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defined by

~[to,13, ify=0,1,
- {{x—l,x}, if y> 1.
If30<21<1 and some £ =0, such that J(Ey,Ey,t) = 1-F(x,7,8) + L - Ho(y,Ey,t), for
all y,ye X, t >0. Then E has a FP. Again let y : R* — R defined by yr(¢): ¢ + logt, for all
teRTT=1/2, yr:(R")® = R* and T'(u1,us,us,ug,us) = uq then
HmEY,Ey,t)
[(u1,ug,us,uq,us)

with ‘;((;C’z’gﬂ{M(Ex,Ey, t) < 1. Here if ¥,y €{0,1}, ¢ > 0, then (1) is applicable for £ = 0. Also, if

: ~12 o 1,- 3G
X,Y>1, with y #y, t >0, then e™"* > e 2 #k71",
Again if y or y€{0,1} and y or y with y #y then ‘;((;)Y/:)) Hyvi(Eyx,Ey,t)=1. Thus the contractive
condition is satisfied trivially so E is an almost (a/n)-wr-contraction.

a(x0,x1,t) . s a -
oD < 1. Also, E is strict 0 admissible and for

{xn} =X =1sothat y, — y as n — co and % <1, for all n € N, therefore by Theorem
E hasa FPin X.

Let us consider the sequence {y,}>2; where y, =1- %, for all n e N, and X ={y, : n € N}.
We also define wr : R* — R by yr = (1 —exp(l—yx,)"%), a >0. Let Ey, = 1— n—fl, then
lim y, = lim (1-2)=1, and lim yr(y,) = lim (1 -exp(1-y,)"*) = lim (1-exp(1-1+1)™) =
n—oo n—oo n—oo n—oo n—oo

eﬂ-(M(E)(,E)/,t)—F(u1,u2,u3,u4,u5) >e” ", forall ryYeX,t>0

For yo =1, we have y; = 1€ Ey¢ such that

1-exp(0)™* = —o0.
Now, we have m >n and Yy = Ym, ¥ = Xn

t
HvuExm,Eyn,t) = —————
ML X m, L Xn 1 1E xms E

t
|- -1+
B t

t+ | — |
t t
t+]m—al t+lr -l
>A%M(XmJ(n,t)+L%M(Xn7EXm>t)>

L =0 and for existence of 0 < 1 < 1. Since % <1. So that

1
n—1

>

a(Xm>Xn,t)

N(Xm>Xn>?)
for some £ =0 and for existence of 0 < A < 1. Since yr : R* — R is strictly increasing and for all

continuous function (w1, us,us, ug,us): (RY)° — R*, we have

a(Xm>Xn,t)
A XDy s E t>) > YrAFe(ms 20, )+ LIt Em, 1)
n()(m’ Xn: t)

which implies for some 7 >0,
a(Yms Xn>t)
NXm>Xn,t)

V/F(
21+ yr ( HniExm, Exn, t)) > Ay (Honi(m, Xn, )+ L -wr(Hoi(Xn, E Xm» 1))
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5. Applications

Different kind of applications in differential and integral equations is wide applications of FP
for multivalued mappings. As an application in support our theorem, we take Fedholm integral
equation.

Let F:[0,11x[0,1] x R — F(R) be a MV operator, where F(R) denotes a family of non-empty
compact and convex subset of £. Consider the integral equation

1
X(f):f(€)+f0 ((0,8)F(,s,x(s)ds, (18)

where ¢ €[0,1] and f €[0,1] — R a continuous function. Let X = C[0, 1] be the class of all real
valued continuous functions. Let (C[0, 1], Hy¢e, *) be a IFMS where Hyp : X x X x R — [0, 1]
defined by
. t t

Tt y,D = (s?[‘éfh { E+ | p(s)—y(s)| }) RET OOk (19
for all y,y € C[0,1], £ > 0. Let the following conditions hold:
(p1) F(¢,s,(s)) is upper semi continuous [0, 1]% for the operator F:[0,1]x [0,1] x R — F(R), for

all y € [0, 1],

(p2) there exists some continuous function ( :[0,1] x [0,1] — [0, +00), such that

. t 4
T, Y AN =Ty =L min {4 S o
t t

t+1y(s) = F(t,s, 7)) t+1x(s)— F(t,s,y()’

t+1y(s)—F(t,s, x(s)l
for all ¢,s €[0,1], y,y € C[0,1], >0,

(p3) there exists a 7 >0, such that i[r(l)fl] fol ((0,8)ds=e 2",
s€elo,

Theorem 5.1. With the grasps (p1),(p2) and (p3), the equation
wo=fo+ [ s s

has a solution in £[0,1].

Proof. Let E : X — C[0,1] be the MVM in a IFMS (C[0, 1], Hy¢e, *), such that
Ey= {ye Cl0,1]:y(0) = f(€)+f1?(€,s,x(s))ds, le [0,1]}.

Let y € C[0, 1]. For the MV operator fo(ﬁ,s,)((s)) e F(l,s, x(s)) for all ¢,s €[0,1]. This follows that
f(5)+f01f(€,s,)((s))ds eEy

thus, Ex #¢ For 7 >0,yr el and % =1,1ie.
21 +yr(Ho(Ex1,Ewa, 1))

= yr(min{M(y1,w2,t), M(x1,E x1,8), M(w2, Ews,t), M(x1,Ewz,t), M(w2,E x1,t)}),
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for all y1,wg € X, ¢ >0. Then from eq. E on C[0,1] implies Ey € C[0, 1].
Let y1 € Ex1 be arbitrary such that

1
Y1(0) = F(0)+ fo F(l,s, y1()ds,
for all ¢ €[0,1] holds. It implies that, for all ¢,s €[0,1], 3 f(¥¢,s, x1(s)) € F(¥,s, x1(s)), such that
1
Y1(0) = F(0)+ fo F(0,5,y1()ds,
for all ¢ €[0,1]. For all y;,w2 € X, ¢ > 0, it follows from (p2) that
FoI(f (4, s, x1(8)) = f(€,s,w2(s)), 1))

. t t t
2L min e e T O e T s e

t t
t+1x1(s) = F(t,s,w2(s)| ¢+ lwals) — F(2,s, x1(s)) }}
This implies that 3 2(¢,s) € F(¢,s,wa(s)), such that for all ¢,s €[0,1].

. t t
IF(0,s, x1() - 2(4,8)| = cw,s>{sr€r[%g]{t+ PRI T

t t
t+|wa(s) = F(,s,02()I” ¢+ y1(s) = F(t,5,w2(s))’

- t }}
t+|wa(s) — F(t,s, y1(s))I
Now, with MVM, E defined by

E(é,s):ff(ﬁ,s,wg(s))ﬂ{meﬂQ:|f(€,s,)(1(s))—m|2(([,3)-( d )}
t+|x1(s) — wa(s)|

Hence, by (p1), F' is upper semi continuous, it implies that 3 f(¢,s,w2(s)):[0,1]1x[0,1] — R such
that f(¢,s,ws(s)) € E(¢,s) for ¢,s €[0,1]. Then

1
o) = F(O)+ fo F(0,5,05(5))ds
satisfies that
1
yo(0) € F(0) + f F(0.5,09(s))ds, £ € [0, 1],
0

That is y9 € Ewg and

1
ly1(€) —y2(€)| = fo 11 (4,8, x1(8)) = f(£,8,w2(5))lds

1
o fo {(0,9)]y1(s) — wals)|ds

ot . ¢ ¢
z z‘é%ﬂlfo ¢e,9){ min {— G —02E) £+ 1) — TG s 1@
t t
t+|wa(s) — F(t,s,wa(s))” t+|x1(s) — F(¢,s,wa(s))|’

t
t+ |wa(s)—TF(t,s, y1(s))| Hds
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>e 2T min{M(y1,w2,8), M(x1,Ex1,t), (w2, Ews,t), M(x1,Ews,t), M(we,E y1,t)},
for all ¢,s €[0,1]. Hence, we have
Holyi,ye,t)
> e 2" min{M(y1,ws, ), M(x1,Ex1,), M(ws, Ews, t), M(x1, Ews, t), M(we, E 1, £)}.
Changing the task of y; and wg, we get
Hy(Ex1,Ewg,t)
>e 27 min{M(y1,w2,8), M(x1,Ex1,t), M(we,Ews,t), M(y1,Ews,t), M(ws,E y1,t)}.
Taking natural log on both sides, we have
27 +log{H\(E x1, Ewe, )}
> log(min{M(y1,ws2,t), M(x1,Ex1,t), M(we, Ews,t), M(x1,Ews,t), M(ws,E x1,t)}).
Taking wr € I" defined by yr(¢) =log(t) for ¢ > 0, we have
21 +yr{How(Ex1,Ews, 1)}
= Yr(min{M(y1,w2,8), M(x1,Ex1,t), (w2, Ews,t), M(x1,Ew2,t), (w2, E x1,t)}).
According Theorem [5.1]and the function I'e S given by I'(u1,ug,us3, us,us) =min{ui,ug,us,u4,us},
the given integral inclusion in eq. has a solution. O
Theorem 5.2. Let (C(X),Hy, *) be a IFMS and E1,Es : X — C(X) be a MVM if there exists
yrel, I'eS so that

Yyr(HyE1rx,Eoy, 1)) = (wr(TM(y, v, ), M(x, E1x, 1), M(y,E2y,t), M(x,E2y,t), M(y,E 1y, )
forall y,yeX, t>0and k €(0,1). Then E1 and Ey have CFP.

Proof. Here we define a: X — (0,1] and F1,F3: X — (X) by

a(y), if¢eEy,
P = {0, ' if ¢ GEEli
and
raora- {10 e
Then
(F1(ap = e F1 ()0 za()} =E1x
and

(Fo(xDay =0 e Fo(x)(0) z a(y)} =E2y.

Also, from Theorem[5.2] x* isa FPi.e. y* € E1y and y* € Eoy, which implies that y* €e E;ynEsy,
so that y* is a CFP in E; and Es. d
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Example 5.1. Let X =N be endowed with the usual fuzzy metric M(y,v,?) = for all

XY €X, t>0. Define a,n: X x X —[0,00) by

1, ify,ye{0,1},
BYD 11 ey st
rn B >l

0, if otherwise.

t+|)( vl

Let us consider the sequence {y,};.; where y, =1- %, forall neN, and X = {)(n n € N}
We also define yr : R" — R by yr = (1—exp(1-x,)"%), a >0. Let Exy, = 1- = 1, then
lim y, = 11m(1—l)— 1, and hm wp(xn)— hm(l exp(l—yx,) %= hm(l exp(1-1+ 1) 4=
n—.oo

1- exp(O) aZ —00.
Now, we have m>n and Yy = Ym, ¥ = Xn

t t
HoiExm,Exn,t) = =
ME Y ms Exn, 0) t+|1ExmExnl  t+|1--L-1+-L|
t . t N t
R = a = NS S R =

> Ag{MC{m;X’L’t) + L%M(Xn,E)(m,t)

L =0 and for existence of 0 < 1 < 1. Since % <1. So that

a(¥m, Xn,t)
N(Xms>Xn,?t)
for some £ =0 and for existence of 0 < A < 1. Since yr : R* — R is strictly increasing and for all

continuous function (i1, us, us, ug,us): (RY)° — R*, we have
(a(Xm,Xn,t)

r
N(Xm» Xns?)
which implies for some 7 >0,

A(Xm> Xn»t)
N(Xm>Xn>t)

2r+vyr

Hoi(E ¥ m,E xn, t)) 2 A-yr(Hyi(m, Xn, )+ L - wr(FHoi(Xn, E X m» E)).

6. Conclusions

We define a new class of almost (a/n)-yr-CMs for IFMS and prove the FPT’s in that context.
Our results in IFMS are extension of some well known results of contraction. We also support
our result with the help of an example and an application of Fredholm integral equation, which
is significantly contributed in FPT and will set new association among the young researchers
those who are working on the contraction of fuzzy mappings.
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