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Order Bounded Elements of Topological *-algebras

C. Trapani

Abstract. Several different notions of bounded element of a topological *-algebra
2l are considered. The case where boundedness is defined via the natural order of
2 is examined in more details and it is proved that under certain circumstances
(in particular, when 2 possesses sufficiently many *-representations) order
boundedness is equivalent to spectral boundedness.

1. Introduction and preliminaries

Let 2 be a topological *-algebra (i.e., a *-algebra equipped with a locally convex
topology T such that for each a € 2 the mappings x — ax, a — xa and the
involution * are continuous in 2[7]). The notion of bounded element of 2| was first
introduced by Allan [1] with the aim of developing a spectral theory for topological
*-algebras. This definition was suggested by the successful spectral analysis for
closed operators in Hilbert space 5#: a complex number A is in the spectrum o (T)
of a closed operator T if T — AI has no inverse in the *-algebra %(¢) of bounded
operators. What makes this definition particularly significant is the fact that o(T)
is compact if, and only if, T is a bounded operator. Allan’s definition sounds as
follows: an element x of the topological *-algebra [ 7] is Allan bounded if there
exists A # 0 such that the set {(A7'x)"; n=1,2,...} is a bounded subset of A[7].

There are, however, several other possibilities for defining bounded elements.
For instance, one may say that x is left T-bounded, if there exists y, > 0 such that

Pa(X¥) < 1,poa(¥), VaeA;Vye,

where {p,; a € A} is a directed family of seminorms defining the topology 7 of 2
[5]; or spectrally bounded if its spectrum is a bounded subset of the complex plane.

Moreover some attempts to extend this notion to the larger set-up of locally
convex quasi *-algebras [9, 11, 12] or locally convex partial *-algebras [3, 4] has
been done. But in these cases, Allan’s notion cannot be adopted, since powers of a
given element x need not be defined.
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In all cases, what one expects when dealing with bounded elements is that
they are realized by bounded operators by any (continuous, in a certain sense)
*-representation of 2 in Hilbert space. This could be a reasonable definition in
itself, if we were sure that 2 possesses sufficiently many *-representations in
Hilbert space.

Bounded elements in purely algebraic terms have been considered by Vidav [15]
and Schmiidgen [8] with respect to some (positive) wedge. We extend this purely
algebraic definition by considering as strongly positive elements those belonging
to the tT-closure in 2 of the, say, algebraic cone of positive elements of a *-algebra.
The main result is that order bounded elements, as we will call them, allow
equivalent characterizations in terms of continuous positive linear functionals and
also in terms of *-representations, that, in the case the positive wedge is a cone,
are sufficiently many to separate points of 2.

The following preliminary definitions will be needed in the sequel. For more
details we refer to [7, 2].

Let 7 be a complex Hilbert space and 2 a dense subspace of . We denote by
£7(92) the set of all (closable) linear operators X such that D(X) =2, D(X*)2 9
and X9 C 9, X*9 C 9. The set ¥7(9) is a *-algebra with respect to the
ordinary operations of addition, multiplication by scalars and multiplication and
the involution X — X' := X*|,. We put I, = I |,. Then I, is the unit of £7(2).
A *-subalgebra of ¥7(2) is called an O*-algebra [7].

Let 2 be a *-algebra and 2, a dense domain in a certain Hilbert space s,. A
linear map 7 from 2A into £7(9,,) such that:

D w@)=n(a)’,Vae,
(i) if a,b € 2, then w(ab) = w(a)n(b), is called a *-representation of 2.
Moreover, if 2l has a unit e € 2, we assume 7t(e) = I,_, the identity of 7.
A *-representation 7 of a topological *-algebra 2A[7] is said to be a (7, 7)-
continuous if, for every £, € 9,, there exists a T-continuous seminorm p on
2 such that

Kr(a)én) < pla), Vaell

A linear functional w on 2l is called positive if w(a*a) > 0, for every a € 2. To
every positive linear functional w on 2 there corresponds a Hilbert space £, and
a linear map A, from 2l into a dense subspace A,,(21) C 5, and a *-representation
T, acting on a dense domain 9, such that 1,,(2) € 2, C s, and

w(b*xa) = (m,(x)A,(a)A, (D)), Va,b,xe

The representation 7, can be taken to be closed [7]. If 2 has a unit e, then there
exists a vector &, such that A,(2() = {n,(a)&,, a €A} and

0(x) = (M, (DELIE,), Yx e,

We will refer to 7, as to the GNS *-representation of 2 defined by w.
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2. Topological algebras with sufficiently many *-representations

Throughout this paper we will consider only topological *-algebras possessing
sufficiently many continuous *-representations. More precisely

Definition 2.1. A topological *-algebra 2A[7] is called faithfully representable,
shortly an Fr*-algebra, if for every x € 2\ {0} there exists a (7, 7,,)-continuous
*-representation 7t of 2 such that 7t(x) # 0.

We denote by Rep,(2() the family of all (7,7, )-continuous *-representation
of 2.
The next result is easily proved.

Lemma 2.2. Let 2[7] be a topological *-algebra. The following statements are
equivalent.
(i) A is an FrR*-algebra.
(ii) For every x € 2\ {0}, there exists a T-continuous positive linear functional w
such that w(x*x) >0

3. Order bounded elements
3.1. Order structure

Let 2 be a *-algebra. We denote by

n
Ql;rlg: {Zx;xk, x, €2, nEN}
k=1

the set (wedge) of positive elements of 2I.
If A[7] is a topological *-algebra, strongly positive elements of 2 are then
—

defined as members of Ql:lg . We put 2t := fﬁgf.

The set At is an m-admissible wedge in the sense of Schmiidgen [7, Sect. 1.4];
ie.,

(D) ecAT;

2 x+yedAt, Vx,yedh;

B3 AxeAT, VxeAT, A >0;

@ a*xaeAT, VxeAt, ac.
AT defines an order on the real vector space A, ={x€A: x=x*}byx < y &
y—xeAt.

The following statement is easily proved.

Proposition 3.1. If x > 0, then ©(x) > 0, for every m € Rep, ().

Theorem 3.2. Assume that AT N (—2A1) = {0}. For every a € A", a # 0, there exists
a t-continuous linear functional w on A with the properties

(@) w(x)=>0,VxeUt;
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(b) w(a)>o0.

Proof. Consider the real vector space 2l;. The set {a} is obviously convex and
compact and does not intersect (—"). Hence by [6, Chapter 2, §5, Proposition 4],
there exists a closed hyperplane separating these two sets. Let g(x) = O be the
equation of this hyperplane. Then, either g(a) > 0 and g(—24") < 0 (in which case
we take w = g) or the contrary (in this case we take w = —g). 0

Definition 3.3. A linear functional w on 2l is called strongly positive if w(x) > 0,
Vxedt.

Clearly, if w is positive and 7-continuous, then it is strongly positive.

The set of strongly positive linear functionals on 2| will be denoted by & (21),
while 2.(2() will denote the subset of Z(2l) consisting of its T-continuous
elements.

Definition 3.4. A family of strongly positive linear functionals & on [ 7] is called
sufficient if for every x € A, x # 0 there exists w € & such that w(x) > 0.

Corollary 3.5. Let A[7] be a topological *-algebra. The following statements are
equivalent.

@) AT N(=AT) = {0}, i.e. AT is a cone.

(i) 2.(2) is sufficient.
(iii) 2A[7] is an FrR*-algebra.

Proof. (i)=(ii) is Theorem 3.2. As for (ii)=(i), if x € AT N(—2A") and w € 2.(A),
then w(—x) = —w(x) > 0. Hence w(x) = 0. Since w is arbitrary, it follows that
x = 0. (ii) & (iii) follows from Lemma 2.2. Finally we prove that (iii)<(i).
Let x € AT N (—2A1), x # 0. Then there exist 7 € Rep.(A) and & € 2, such
that (n(x)&|E) # 0. Since x is the limit of a net of elements of Ql:lg, we get
(m(x)EIE) > 0. Similarly, (t(—x)&|E) > 0. This is a contradiction. O
Proposition 3.6. Let [ 7] be an Fr*-algebra with 2.(2l) sufficient. Assume that the
following condition (P) holds
Ify € and w(a*ya) =0, for every w € Z.(A) and a € 2, then y € AT,
Then, for an element x € 2, the following statements are equivalent.
i) xeAt;
(i) w(x) >0, for every w € Z.(A)
(iii) m(x) >0, for every m € Rep (20).

Proof. ()=(ii) is a trivial consequence of the definition of strongly positive
element and of the continuity of every w € Z.(21) w. r. to 7.

(ii)=(iii): Let & be (7,7, )-continuous *-representation 7 of . Define w;(x) :=
(m(x)&|E) with & € 9, ||E]l = 1. Then w; € Z.(A), since

lwz ()] = (m(x)E1E)] < p(x)
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for some T-continuous seminorm p on 2(. Then, if a satisfies (ii), (n(a)£|E) > O,
for every £ € 9,,.

(ii)=>(@): Let w € Z.(A) and let m,, be the corresponding GNS representation.
Then, n,, is (7, 7,,)-continuous. Indeed,

(7o, ()4 (a)A, (D)) = [w(b*xa)l < p(x), Vx€RA;a,be,
for some t-continuous seminorm p on 2 (due to the continuity of w and of the
multiplications). If (iii) holds, then 7, (x) > 0. This implies that w(a*xa) > 0, for
every a € . The statement then follows from the assumption (P). 0
Remark 3.7. If 2 has a unit, (P) is equivalent to the following
(P) IfyeAand w(y) >0, for every w € 2.(2), then y € AT.
Remark 3.8. The condition (P) together with 2(t N (—2*) = {0} implies that,

for every nonzero x € 2, there exists w € Z.(2) such that w(x) # 0. Indeed, if
w(x) =0 for every w € #.(), then x € A" and also —x € 2A*; hence x = 0.

3.2. Order bounded elements

Let [ 7] be a topological *-algebra with unit e. As we have seen in Section 3.1,
2A[ 7] has a natural order related to the topology 7. This order can be used to define
bounded elements. In what follows, we will assume that 2( has a unit e.

Let x € ; put R(x) = %(x +x), 3(x) = %(x — x*). Then Rx,3(x) €2, (the
set of selfadjoint elements of ) and x = R(x) +iF(x).

Definition 3.9. An element x € 2 is called order bounded if there exists y > 0 such
that

ER(x) < ve; £3(x) < ye.
We denote by 2, the family of order bounded elements.

Proposition 3.10. The following statements hold:

1) ax+ByeU, Vx,yed, a,peC.
2) xed, & x* e,

B) x,yed, =>xy e,

(4) aed, < aa* €,.

Hence, 21, is a *-algebra.
Proof. See [8, Lemma 2.1]. O
For x € 2y, put
lx]|p :=inf{y >0: —ye < x < ye}.
|| - |l is a seminorm on the real vector space (2 )p,.

Lemma 3.11. If AN (—2AT) = {0}, || - ||, is a norm on (Ap)p.
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Proof. Put E={y >0: —ye < x < ye}. If infE = 0, then for every € > 0 there
exists v, € E such that y, < €. This implies that —ee < x < ee. If w € Z.(2), we
get —e w(e) < w(x) < e w(e) (we may suppose w(e) > 0 for every w € 2.(2A),
since the Cauchy-Schwarz inequality implies that, if w(e) = 0, w = 0). Hence,
w(x) = 0. By the sufficiency of 2.(21), it follows that x = 0. d

Proposition 3.12. If x € 2, then ©(x) is a bounded operator, for every (1,7,,)-
continuous *-representation of 2. Moreover, if x = x*, ||| < ||x]lp.

Proof. It follows easily from Proposition 3.1 and from the definitions. O

Theorem 3.13. Let A[7] be a topological *-algebra with unit e and assume that
condition (P) holds. For x € %, the following statements are equivalent.

(1) x is order bounded.
(ii) There exists y, > 0 such that

lw(a*xa)| <y, w(a*a), YVweB(),ac.
(iii) There exists y, > 0 such that

lw(b*xa)| < v, w(a*a)?w(b*b)?, Ywe?(A),a,be
(iv) m(x) is bounded, for every m € Rep (1), and

sup{||m(x)|l, 7 € Rep ()} < 00}

Proof. 1t is sufficient to consider the case x = x* and again we suppose w(e) > 0,
for every w € 2.(20).
(D)= (ii): If x = x* is order bounded, then also x? is order bounded. Thus, for
some u > 0, a*x?a < u2a*a, for every a € 2. Hence,

lw(a*xa)| < w(a*a)?w(a*x?a)V? < pw(a*a), YweD.(A),acl.
(ii)= (i): Assume now that there exists y, > 0 such that

lw(a*xa)| <y, w(a*a), Ywe@Z(A),acA
and define

7 :=supflw(a*xa)|: w € Z.(A), a €A, w(a*a) = 1}.
Then, for an arbitrary «’ € 2.(2), we get,

W (et x)=Fw'(e) £ w'(x) = w'(e)(f £ ' (u*xu)) >0,
where u = =57

Hence, w’(fe £ x) > 0, for every «w’ € 2.(). Then, by (P), —fe < x < Ve; i.e.

X is order bounded.
()= (iii): The GNS representation 7, is (7, 7, )-continuous, hence, by Proposition
3.12, if x = x* €, nw,(x) is bounded and ||7(x)|| < ||x]||,. Thus,

lw(b*xa)l = {7, (x) A, (@A, (D) < |7, GOl AL, (I A, (DI

< lIxllye(a*a)/*e(b*b)'/?



Order Bounded Elements of Topological *-algebras 105
(iii)= (ii) is obvious.
(iii)= (iv): Let © € Rep.(A) and & € 9,. Put w:(y) := (n(y)ElE), y € 2.
Then w; € Z.(A). Hence by (iii), |w:(x)| < y,we(e). Or, in other terms,

[(n(x)EIE) < v.lIE]I*. This, in turn easily implies that [(m(x)&]n) < 7. lIElllInll,
for every &,m € 9. Hence 7t(x) is bounded and ||7(x)|| < v,.

(iv)=(): Put v, := sup{||m||, 7 € Rep,(2A)}. Then
(r()EIE) < Im(xEN < 7. MIENP, VEE€D,.

Hence, —v,I5_ < m(x) <7, . In particular this holds for the GNS representation
associated to every w € Z.(2l). Therefore,

w(x+7y,e)>0 and w(x —y,e)<0, VweZ ().
By (P) it follows that —y,e < x <y,e. O
Let x be order bounded and define
q(x) = sup{|ew(b*xa)l; w € Z.(2),a,b € A; w(a*a) = w(b*b) = 1}.
Lemma 3.14. q(x) = ||x||3, for every x = x* € 2,

Proof. The proof of Proposition 3.12 shows that for x = x*,
Ix|lp < sup{lw(a*xa)|: we Z.(A),a e, wla*a)=1}.

Hence, ||x||, < q(x), for every x = x* € ;. For any y > 0 such that —ye <
x < ye, we have, by the proof of Theorem 3.13, q(x) < y; whence the statement
follows. O

Since q extends || - ||, we adopt the notation || - || for both. It is easy to see that
|| - I is a norm on 2, such that, for every x,y € 2y,

@ [lx*lly = llxllys
G [y lly < llxllp lyllp-
Moreover, for every x € 2,

llx|lp = sup{l|(x)ll, = € Rep.(20)}. (3.1
Proposition 3.15. Let 2 be a FrR*-algebra. Then || - ||, is C*-norm on 2.
Proof. This follows easily from (3.1). O

The family of functionals &2.(2) may be used to define on 20 some more
topologies. In what follows we will use the strong* topology 7, defined by the
family of seminorms

x € A - max{w(x*x)"? wlxx)?}, we@ ().

Proposition 3.16. 2 be a Fr*-algebra with unit e and assume that 2l is T -complete.
Then 2y, is a C*-algebra with norm || - ||,.
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Proof. Since || -||, is a C*-norm on 2;, we need only to prove the completeness of
Ap.
Let {x,} be a Cauchy sequence with respect to the norm || - [[,. Then {x} is
Cauchy too. Hence, for every w € 2.(2) and a € 2 we have
w(a*(x; —x; )(x, — x,)a) = 0, as n,m — oo
and
w(a*(x, — x,,)(x; —x;)a) — 0, as n,m — oo.
Therefore, {x,} is Cauchy also with respect to 7. Then, there exists x € 2 such

Te .
that x, = x. Since

w(a*x*xa) = lim w(a*x,x,a) <limsup ||xn||12) w(a*a)
n—0o n—o0

and limsup||x, ||§ < oo (by the boundedness of the sequence {||x,|l;}), we
n—o00
conclude that x is order bounded. Finally, by the Cauchy condition, for every e > 0,

there exists n. € N such that, for every n,m > n,, ||x, — x|, < €. This implies
that

w(a*(x; —x; )(x, —x,)a) <ew(a*a), Vee.#,ac
Then if we fix n > n, and let m — oo, we obtain

w(a*(x; —x*)(x, —x)a) <ew(a*a), Voe.#,acl
This, in turn, implies that ||x, — x||; < €, for n > n,. O
3.3. Spectral boundedness

Once one has at hand the algebra 2, of bounded elements of a topological
*-algebra %, it is natural to use it for a coherent definition of spectrum and
investigate on the relationship between the order boundedness of an element
x € 2 and the boundedness of its spectrum. But for making this meaningful one
has to suppose that 2, is large enough to avoid trivial situations. Thus, in this
section we will consider only an rFr*-algebra 2/ satisfying the following condition

(A) %2, is a C*-algebra, 7-dense in 2.
Definition 3.17. Let 2 be an rr*-algebra 2, with unit e, and satisfying (A). The
resolvent p,(x) of x is defined by
po(x)={A € C: (x — Ae) lexists in A }.
The spectrum of x is defined as o,(x) :=C\ p.(x).
In similar way as in [9] it can be proved that: (a) p,(x) is an open subset of
the complex plane; (b) the map A € p,(x) — (x — Ae)~! € A, is analytic in each

connected component of p,(x); (c) o,(x) is nonempty.
As usual, we define the spectral radius of x € 2 by

ro(x) :=sup{|A]|: A € o, (x)}.
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Theorem 3.18. Let 2 be an rFrR*-algebra 2, with unit e, and satisfying (A). Then
r.(x) < oo if and only if x € 2.

Proof. If x € A, then o,(x) coincides with the spectrum of x as an element of the
C*-algebra 2, and so o,(x) is compact. Conversely, assume that r,(x) < oo. Then
the function A — (x — Ae)~! is || - ||,-analytic in the region |A| > r,(x). Therefore
it has there a || - ||,-convergent Laurent expansion

-2t =2 al> (),

oV
= A
with q;, € 2, for each k € N. As usual
1 (x —2e)7t
a=— | ————dA, keN,

T 2mi . Akt

where y :={A €C:|A|=R: R> r,(x)} and the integral on the r.h.s. is meant to
converge with respect to || - ||,-

Using the previous integral representation and the continuity, for every w €
2.(2) and b, b’ € A, we have

w(b”xa;b) = w(b a1 b).

This implies that xa; = a;,;.
In particular,

w(b™(xa;)b) = % J w(bx(x — Ae) tb)dA
Y
= —w(b”xb).

Hence xa; = —x. Thus finally x = —a, € 2. O

Corollary 3.19. Let 2 be an rrR*-algebra 2, with unit e, and satisfying (A). Then

ro(x) < lIxlly if x €Ay
ro(x)=+400 ifx &,

3.4. Concluding remark

As we have seen the notion of order boundedness for elements of a topological
*-algebra 2 has plenty of interesting consequences on the structure of 2, at least
if 2 has sufficiently many representations. There are however several questions
that remain unsolved. The first one concerns the size of the algebra 2, of order
bounded elements, since the density of 2, in 2 cannot be deduced from the set-up
presented in this paper and probably requires tighter assumptions on the topology
7 of 2. The second one is about the notion of left T-bounded element given in the
Introduction: as shown in [3] for the case of locally convex partial *-algebras, this
definition leads to reasonable results on the spectral behavior. It is not difficult to
see that left T-boundedness implies, in the case of topological *-algebras, Allan
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boundedness; thus it is really worth investigating it in detail. We leave both these
questions to future papers.
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