Communications in Mathematics and Applications

Vol. 12, No. 3, pp. @-@] 2021 RGN

ISSN 0975-8607 (online); 0976-5905 (print)

Published by RGN Publications http://www.rgnpublications.com

DOI:110.26713/cma.v12i3.1515

| Research Article |

On Soft w-Connectedness in Soft Topological
Spaces

Savita Rathee!™ and Ridam Girdhar2

! Department of Mathematics, M. D. University, Rohtak 124001, Haryana, India
2Govt. PG. College for Women (M. D. University), Rohtak 124001, Haryana, India

Received: February 5, 2021 Accepted: April 22, 2021

Abstract. This article aims to define soft w-connected space and soft w-disconnected space in soft
topological spaces. We study the characteristics of these spaces with appropriate examples and discuss
their relation with soft connected and soft disconnected spaces.

Keywords. Soft w-open set; Soft w-closed set; Soft w-separated sets; Soft w-connected space; Soft
w-disconnected space

Mathematics Subject Classification (2020). 06D72; 54A05; 54A40; 54D05

Copyright © 2021 Savita Rathee and Ridam Girdhar. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

1. Introduction

To solve the complicated real life problems in engineering, social science and other fields, several
theories like fuzzy set theory [13], theory of interval mathematics [12]] etc. have been introduced.
But all these theories had some drawbacks. To avoid these drawbacks or inadequacy of the
parametrization tool, Molodtsov [5] used an adequate parametrization. He initiated the basic
notion of soft set theory in 1999 and presented the first result of the theory. He has attracted
many researchers to work on this theory. Maji et al. [4] applied this theory in 2003, to solve
problems in decision making.

As topology is prominent in various branches of mathematics. So, Shabir and Naz [9]
formulated the idea of soft topological spaces. Later, Hussain and Ahmad [3] studied
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the properties of soft topologial spaces. Chen [1] investigated the properties of soft semi-open
sets and soft semi-closed sets. Connectedness [[7]] is a powerful aid in topology. Hussain and
Ahmad [2] defined and explored the properties of soft connected space in soft topological spaces.
Sundaram and John [10] has introduced w-closed set in topology. Motivating from his idea,
Paul [6]] proposed soft w closed sets in soft topological spaces. Inspiring from the idea of Paul [6]],
and Hussain and Ahmad [3]], we define soft w-connectedness in soft topological spaces with the
help of some illustrations.

2. Preliminaries

In this section, we recall some basic definitions which are helpful while proving our main results.
Throughout this paper, we shall denote Iy by universal set, A by parameter set and (Iy7,7,A)
by soft topological space.

Definition 2.1 ([9]). Suppose Iy be an initial universal set, A be a parameter set and P(Iy)
denote the power set of Iy. A pair (M, A) is called a soft set over Iy, if M is a mapping given
by M : A — Py).

Definition 2.2 ([9]). For two soft sets (Mx,,A,) and (Na,,Ap) over a common universe [y,
where A, ad A, are subsets of A, then (Mx,,A,) is a soft subset of (Na,,Ap) if

(i) Ay S Ap, and
(ii) for all 64, € Ay, Mp,(64,) and Ny, (6,,) are identical approximations.
We write (Ma,,Aq)S(Na,,Ap).

Remark 2.3 ([9]). (Ma,,A,) is soft superset of (N, ,Ap), if (Na,,Ap) is a soft subset of (Ma,,As).
We denote it by (Ma,,Ag)2(Na,,Ap).

Definition 2.4 ([9]). Two soft sets (Ma,,A,) and (N,,Ap) over a common universe Iy are
equal if (Mx,,A,) is a soft subset of (N, ,Ap) and (Vp,,Ap) is soft subset of (Ma,,As).

Definition 2.5 ([9]). Let (Ma,A) be a soft set over I;7, then (Ma,A) is
(i) null soft set denoted by ¢ if for all §; € A, Ma(51) = ¢.
(ii) absolute soft set denoted by I~U if for all 61 € A,Ma(61) =Iy.

Definition 2.6 ([11]). A soft set (Ma,A) over Iy is said to be a soft point if there is exactly one

01 € A such that MA(61) = {n}, for some n € Iy and Ma(6) = ¢ for all 6 € A\{d1}. Such a soft point

is denoted by M Z,; . The collection of all soft points of a soft set (Ma,A) is denoted by SP(Ma,A).
1

Definition 2.7 ([11]). A soft point MZ§ is said to belong to a soft set (Np,A) if 6 € A, nely
and Ma(6) = {n} € Na(d) and we write MZ(S €(Na,A). Thus, any soft point belongs to absolute
soft set.
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Definition 2.8 ([9]). The union of two soft sets (Ma,,A,) and (Na,,Ap) over the common
universe Iy is the soft set (Ha,,A.), where A, = A UA; and for all 6. € A,

My, (5) 5 €Ay — Ay
H\,(6) =1 Na,(6) ifdeNp—A,
M, (0)UN,, if6eA,NAy.
We write (Ma, ,A0)O(Na,,Ap) = (Ha,, A).

Definition 2.9 ([9]). The intersection (Hx,,A.) of two soft sets (Mx,,A,) and (Na,,Ap) over
a common universe Iy, denoted by (Ma,,Aq)N(Na,,Ap), is defined as A, = Ay N Ap, and
Hp,(6) =M, (6)N Ny, () for all 6 € A,..

Definition 2.10 ([9]]). The relative complement of a soft set (M, A) denoted by (Ma,A)° and is
defined by (Ma,A)* = (M§,A) where M§ : A — P(Iy) is a mapping defined by

M§(8) = Iy — MA(5), for all 5 € A,

Definition 2.11 ([9]]). Let (M, A) be a soft set over Iy and Iy (# ¢) < Iy. Then, the sub soft set
of (Ma,A) over Iy, denoted by (MiV,A), is defined as:

ML () =TIy nMa(6), for all 6 € A.
In other words, (ML ,A) = Iy A(Ma,A).

Definition 2.12 ([9]]). Let Iy be an initial universal set, A be the non-empty set of parameters
and T be the collection of soft sets over I, then T is a soft topology on Iy, if

() ¢,Iy €T,
(i) union of any number of soft sets in 7 belongs to T,
(iii) intersection of any two soft sets in 7 belongs to 7.

Then, the triplet (Iy7,7,A) is called a soft topological space over Iy;. The members of T are called
soft open sets and complements of them are called soft closed sets in Iy;.

Definition 2.13. [9]] Let (I7,7,A) be a soft topological space over Iy and Iy be a non-empty
subset of I7. Then, 71V = {(Mi", A) : (M a,A) €T} is the soft relative topology on Iy and Iy, 7V A)
is called a soft subspace of (I7,7,A).

Definition 2.14 ([9]). Let (I7,7,A) be a soft topological space and (Ma,A) be a soft set over
Iy, then the soft closure of (Ma,A), denoted by (Ma,A) is defined as the intersection of all soft
closed supersets of (Ma,A).

Remark 2.15 ([9]). If (M a,A) is soft closed set, then (Ma,A) = (Ma,A).

Definition 2.16 ([2]]). Two soft sets (Ma,A) and (Na,A) are said to be soft disjoint if
(Ma, M)A (N, D) = .
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Definition 2.17 ([7]). Let (I7,7,A) be a soft topological space. Two non-null soft sets (Ma,A)
and (Na,A) over Iy are soft separated sets if (Ma,A)A(Na,A) = ¢ and (Ma,A)A(Na,A) = .

Definition 2.18 ([[7]). A soft topological space (Iy7,7,A) is called soft disconnected if we can
write Iy = (Ma, A)T(Na,A) such that (Ma,A)A(Na,A) = ¢ and (Ma, A)A(Na,A) = ¢, otherwise
the space is soft connected space.

Remark 2.19. (i) Soft discrete topological space with a non-singleton set in SP(Iy) is always
soft disconnected space.

(i1) Soft indiscrete topological space is soft connected space.

3. Properties of Soft v-Open Set and Soft w-Closed Set

This section contains the characteristics of soft w-open sets and soft w-closed sets with some
suitable examples.

Definition 3.1 ([8]). Let (WAO,A) be a soft set over I;;. Then, (WX,A) is soft w-open set if for any
soft semi-closed set (Cx,A) contained in (W9, A), we have (Ca,A)S(W?,A)°. The set of all soft
w-open sets is denoted by G I).

Example 3.1. Let Iy =~{n1,nz}, A =1{61,89} and 7 = {¢p, Iy, {51, {n1)), B2, (n2))}}, then (WO A) =
{(61,0),(62,{n2HEGsu(Ty).

Proposition 3.2 ([8]). If (WY, A) € 7, then (WY, A) € Gso(Iy). But if (W2, A) € G (Iy), then it is
not necessary that (W%, A) € T which can be seen by Example

Proposition 3.3 ([8]). () If (W} A)EG,,Iy), then Uy(Wh,AEG,,I).
(i) If WL, A) and (W2, A)E G, (Iyy), then (W, A)A(W2,A)EG,,T1).

Definition 3.4 ([8]). Consider a soft set (Wx,A) over If;. Then, (Wa,A) is soft w-closed set if for
any soft semi-open set (Oa,A) containing (Wa,A), we have (Wa,A)S(Oa,A). The collection of all
soft w-closed sets is denoted by F.,Ip).

Example 3.2. Let I =jn1,nz}, A =1{61,89} and 7 = {$p, Iy, {(51,{n1)), B2, Iy)}}. Then, (Wa,A) =
{(61,11),(02, NN EFs,(I1).

Proposition 3.5 ([8]). If (Wa,A)ETC, then (WA,A)Est(fU). But the converse is not true by
Example (3.2

Proposition 3.6 ([8]). () If (Ma,A)EF,(I) and (N, A)EFs,(Iyy), then
(Ma,A)T(Np, NEF s, (Iy).

(i) If (W}, A)EF,(Iy), then A (W AEF,,(Iy).

Definition 3.7 ([8]). Consider a soft set (Wa,A) over Iy;. Then, the soft w-closure of (Wa,A),
denoted by {(Wa,A)},, is defined as the intersection of all soft w-closed supersets of (Wa,A) i.e.,
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Example 3.3. Let Iy = {n1,n2}, A =1{01,02}, T = {fﬁ, TU,{(51,{1]2}),(62,(/))}} be a soft topology on
Iy and (Wy,A) ={(81,{n1}),(62,{n2})} be a soft set over I;7, then

{(Wa, M} ={(61,{n1D), (62, Iv)}

Remark 3.8 ([8]). (1) (Wa,A)S{(Wa,A)},.
(i) {(Wa, AN, EFTy).

Lemma 3.9 ([8]]). {(Wa,A)}, is the smallest soft w-closed set containing (Wa,A).
Lemma 3.10 ([8]]). A soft set (Wa,A)EF,,(Iy) if and only if {(Wa,A)}, = (Wa,A).

Lemma 3.11 ([8]). Consider a soft topological space (Iy,T,A), (Wa,A) and (W5, A) are soft sets
over Iy, then

Q) (Plo = and Tote = Iv.
(i) [{(Wa, Aloly = {(Wa, Al
(111) If(WA,A)i(WA,A), then {(Wa, A}, S{W),A)}y.
(V) {(WaUWL, A}y, = {(Wa, Ay T{WS, Al
V) {(Wa n WS, A} S{(Wa, A}y A WS, A
(vi) {(Wa, A}y, E(Wa,A).

4. Soft w-Separated Sets

In this section, we introduce the concept of soft w-separated sets and study their main properties.
We consider the various examples to show the relation of soft w-separated sets with soft
separated sets and soft w-closed sets.

Definition 4.1. Consider two non null soft sets (Ma,A) and (INa,A) in soft topological space
(Iy,T,A), then (Ma,A) and (Na,A) are soft w-separated sets if and only if

{(Ma, M)} N(Na,A) = and {(Na, Ay N(Ma,A)=¢.
Example 4.1. Let Iy = {1,129}, A = {61,892} and 7 = {¢,I17,{(51, 1)), (82, (na))}}. Consider two

soft sets (Ma,A) ={(61,{n1}),(62,)} and (Na,A) ={(61,$),(52,{n2h)} over Iy, then {(Ma,A)}y =
{(61,11),(82,{n1h} and {(Na, A}y, = {(61,{n2}),(82,Iy)} such that

{(Mp, M}y N(NA,A)=¢ and {(Na,A)}, N(Ma,A) = .
Thus, (Ma,A) and (Na,A) are soft w-separated sets.

Remark 4.2. (i) If (Ma,A) and (N, A) are soft w-separated sets, then they are disjoint.

Proof. As (Ma,A) and (N, A) are soft w-separated sets, thus
{(Ma, M)}y N (Na,A) =@ and {(Na, A}, 0 (Ma,A) = ¢.
Now,

(M, ME{(Ma, D)}
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= (Mp, M) (N, ME(Ma, M}y (Na,A) = ¢
= (M, N0 (NA,AN) =
Thus,(Ma,A) and (Na,A) are disjoint soft sets.
(i1) If two soft sets are disjoint, then they need not be soft w-separated sets.

Example. Consider a soft topological space as in Example Let (Ma,A) =1{(61,{n1}),(02,{n21}
and (Na,A) = {(61,{n2D),(62,{n1})} be two soft sets over Iy, then (Ma,A) and (Npa,A) are
disjoint soft sets but they are not soft w-separated sets as {(Ma,A)}, = I v and {(Na,A)}, =
{51, (02D, (B2, 11} and (Ma, M)k, (N, A) # .

Theorem 4.3. If (Mx,N)EF,,(Iy) and (Na,A)EF,,(Iy), then (Ma,A) and (Na,A) are soft w-
separated if and only if they are disjoint.

Proof. Let (Ma,A) and (Na,A) be two soft w-closed disjoint sets over Iy, then by lemma 3.10,
we have

(M, D}y = (Ma,A) and {(Ny, D}y = (Na, A).
As (Ma,A) and (N, A) are disjoint soft sets, thus
{(Ma, D)} A (Na,A) = (Ma, D) ANA,A) = &
and
{(Na, M} AM A, A) = (N, DA (M4, A) = §.
Thus, (Ma,A) and (Na,A) are soft w-separated sets.
Conversely, if two soft sets are w-separated, then we already have proved that they are disjoint

from Remark [4.2(1). O

Remark 4.4. If two soft sets are soft w-separated, then they need not be soft w-closed set which
can be seen from Example

Theorem 4.5. Two soft separated sets are soft w-separated sets.

Proof. Let (Ma,A) and (Na,A) be two soft separated sets over Iy, then (Ma,A)N(Na,A) = (Z
and (N, A)A(Ma,A) = .

As

{(Ma, M)} S(Mp,A)
= {(Ma, D} (N2, EMa, DA (N, A) = ¢
and similarly,
(N, )}y A (M2, A)EWNA, D) A(Ma, A) = .
Thus, (Ma,A) and (Na,A) are soft w-separated sets. O

Remark 4.6. The converse of above theorem is not true i.e., two soft w-separated sets are not
necessarily soft separated sets by the following example:
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Let Ity ={n1,n2}, A={61,62} and 7 = {cE, fU}, then (I, T,A) is a soft topological space. Consider
two soft sets (Ma,A) = {(61,{n1)),(62,{n2hH} and (Na,A) = {(61,{n2}),(62,{n1})} over Iy. Then,
{(Ma, M} ={(61,{n1}),(82,{n2D} and {(Na, A}, = {(61,{n2}),(62,{n1H}. Thus, (Ma,A) and (N, A)
are soft w-separated sets. But they are not soft separated sets as (Ma,A) = Iy and (NA,A) =1

Theorem 4.7. If (M a,A) and (Na,A) are soft w-separated sets, then
(1) if (Ma,A)U(Na,A) is soft w-closed, then (Ma,A) and (Na, ) are soft w-closed sets.

(11) if (Ma,A)U(Na,A) is soft w-open, then (Ma,A) and (Na,A) are soft w-open sets.
Proof. Since (Ma,A) and (Na,A) are soft w-separated sets, therefore {m}w A(INA,A) = (ﬁ
and (Ma, A) A {(NA, A}y = ¢
(1) If (Ma,A)T(INa,A) is soft w-closed set, then
{(MaA,A)U(NA, M} = (Mp,A)T(Np,A)
= {(Ma, A}y U{(Np, A}y = (Mp,A)T(Ny,A)

Now,

{(Mp, M} E{(Ma, M}y O{NA, A}y = (Ma, A)T(Na, A)
{(Ma, My A (M, A)T(Na, A} = {(Ma, A},

{(Ma, M)} N (Ma, A} THMp, M)}y (N a, AN} = {(Ma, D)}y
(Mp, )T ={(Ma, A}y . (Ma,N)E{(Mp,DM)}y)
(Ma,A) = {(Ma, M)}y

Therefore (Ma,A) is soft w-closed.

L

Similarly, we can show that (Na,A) is also soft w-closed.
(i) Let (Ma,A)T(Na,A) be soft w-open set. Since {(Na,A)}, is soft w-closed set, therefore
{{{INa, A)}y)¢ is soft w-open set. Thus,
{(Ma,A)T(Na, A} AN A, M)}, )€ is soft w-open set  (by using Proposition [3.3[(i1))
= {(Mp, DA, M)} T{NA, D) A{IA, A)},)) is soft w-open set (4.1)
As
(M, 0)F{(Na, D)}y = 6
= (M, M)EHNA, A)}y)
= (Ma, DA, Ao} = (Ma, D). (4.2)
Also,
(Na, M) E{(Na, M
= {(Na, M)} EWA, A
= (Na, DAHNA, A} E
=¢

= (Na, )N {(Na, My} (4.3)
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Thus, using (4.5) and (4.6) in (4.4), we have (M A,A)Gfﬁ = (Mp,A) is soft w-open. Similarly, it
can be shown that (N, A) is also soft w-open set. O

Theorem 4.8. Two soft disjoint sets (Ma,A) and (Na,A) are soft w-separated if and only if they
are soft w-open and soft w-closed sets in (Ma U Na,A) with soft relative topology.

Proof. Let (Ma,A) and (Na,A) be two disjoint soft w-separated sets. Thus,
{(Ma, M)} N (Na,A)=¢ and (Mp,A)A{(Na, M}y =
Let (MAUNA,A)=(Va,A), then
(M, D = {(Mp, D}y A(Va,A)
={(Ma, M)}, N {(Ma,A)T(Na,A)}
= {(Ma, M)}y N(Ma, A} O{(Ma, A}y N(N A, A)}
=(Mp,N)Tp=(Mp,N).
Thus, (Ma,A) is soft w-closed in (Va,A). Similarly, it can be shown that (Na,A) is also soft
w-closed in (V,A).
Since (Ma,A)A(Na,A) = ¢ and (Ma,A)T(Na,A) = (Va,A), therefore (Ma,A) = (Va,A) — (Na,A)
and (NAyA) = (VA)A) - (MAyA)
Now, (Ma,A) and (Na,A) are soft w-closed set in (Va,A), thus (Ma,A) = (Va,A) —(Np,A) and
(Na,A) = (Va,A)—(Mp,A) are soft w-open set in (Va,A). Thus, (Ma,A) and (Na,A) are soft
w-open and soft w-closed in (V,A).

Conversely, let (Ma,A) and (Na,A) be two disjoint soft sets which are both soft w-open as well
as soft w-closed in (Va,A) = (Ma UNa,A).

Now,
(Ma,A)S(Va,A) and (Np,A)S(Va,A)
= (M, D)2 = (Ma,D) and {(Na, A}> = (Na,A)
= {(Ma, M}y (Va,A) = (Ma,A) and {(Na, A, A (Va,A) =(Na,A)
Thus,
(M, D) (Na,A) = {Ma, M}y A (Va, A} (Na, A)
= {(Mn, M}y A {(VA, A AN, A}
={(Mp, M)}, N (Na,A)
> (M, A} A(NA,N) =
Similarly, {M}w N(Ma,A\) = @ Thus, (Ma,A) and (Na,A) are soft w-separated sets. O

Theorem 4.9.If (Fa,A) and (Ga,A) are soft w-separated sets and (Ma,A)S(Fa,A) and
(Na,A)S(Ga,N), then (Ma,A) and (Na,A) are soft w-separated sets.

Proof. Since (Fa,A) and (Ga,A) are soft w-separated sets, therefore {(Fa,A)}, 7 (Ga,A) = and
(Fa,MA{G s, D)y = 6.
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As
(Ma,N)E(F,A) and (Na,A)E(Ga,A)
= {(Ma, M}y S{(Fp, A} and {(Na, A}, EU(GA, Ay
= (M, Do (Np, A E{(Fa, Mo ANA, A E(F, Mo 1(Ga,A) =
> {(Mp, Mo (Np, N =¢
Similarly, {(Na, A)}, A (Ma,A) = ¢. Thus, (Ma,A) and (Na,A) are soft w-separated sets. O

Theorem 4.10.If (Mx,A) and (Na,A) are soft w-closed sets, then (Ma,A)N(NS,A) and
(NA, NO(M A»Q) are soft w-separated sets.
Proof. Since (Ma,A) and (Na,A) are soft w-closed sets, therefore

(Mp,AN)y =(Mp,A) and (Na,A), =(Na,A).

Now,

{(Mp, M)ANR, M} N{NA, AN (M L, AS{(Mp, Ny N(NR, D) }N (A, A) N (M G, A)}
={(Ma, DADNE, Ao} AN A, A A(MG, A)}
= {(Ma, M)A (MG, A} AN, D)y (N, A)}
- .
Similarly, {(Ma,A)A(NE, A} A{NA, A)AMS, A}y = ¢.
Thus, (Ma,A)N(INE,A) and (Na,A)N(MS,A) are soft w-separated sets. O

Remark 4.11.If (Ma,A) and (Na,A) are soft w-open sets, then (Ma,A)N(N¢,A) and
(Na, AN (M3, A) are soft w-separated sets.

Proof. As (Ma,A) and (Na,A) are soft w-open sets, thus (Ma,A)¢ and (Na,A)¢ are soft w-closed
sets. Using above theorem, we have (M, A)N(NS,A) and (Na,A)N(MS,A) are soft w-separated
sets. O

Theorem 4.12. If (M, A) and (Na,A) are soft w-separated sets of soft topological space (I7,T,A)
such that Iy = (Ma,A)U(Na,A), then (Ma,N)¢ and (Na,A)° are also soft w-separated sets.
Proof. Since (Ma,A) and (N, A) are soft w-separated sets, therefore

(Ma,N)y, N (Np,A) = and (Np,A), A (Ma,A) = .
As

Ty =(Ma,A)T(NA,A) and (M, A)A(Na,A) =,
thus we have

(Ma,A)=(Na,A)° and (Na,A)=(Mp,A)".
Now,

{(Ma, M)}y AN, D) ={(Na, Mo A(Mp,A) =
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and

(N2, D)%) A (M, A = {(Mp, M)} A(NA,A) = .
Therefore, (Ma,A)¢ and (Na,A)¢ are soft w-separated sets. O
Theorem 4.13. If (Ma,A) and (Na,A) are soft w-separated sets of soft topological space (Iy7,T,A\)
such that Iy = (Ma,AN)U(Np, ), then for every soft set (Fa,A)S Iy, we have

{(Fa, Mo = UEA, D) A(Ma, Ak, (M, MITHEFA, A AN, A}y N (N4, A)]

Proof. We know that
(Fa, NN (Mp,N)E(Fp,N)
= {(Fa, D)0 (Mp, Mo S{(FA, Mo

= {(Fa, M)A (Ma, M)}y N (Ma, A E{(Fa, M}y N (Ma, N E{F, D). (4.4)
Similarly, we have

{(Fa, D)AWNA, Mo AN, D EFp, ), AN, A E{F, D)}y - (4.5)
From and (4.5), we have

[{(Fa, D) AMa, Ao N (Ma, DICHEFA, A AN, M}y AN, MIEFp, A),, . (4.6)

Now,
(Fa,N) =(Fa, M)A Ty
= (Fa, ) A {(Ma, A)T(Ma, A}
={(Fa, A)AMa, A} T{(Fa, A)A (M, A}
therefore
{(Fa, Mo = {Fa, D) A(Ma, Ao T{Fa, D) A(Ma, A}
= {(Fa, M}l N (M, MEHEF N, A AMp, Ay V(M a, NITHEF A, M)A (M, D))y ]. (4.7)

As (Ma,A) and (Na,A) are soft w-separated sets, thus by theorem 4.11, (Ma,A)¢ and (Na,A)¢
are also soft w-separated sets, therefore

{(Ma, D), A(NA, A =¢ and {(Na, A}, N(Ma,A) =

= {(Ma,8)}y S(Na, D)
= (MA7A)C§(NA7A) [AS (MA7A)C§{(MA7A)C}0)]-

Now,
(Fp, M)N(Mp, D) S(Fp, A)N(Np,A)
= {(Fa,A)N(Ma, N}y E{(Fa,A)N(NA,A),. (4.8)
Also,
(Fa, )N (Mp, M) S(Mp,N)°
= {(Fp, D)0 (Mp, N}y EUMp, D)}y E(NA,A). (4.9)
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From (4.8) and (4.9), we have
{(Fa,A)N(Mp,A)¢} S{EFA, AN (NA, A}y NN A, D). (4.10)

From and (4.10), we have

Ol{(Fa, A) N (N, A}y N (Na, )] (4.11)

Similarly,

{(Fa, D}l NN A, DEHF A, DA (Ma, A} 1 (Ma, AITHEA, A AN, Ao A (N, AL (4.12)
Taking union of and (4.12), we have

(Fa, NN (Mp,MI0IFa, Ay A(Na,A)]
EH{(Fr, A)AMa, M}y A(Ma, MITHFs, AR NA, A}y AN, A)]
= {(Fa, M}y A{(Ma, DTN, AYEH(F, A A M4, Ay 1 (Ma, A)]
OHEFA, A) AN, Ay N (Na, A)]
= {(F,P),0 Iy {Fa,N)ADMa, A}y A (Ma, MOHEFA, DA, Ay A (N, A)]

= {(Fa, M}, SHEFA, A A (Ma, A}y N(M A, NDTOHEFA, A)N(NA, A}y N(Na, A)]. (4.13)
From and (4.13), we get
{(Fa, A}y = HF A, A) O (Mp, A N(Mp, MIOHEFA, A)A(Na, A}y N (N, A). O

Theorem 4.14. Two soft sets (Ma,A) and (Na,A) are soft w-separated sets if and only if there
exist two soft w-open sets (Fa,A) and (Ga,A) such that (Ma,A)S(Fa,A), (Na,A)S(Ga,A) and
(Mp, M)A (Ga,A) = ¢ and (Na, NA(F,A) = .

Proof. Let (Ma,A) and (Na,A) are soft w-separated sets. Then,

(Ma, )5 {(Na, M)} = ¢ and {(Ma, A}, A(NA,A) = .
Let (Ga,A) = {mw}C and (Fa,A) = {mw}c_ Then, (Fa,A) and (Ga,A) are soft w-open
sets such that
(Ma,A)SE(Fp,A),(Na,A)E(GA,A)
and
(M, )A(Ga, D) = (Ma, D) A{(Ma, D)} E(Ma, N A(Mp, M) =
> (M, N)A(GA,D) = .
Similarly, we have (Na,A)A(Fa,A) = .
Conversely, let (Fa,A) and (Ga,A) be two soft w-open sets such that (Ma,A)S(Fa,A),
(Na,A)E(Ga,A), (Ma,N)A(Ga,A) =@ and (Na,A)AFr,A) = .
Since (Fa,A)¢ and (Ga,A)¢ are soft w-closed sets, therefore {(Fa,A)¢}, = (Fa,A) and {(Ga,A)¢}, =
(Ga,A). Now,
(Ma,N)E(Ga, A
= {(Ma, M} E{(Ga, D)}y = (Ga, A S(Np, A
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= (M, A0 A (Na,0) = ¢
and
(Np, D) E(Fp,A)
= {(Na, M} E{(FA, N}y = (Fa, N S(Mp,A)°
= (Mp, DA {(Na, Ao = .
Thus, (Ma,A) and (Na,A) are soft w-separated sets. O

5. Soft w-Disconnected and Soft w-Connected Space

In this section, we establish a new concept of soft w-connected and soft w-disconnected spaces.
We further discuss some properties of these spaces with some suitable examples.

Definition 5.1. A soft topological space (Iy7,7,A) is soft w-disconnected space if we can write
Iy as union of two non-null soft w-separated sets, i.e.,

Ty =(Mp,A)T(Ny,A),

where (Ma,A) # ¢,(Na,A) # ¢ and {(Ma, A}y N(Na,A) = ¢ and (M, A)A{(NA, A}y = &,
otherwise the soft topological space (I, 7,A) is called soft w-connected space.

Remark 5.2. (i) An indiscrete soft topological space with non-singleton set in SP(Iyy) is
always soft w-disconnected.

(ii) A discrete soft topological space with non-singleton set in SP(Iyy) is always soft w-
disconnected.

Example 5.1. Consider I7 = {1,129}, A = {01,02} and 7 = {}, I7,{(51,{n1}), (52, )}, {(81,{na2d), (Ba, I},
then (Iyy,7,A) is soft w-disconnected space as we can write
Ty = (Mp,A)G(Ny, D),

where (Ma,A) = {(81, {2}, (62, Ip)} and (Na, A) = {(61,{n1), (82, $)} such that {(Ma, A}, AN, A) =
¢ and (M, N)F{INA, M}y = §.

Example 5.2. Consider Iy = {1,n2},A = {61,062} and 7= ¢, Iy, (51, {n1}), (62, o)}

Then, all the possible soft subsets of Iy are:
(A1,,A)={(61,{n1})),(62,¢)}; (Ag,,A)={(61,{n2}),(62,P)};
(A3,,A)={(61,{n1D,(62,{n1h}; (Ayg,,A)={(61,{n1}),(62,{n2D};
(As5,,A)={(61,{n1D,(62,Iy)};  (Ag,,A) ={(61,{n2}),(62,{n1H};
(A7,,A)=A{(61,{n2D),(02,{n2h)}; (Asg,,A)={(61,{n2}),(62,1v)};
(Ag,,A)={(61,9),(62,{n1D)};  (A10,,8) ={(61,¢),(62,{n2)};
(A11,,0)={(61,11),(02,{m1D}; (A12,,8)={(61,11),(02,{n2b};
(A13,,0) = Iy; (A14y,8) = ¢;
(A15,,8)={(61,9),(62,117)}; (A16,,0)={(61,11),(02, )}

Now,

{(A1a, M)} = (A3, Ay = {(A4a, A}y = {(ASA, M)}y = {(A92, A}y = {(A104, M)},
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= {(A115, M)}y = {(A12,, M)}, = {(A134, M)}, = {(A16,4, M)}, =Ty

and

{(A2p, M)}y = {(A6p, A}y = {(ATA, A}y = {(ABA, A}y = {(A154, M)}y = {(61,{n2}), (62, 1)}
Now, non-null disjoint pair of soft sets whose union is Iy are:

(A1p,A) and (A8a,A); (A24,A) and (A5p,A); (A3a,A) and (AT4,A); (Adp,A) and (A6p,AN);

(A9a,A) and (A124,A); (A104,A) and (A11p,A); (A154,A) and (A164,A).

As for each pair, we have {(Aia,A)}, N(Aja,A) # ¢. Thus, we cannot able to write Iy as union of
two non null soft w-separated sets. Hence, (I7,T,A) is soft w-connected space.

Theorem 5.3. Every soft disconnected space is a soft w-disconnected space.

Proof. Consider a soft disconnected topological space (I7,7,A), then by definition,
Iy = (M, ) TNy, D),

where (Ma,A) # (E and (Na,A) # (E such that (Ma,A) and (Na,A) are soft separable sets.
Using Theorem we have (Ma,A) and (Na,A) are soft w-separable sets such that Iy =
(MaA,A)T(Na,A). Thus, (Iy,T,A) is soft w-disconnected space. O

Remark 5.4. The converse of above theorem is not true in general i.e., every soft w-disconnected
space is not necessarily soft disconnected, which can be clearly seen from example in Remark 4.6

Theorem 5.5. A soft topological space (Iy7,T,A) is soft w-disconnected if and only if there exists
a non-null proper soft subset of Ity which is both soft w-open and soft w-closed.

Proof. Consider a soft w-disconnected space (I7,7,A), then by definition, there exists non-null
soft sets (Ma,A) and (Na,A), where Iy = (Ma,A)T(Na,A) such that {(Ma,A)}, A(Na,A) = @
and (Na,A) A {(Na, A}y = ¢. This implies that (Ma,A)A(Na,A) = ¢ and Iy = (Ma,A) TN, A).
Thus, (Ma,A) =(N$,A) and (Na,A) = (MS,A).

Now,

{(Mp, A}y N (N, A)=¢ and (Mp,A)A{(Np, A}y =¢
=  {(Ma,M},EWNE,A) =(Ma,A) and {(Na, M)}, E(MS,A) = (N, A).

But we have (Ma,A)S{(Ma,A)}, and (Na,A)S{(Na,A)}w.

Thus, (Ma,A) ={(Mx,A)}, and (Np,A) ={(Na,A)}w.

This implies that (Mx,A) and (Na,A) are soft w-closed sets and hence (M7,A) = (Na,A) and
(N$,A)=(Mp,A) are soft w-open sets. Thus, we have non-null proper soft subset of Iy which is
soft w-open as well as soft w-closed sets.

Conversely, let (Ma,A) be the non-null proper soft subset of I;; which is both soft w-open as
well as soft w-closed. Then, (M$,A)=(Na,A) is non-null proper subset of Iy which is also soft
w-open as well as soft w-closed. Also, (Ma,A)A(Na,A) = ¢. By using Theorem we have
(Ma,A) and (N, A) are soft w-separated sets such that I~U =(Ma,A)U(Np,A). Thus, (I7,T,A) is
soft w-disconnected space. O

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. [457 , 2021



470 On Soft w-Connectedness in Soft Topological Spaces: S. Rathee and R. Girdhar

Theorem 5.6. Soft w-disconnectedness is not a Hereditary Property i.e., subspace of soft w-
disconnected space need not be soft w-disconnected.

Example. Suppose Iy = {n1,72,13,04,75}, A = {61,800} and 7 = {¢, Iy, {(51,{n1}),(S2, n1))},

{(61,{n3,m4}),(62,{n3,naH},{(61,{n1,m3,m4}),(82,{n1,n3,m4N}, {(61,{n2,n3,1m4,1m5}),(62,{n2,13,n4,15D}H},
then (Iy7,7,A) is soft w-disconnected space.

But if we take Iy = {n2,n4,15} < Iy, then 71, = {,Iv,{(61,{n4}),(82,{n4H}}, which is not a soft
w-disconnected space. Thus, subspace of soft w-disconnected need not be soft w-disconnected.

Theorem 5.7. A soft topological space (Iy7,T,A) is soft w-connected if and only if $ and Iy are
the only soft w-open and soft w-closed sets.

Proof. Consider a soft w-connected space (Iy7,7,A). If possible, let (Ma,A) # Iy be a non-null
soft set which is both soft w-open and soft w-closed.

If (NA,A)=(M¢S,A), then (Na,A) is also both soft w-open and soft w-closed.

Since (Ma,A)A(Na,A) = ¢, {(Mn, A}, = (Ma,A) and {(Na, M)}y, = (Na,A), thus {(Ma, A}, N (Na,A)
= ¢ and (Ma,A)A{(Na, A}, = ¢. This implies that (Ir7,7,A) is soft w-disconnected space, which
is a contradiction. Thus, (Z and Iy are the only soft w-open and soft w-closed sets.

Conversely, suppose ¢ and Iy are the only soft sets which is both w-open and soft w-closed. We
claim that (I7,7,A) is soft w-connected space. Let, if possible, it is not soft w-connected, then
Iy =(Ma,A)T(Na,A), where (Ma,A) #¢,(Na,A) # $ such that

{(Mp, M)}y A(NA,A)=¢ and (Mp,A)D{(Na,A)}y =
=  (Ma,AN)A(NA,A) =
=  (Ma,AN)=(N5,A) and (Np,A) =M, A)

As
(M, D) E{(Ma, M}y
= (Ma,N) TN, AN E{(Mp, N}y U, A)
= {(Ma, A}, UWNA,N) =TIy
But

{(Mp, )}y N(NA,A) =
=  {(Ma, M)}y = (N5, A) = (Mp,A)

Thus, (Ma,A) is soft w-closed set. Similarly, (INa,A) is also soft w-closed set. This implies that
(MS,A)=(Na,A) and (N§,A) = (Ma,A) are soft w-open sets. Thus, we have a non-null proper
soft set which is both soft w-open and soft w-closed, which is a contradiction to the given fact.
Thus, (Iy,T,A) is soft w-connected space. O

Definition 5.8. Let (I;7,7,A) be a soft topological space and (Ma,A) be a soft set over Iy;. Then,
(Ma,A) is soft w-connected set if it is soft w-connected as a soft subspace.
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Theorem 5.9.If (Fa,A) is soft w-connected set in soft topological space (Iy,T,A) and
(FA,A)S(Ma,A)U(Np,A) such that (Ma,A) and (Na,A) are soft w-separated sets, then either
(Fa,N)S(Mp,A) or (Fpa,A)S(Na,A).

Proof. As
(Fa,A)E(Mp,A)T(Na,A)
= (Fa,A) = Fa, N {(Ma, ) TINA, A} = {(Mp, D) A (EFA,A}T{(Fr, A AN, A}

ie.,

(Fa,0)=(A1,,0)T(A2,, 1),
where (A1,,A) = (Ma,AN)O(Fa,A) and (Ag,,A) = (Na,A)N(Fp,A). Now,

{(A1,, M} N (Agy, A) = {(Mp,A)A(Fa, Ay AN, A A (F A, A)}

E{(Mp, Dy {F A, M}y A(NA, A)A(FA,A) = .

Similarly, (AlA,A)ﬁ{M}w =¢. But (Fa,A) is soft w-connected set, thus we have either
(A1,,A)=¢ or (Ag,,A) = ¢.

If (A1,,A) = ¢, then (Ma,A)A(Fa,A) = ¢ and as (Fa,A)S(Ma,A)T(Na,A), thus we have
(Fa,A)S(Na,A). Similarly, if (Ag,,A) = ¢, then we have (Fa,A)S(Ma,A). O

Theorem 5.10. If (Fa,A) is soft w-connected set and (Fa,A)E(Ga,A)E{(Fa, M)}y, then (Ga,A) is
soft w-connected and hence {(Fa,\)},, is also soft w-connected set.
Proof. Let, if possible, (Ga,A) is soft w-disconnected set, then

(Ga,A) = (Ma,A)T(Na,A), where (Ma,A)#$,(Na,A) # ¢
such that

{(Ma, D)}y A(Na,A) = ¢ and (Ma,A)A{Na, Do = 6.
Now,

(Fa,A)E(Ga,N)
=  (Fa,A)S(Mp,A)U(Ny,N),

where (Ma,A) and (Na,A) are soft w-separated sets. Therefore, by above theorem, we have
either (Fa,A)S(Ma,A) or (Fp,A)S(Na,A). If (Fa,A)S(Ma,A),then

{(Fa, D}y E(Mn, M},
= {(Fa, M}y (N2, A E{Ma, My A (Na, A) =
=  {(Fa,M}yA(Np,A) =
= (Np, ) E{(Fa,N),)°

but (Na,A)E(Ga,A)E{(Fa,A),. This implies that (Na,A) = ¢, which is a contradiction.
Similarly, if (Fa,A)S(INa,A), then we get (Ma,A) = (E, which is again a contradiction. Thus,
(Ga,A) is soft w-connected set.

Now, if we take (Ga,A) = {M}w, then {M}w is soft w-connected set. O
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Theorem 5.11. If (M a,A) and (Na,A) are two soft w-connected sets such that
(Ma,A)A(Na,A) # ¢, then (Mp,A)T(Na,A) is also soft w-connected set.

Proof. Let, if possible, (Ma,A)U(Na,A) be soft w-disconnected set, therefore
(Mp,AN)U(Np,A) = (Fa,A)U(Gp, D),
where (Fa,A) # (E, (Ga,AN) # 55 such that (Fa,A) and (Ga,A) are soft w-separated sets.

Since

(Mp,A)SE(Mp,A)T(Np,A) = (Fa,A)U(Gp,A).
Therefore

(Mp,N)E(F,N)T(Gy, D).

Thus, by Theorem we have either (Ma,A)S(Fa,A) or (Ma,A)S(Ga, ).
Similarly, either (Na,A)S(Fa,A) or (Na,A)S(Ga,A).
Thus, we have four choices

either (Ma,A)S(Fa,A) and (Np,A)S(Fa,A) or (Ma,A)S(Fa,A) and (Na,A)S(Ga,A)
or (Ma,A)S(Ga,A) and (Np,A)S(Fp,A) or (Mp,A)S(Ga,A) and (Na,A)S(Gp,A).
If (Mp,A)S(Fa,A) and (Np,A)S(Fa,A) or (Ma,A)S(Ga,A) and (Na,A)SE(Ga,A), then
(Mp,A)U(Np,A)S(Fp,A) or (Mp,A)U(Np,A)S(Gp,A)
= (Fp,A)U(Gp, D) EF,A) or (Fa,A)U(GA,AN)E(Ga,A)
= (Fp,A)U(Gp,A) = (Fp,A) or (Fp,A)U(Gp,A) = (Ga,D)
= (Ga,A)=¢ or (Fa,A)=¢, which is a contradiction.

If (Ma,A)S(Fa,A) and (Na,A)S(Gp,A) or (Ma,A)S(Ga,A) and (Np,A)S(Fa,A), then in both
the cases,

(Ma,D)ANA, NEF A, AA(GA,N) =
= (M, M)A(Na,A) =,
which is again a contradiction to the given hypothesis that (Ma,A)N(INa,A) # @ Thus, we have
(Ma,A)T(NA,NA) is soft w-connected set. O

Theorem 5.12. If (Iy7,7,A) is soft w-connected space, then it is soft connected also.

Proof. Let, if possible, (Iy7,7,A) is soft disconnected space, then by definition, there exists
non-null soft sets (Mx,A) and (Na,A), where Iy = (Ma,A)U(Na,A) such that

(M, M)A(Na,A) = ¢ and (Ma, A3 (Na, A) = §.
Since

(Mp,N), S(Mp,A)

therefore

(Mp,N)y A(Na,A)E(Mp,A)A(Np,A) =
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= (Mp,A)y AN, A) = .

Similarly, (Ma,A)N(Na,A), = 65 This implies that the space (Iy7,7,A) is soft w-disconnected,
which is a contradiction. Thus, the space (Iy,7,A) is soft connected. O

Remark 5.13. If (Iy7,7,A) is soft w-connected space and Iy < Iy, then (Iv,77,,A) need not
be soft w-connected space which can be seen from the following example. In Example
(Iy,7,A) is soft w-connected space. Let Iy ={ns} < Iy, then 7r, = {(]3, Iv}. Clearly, (Iv,77,,A) is
soft w-disconnected space.

6. Concluding Remarks

Soft set theory is a wide mathematical aid for handling vagueness and uncertainty. In this
paper, some basic concepts of soft set and soft topological spaces are considered. We define soft
w-connectedness and soft w-disconnectedness in soft topological spaces and define its relation
with soft connectedness and soft disconnectedness. We further discuss some properties of soft
w-connected and soft w-disconnected sets with suitable examples.
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