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Continuous Wavelet Transform on the One-sheeted Hyperboloid

A. Askari Hemmat and Z. Yazdani Fard

Abstract. In this work a constructive theory for the CWT on the one-sheeted
hyperboloid, H"!, has been developed. The construction is based on the notion
of convolution on this manifold. We defined the affine transformations on the
HU1. These are of two types: motions and dilations. We defined the CWT on
HY! through a H!-convolution and derived the corresponding admissibility
condition.

1. Introduction

Several applications exist in which data living on a non-Euclidean manifold. In
this situations the continuous wavelet transform (CWT) is a suitable tool for data
analysis. In 1998 Antoine and Vandergheynst built wavelets on the 2-sphere, S,
that are coherent states associated on the Lorentz group SO,(3,1). Let us expose
here some details for this construction. This discussion is borrowed and adopted
from [2]. The first step for constructing a CWT on S? is to identify the appropriate
transformations. These are of two types: (i) motions, which are given by elements
of the rotation group SO(3), and (ii) dilations which acts on a point w = (6, )
by:

: 6, 6

D,(6,p)=(6,,¢), with tan 5= atan 5
Motions and dilations embed into the Lorentz group SOy(3,1), by the Iwasawa
decomposition SOy(3,1) = SO(3)-A- N, where A ~ SOy(1,1) ~ R ~ R and
N ~ C. Thus the parameter space of the CWT is X = SO,(3,1)/N, and a natural
section is o(p,a) = p -a-1, with p € SO(3) and a € A. The next step is to find
an appropriate unitary irreducible representation (UIR) of SO,(3,1) in L2(S2,dw).
A possible choice is:

[U(2)f1(w) = Ag, @)2f(g  w), gE€SO0(3,1),f € L*(S?,du),
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where A(g, w) is the Radon-Nikodym derivative. The representation U is square
integrable on X, that is, there exist nonzero admissible vector n) € L?(S2,du) such
that

“ da
J —3J dpl(U(o(p,a))nl¢)|> < oo, forall ¢ € L*(S* du),
a” Jso)

where dp is the left Haar Measure on SO(3).

Proposition 1 ([2]). An admissible wavelet is a function n € L*(S%,du) for which
there exists a positive constant ¢ < oo such that

2£+1| |<5J (Y n)* <c, forallleN.

where Y;™ denotes the usual spherical harmonic and n, = U(o (e, a))n.

Given the admissible wavelet 7, the spherical CWT of a function f € L(S2,du)
with respect to 1) is defined by

Wi (p,a) = (U(a(p,a)nlf)

= J du(w)ny(p~'w)f (w),
SZ

where p € SO(3), a > 0.

In 2004 Bogdanova, Vandergheynst and Gazeau built the CWT on the upper

sheet of two-sheeted hyperboloid, Hi [4]. We review very briefly this construction:
In polar coordinated, Hi may be parametrized as x = (xg, x;,%5) = x(¥, ¢), where
Xo = cosh y, x; = sinh y cosp, xy =sinhysinp and y > 0, 0 < ¢ < 2. Affine
transformations on Hi are of two types:
(i) Motions: hyperbolic motions, g € SOy(1,2), act on x(y,p) € Hi in the
following way. A motion g € SO,(1,2) can be factorized as g = k;hk,, where
ki, k, € SO(2), h € SOy(1,1), and the respective action of k;’s, i = 1,2 and h are
the following:

ki(po) - x(x, @) =x(x,p+ o), 1=12,
h(xo) - x(x, ) = x(x + X0, ¥)-

(ii) Dilations through conic projection and ﬂattening one projects HY 2 onto its
tangent half null-cone C* = {x = (x, x;,Xx,) € R* : x2 — x? — x2 = 0,x, > 0}, and
then vertically onto the plane x, = 0.

x €H? - @(x) € CT - Hd(x) e R* ~ C.

Consider the following family of projections indexed by a positive parameter p:

1 .
I, ®(x) = 5 sinhpye'?, x=x(x,¢).
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The dilation operator acts on a point x(y, ) € Hi by:

Dy(x,%)=(Xq»¥), with sinhpy,=asinhpy.

The action of dilation on H i, is shown in Figure 1.

x1,%2

Figure 1. Cross-section of dilation on H i

Theorem 2 ([4]). If a(a)da is a homogeneous measure of the form a Pda, then a
square-integrable function v on Hi with compact support is a wavelet if 3 > 1% +1
and the following zero-mean condition has to be satisfied:

sinh2py 3
Y9 | —=——| dulx,¢)=0,
12 sinh y

where du(y, @) = sinh yd yd g is the measure on H2.

Given an admissible hyperbolic wavelet ), the hyperbolic CWT of f €
L*(H2,dp) is

Wi(g.:0) = (holf) = | Yale f (), g €505(2,1), a>o0.
H+
As in the spherical case y,(x) = A(aq, x)% (D1x), with D, an appropriate dilation,
and A(a, x) is the corresponding Radon—Nikodaym derivative.

We will denote by H>! the one-sheeted hyperboloid. This paper is organized
as follows: In section 2 we sketch the geometry of the one sheeted hyperboloid
HY!. In section 3 we define affine transformations on the H!. There are two
fundamental operations: dilations and motions represented by the group SO, (1, 2).
In section 4, we study the harmonic analysis on H%! and in section 5 define the
CWT on H%! through a hyperbolic convolution. Theorems 5 and 6 are our main
results. The first one states an admissibility condition for the existence of H'!-
wavelets and the second shows that the admissibility condition simplifies to a zero-
mean condition. Finally we give an example of H'!-wavelet.
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2. Geometry of the one-sheeted hyperboloid

A hyperboloid is a quadratic surface which may be one or two-sheeted. The one-
sheeted hyperboloid is a surface of revolution obtained by rotating a hyperbola
about the perpendicular bisector to the line between the foci, while the two-
sheeted hyperboloid is a surface of revolution obtained by rotating a hyperbola
about the line joining the foci. The one-sheeted hyperboloid oriented along the
Xo-axis has Cartesian equation xg — xf — x§ = —1 and parametric equations

X =sinh y,x; = cosh y cos p,x, =cosh y sing, y €R,0<¢ <27,

where y € R is the arc length from the equator to the given point on the
hyperboloid over meridians for fixed ¢, while ¢ is the arc length over the orbit
for fixed y, as shown in Figure 2.

Hl.l

Figure 2. Geometry of the one-sheeted hyperboloid

The measure element on the hyperboloid is du = cosh yd y d¢. The measure u
is o-finite, because H"! is a countable union of sets O, = {x(y,p) € H'! : y €
[—n,n],0 < ¢ < 27} with

2n pn
w(0,) = f du(x) = f f cosh ydydy = 4mnsinhn < oo. 2.1
(@) 0 -n

n

Consider R® with Lorentzian metric

(X0, %1, %2) - (Yo, Y15 ¥2) = XYo = X1¥1 — X2¥2, (%% = x - x),
we introduce the cone C = {£ € R® : £2 = 0} and half cone C* = {£ € R® :
&2 =0,&, > 0} and use the conic projection, to endow one-sheeted hyperboloid
HY!' = {x € R® : x2 = —1} with a local Euclidean structure. The cone C has
Euclidean nature. All points of H%! will be mapped onto C using a specific conic
projection.
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3. Affine transformations on the one-sheeted hyperboloid
Affine transformations on H! are of two types:

(1) Motions are given by elements of SO,(1,2). A motion g € SOy(1,2) can be
factorized as g = kyhk,, where k;,k, € SO(2), h € SO,(1,1), and the respective
action of k;’s for i = 1,2 and h are as follows:

1 0 0 sinh y
ki(po) - x(x, )= [0 cospy —singg | | coshycosg | =x(x, 9+ o),
0 singp, cosy, cosh y sin g

and

coshy, sinhy, O sinh y
h(xo) - x(x,0)= | sinhy, coshy, O coshy | =x(x + x0,0).
0 0 1 0

Also we define:
h(x,) - x(x,¢) = k(@)h(xo)k(—¢) - x(x, ¥)

=x(x + Xo» )

Figure 3. Action of dilation on H%!

The action of a motion on point x € H"! is the displacement by a hyperbolic
angle ¥ € R and rotation by an angle ¢.

(2) Dilations by a scale factor a € R:{. We use a radial dilation on H!, which is
obtained in three steps:

(i) given a point x = x(y, p) € HY!, project it to the point

& = (sinh y, sinh y cos ¢, sinh y sin¢) € C,

(i) dilate & to a& on cone C,

(iii) project back x, = x(y,, ¢) with sinh y, = asinh y.
The action of the dilation on one-sheeted hyperboloid, H'!, is depicted in

Figure 3.
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4. Harmonic analysis on H'!
4.1. Fourier-Helgason transform

For all compactly supported smooth functions f on H!, f € €¢*(H")
introduce the following pair of transforms

fe(v, &)= J (x- 5);%7ivf(X)du(x)
Hl,l
— (F (), eE, (), @D

14y
where v € R*, & varies on the cone C* and the kernels ¢* ) =(x-¢ )i2+w are
hyperbolic plane waves (eigenfunctions of the Laplacian),

e () =(x-8).2
= Hx - E)lx - €734 Fie* ™ H(=(x - ))lx - €], (4.2)

in which H(t) is the Heaviside function. The formula (4.1) is called the Fourier-
Helgason transform. Let us express the plane waves in polar coordinates. For
points x = x(x,¢) = (sinhy,cosh y cosp,coshysing) € H' and &(y) =
&o(1,cos7,siny) € CT we have

sig(x) = (&,[sinh y — cos(¢ — y)cosh y])"2*.
Applying any rotation p € SO(2) € SOy(1,2), on these waves, we have

sig(p_lx) = svi,pg(x).

The inverse of Fourier-Helgason transform, & %;1, is defined as

JjE

F;[g]= f g, &)(x - &) dn(v,8), V g€ ¢X(2),

where €*(%) is the space of smooth sections of line-bundle % over Z=R™" x S?
and

j:2 — RtxcCt
v,8) — (v,(1,E).

Since €*(H"') is dense in LP(H"'), 1 < p < 0o, the Fourier-Helgason transform
extends to LP(H!). By (2.1) and Tonelli’s theorem for f € L2(H"!) we have

U

|f:t(v: §)|2d"7(", g) = fi(v’ g)fi(lva g)d"?(V: g)

j=

jE

= | A@,0d00 | FoE-07 Y du)

j= H
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=J F)du(x) f Few, -8 dn(w, ©)
HL jE
=J FOOFGOdulx)

H1

:f |f GOIPd ()
gLl

=113 - (4.3)
This shows that f, € L>(%) and that ||f ||, = ||f.|, holds.

Proposition 3. If f is a rotation invariant function, i.e., f(p *x) = f(x),forall p €
SO(2), then its Fourier-Helgason transform f.(v,&) is a function of v alone, i.e.,

fi(")-

Proof. Let f be a rotation invariant function. Applying the Fourier-Helgason
transform on f we write

f:t(v: 5) = J

H!

eF (0f ())du(x)
=J e (0f (0~ x)dp(x)
HLL

= f &, -(px)f (x)du(x")
j2a8!

- JHM Sipflg(x/)f(x/)du(x/)

= fi(vi p_lg)’

and so f.(v, &) does not depend on &. O

4.2. Convolutions on H%!

_ 50,(1,2)
T 50,(1,1)°
define a convolution. First, given f € L*(H"!) and s € L'(H"'), their H!-

convolution is defined by:

Since H"! is a homogeneous space of SO,(1,2), H"! one can easily

(f *s)(g) = f f(g tx)s(x)du(x), forall ge S0y(1,2).
Hl’l

Next, one may take the restriction to H!, using a section
[1:HY — 504(1,2)
x(x,9) — g=k(ph(x)=1[x], k(¢) €SO(2),h(x) € SOH(1,1)
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and define
(f *s)(¥) :J FUyT ' 0s(x)du(x), yeH".
Hl’l

Let f € L2(H"!) and s € L'(H"!) then s * f € L2(H"!) and ||s * f ||, < [Is|l;|If |l by
the Young’s inequality.

We will mostly deal with H%!-convolution kernels that are symmetric and
rotation invariant functions on H'!. The Fourier-Helgason transform of such an
element has a simpler form as shown by the following theorem.

Theorem 4. Given f € L2(H"!) and let s € L'(H">!) be rotation invariant and
symmetrici.e. s(—y, ) =s(y, ), then s * f € L2(H"!) and

G* (v, &) = folv,E)5s(v).

Proof We use polar coordinates for x = x(y,¢) and y = y(x’, ") in H"!. Since
s is SO(2)-invariant, we have s([y]™'x) = s(h(—x") - x(x,¢)) =s(x — ¥',¢) =
s(y — x’,0), and similarly s([x]'y) =s(y’ — x,0). Since s is symmetric, we have
s([¥y]7'x) =s([x]'y). Thus, the convolution with a symmetric rotation invariant
function is given by

(S*f)(y)=f

HY

s([y171)f (dulx)

:J s([x17"y)f () dulx)
H1

Applying the Fourier-Helgason transform on s * f we get
e Dutr)= Lu -6 (s * By
= JHM du(y) LM du()s([y1 1) f () (y - 5);%71'”
= Lm du(x)f (x) LM du(y)s([y1 t)(y - g);%‘”
- Lm du(x)f (x) Lm du(y)s([x]171y)(y - g);é—w
_ L Au()f (x) L sy - B

=J du(X)f(X)J du(y s - [x17E)
HLL HLL
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we can write (y - [x]71&) = ([x]7'&) (¥ - {255 ), and using ([x] 7€), =
—(x - &), we finally obtain

G*fe(v, &)= f

H!

duGOf (- €)2

~[x] e\
d L R
x L My sty )(y ([x]ls)l)

= fi(": &)e(v)

where we used the rotation invariance of s. O

5. Continuous wavelet transform on the one-sheeted hyperboloid

Now, we are in a situation to define the CWT on the one-sheeted hyperboloid.We
say ¢ € L'(H"') is admissible if the family {3, : @ > 0,x € H"'} is a
continuous frame. Given an admissible H'!-wavelet 1), the HY-CWT of f €
L*(HY) is

Wi(a,8) = (Yaelf) = Yo(g71x)f (x)du(x), g €80(1,2), a>0
Hl,l
1 du(x1) . .
where ¢ ,(x) = A(a, x)24¢(D1x) such that A(a,x) = T(xa) is the Radon-Nikodym
derivative. The function A : RI x HY' — R* is a 1-cocycle, that is, it satisfies the

equation A(a;a,,x) = A(al,x)k(az,al_lx) and A(1,x) = 1. Note that A(a,x) =
dsinh y 1

damhy = % does not depend on y. If the wavelet 1) is symmetric and rotation

invariant, the hyperbolic CWT is a convolution:
Wi(g,a) = Wy(x,a) =, +f)(x), where g=[x],x<€H".
It remains to state an appropriate wavelet admissibility condition.

Theorem 5. Let ) € L'(H'!) be a rotation invariant function, a — a(a) a positive
function on R, for which there exists constants m and M such that

e}

0<m<.dy(v):= f I(Y,)+(W)Pa(a)da < M < . (5.1)
0

Then the linear operator A,, on L>(H"") defined by

Awf(x’)=f J Wy (x, ) o 1 (x")dp(x)aa)da,
0 JHY

is bounded with bounded inverse. In other words, the family {1, : a > 0,x €
HY'} is a continuous frame.

Proof. Consider the following integral

A:f f |Wf(x,a)|2d,u(x)a(a)da.
0 JHM
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—~ 1, —
By the equality (v ))+(v) = (x-&),* W(@,ba)i(v) and Tonelli’s theorem, we have

A= J a(a)daf du()We (x, )Wy (x, a)
0 HM
= J a(a)daf du(X)f ll)a,[x](y)f(y)du(y)f Va1 f ()duly)
0 H1 Hul j2e8!

=J a(a)daf du(x)J If ()IPduly)
0 g1 HU1

x (x-e:)iw@)i(v)(y.ai*l’”dn(v,s)f Yo ()duy)
Hl,l

j=

:J a(a)daJ du(x)J If )IPduy)
0 gL HL!

x| (-8 T (@) AN,E) | Yapm()-E) T duly)

jE HLY

=If 13 f I(I/P:)i(V)IZa(a)daf (x - &) du(x)dn(v, &)
0 JjE

H1

If 1; is the characteristic function on the set
fx=(y,p)eH" : —K < y <K,0< ¢ <2r},
then 1 € L(H"!) and 1 / 1. Since

f f 1x(x - &) Ydu(x)dn(v, &)
j2 JHL!

=f f Te(x - &) 2 ™(x - £) 72 dp(x)dn(v, &)
j= JHL

= 1K:

then ij le'l (x - &) 'du(x)dn(v,&) = 1 by the monotone convergence theorem.
Hence

mllflliffj Wy (x, a)Pdu(x)a(a)da < M||f |3 O
o JHu

From Theorem 5, one obtains a reconstruction formula, which holds in
L*>(HM'):

f(x’)=f f Wi (x, A P 1 (x)du(x)a(a)da.
0 JHM

Some choices for the function a, leads to simplified admissibility condition (5.1)
as we will now discuss.
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Theorem 6. Let a(a)da be a homogeneous measure of the form a #da, B > 0, then
a positive rotation invariant function v € L'(H>', du) is admissible either if B < 2,
or 3 > 2 and the following zero-mean condition is satisfied:

J Y(x, )duly,¢)=0. (5.2)
HLL

Proof. Let us assume 1) (y) belongs to 6.(H"!), i.e., it is continuous and compactly
supported

Y(x)=0 if |y|>}, ¥ = const.

we wish to prove that

J (e cl¥a) Pala)da < co. (5.3)
0

First, we compute the Fourier-Helgason coefficients of the dilated function 1

(83:’5|¢a> = f d)a()b 90)8::,5(%: @)dM(X’ (;0)
X

21T X
=f J Ma, 1241, e (1, 9)duly, )
0 J-z

By performing the change of variable y’ = y1, we get y = y. and du(y,¢) =
Ma™t, x)du(y’, ¢). The Fourier-Helgason coefficients become

21 ¥
(e cla) = f f Ma, )29, ey (s 0IAa™, 2 Ndulx’, ¢)
o J-z
since A(a, )2 Ala™", x)=Aa™}, x')? = v/a, we get

2n r ¥
ey elba) = ﬁf f Y’ dex, (al 9)duly’s @) (5.4)
0o Jz

we split (5.4) in three parts

f (-)a(a)da=f (-)a(a)da+Jg(-)a(a)da+f (Da(a)da.
0 0 . 1

o
| —
I I 1

We start by studying the first integral I. Since 1) is rotation invariant, we have

(e* o) ff f Pk x's et il P)du(y’s 9)

R RZ

_IJ f P(x', w)sgv(xa,o)du(x ®)



142 A. Askari Hemmat and Z. Yazdani Fard

Let o be small enough, so that a is small, and hence x; — 0. So, because
1

sgv(o, 0) =&, ? the integral I is of the form

o
gal f a—ﬁ+1da
0

2

2n ¥
J J du(y’, e (x’, ¢)
o J-z

If B > 2, the integral I converges only if J P =0.
Hl,l
The second integral II is straightforward, since the dilation operator is strongly

continuous and thus the integrand is bounded on [0, i].
For the last part III we first rewrite the Fourier-Helgason coefficients for large
scales. By performing the change of variable y' = y,2, we get y = xc’lz and

du(y, ¢)=2A(a"?, x)du(x’, ¢), and hence

2n ~ 71
(e cla) = f A, x0)2 9 (o ey (X IA@2, 2 )duly s )

0 -71

since A(a, x/,)2 Ala 2, x') = A(a, x)7A(a% x)F = a2, we get

(€ elva) = a‘ij O 95, (e )Aux', 0. (5.5)
0 J-11

2 7

The only large scale divergence in III will never reached because the support
property of v and this finally ensures convergence of the last term as well. If
i € LY(H!), then the desired result holds by Fatou’s lemma. O

We conclude this section by presenting an explicit class of admissible vectors,
that is, hyperbolic wavelets. First, we need the following result.

Proposition 7. Let 1 € L>(H"!,du). Then
J Do (x, )du(x, ») = «/EJ Y(x, p)duly, ¢).
Hl,l Hl,l

Proof. By a simple computation, followed by the change of variables y’ = y1, we
get

sz D (x,p)duly,¢)

Hl,l

=J l(a,x)%w(xi,cp)du(x,so)
Hl,l

:f AMa, 23, 9IMa, 2 )duly’, 0)
Hl,l

:J M@ ) (s 9)dulx’s 9).
Hl’l
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. _ 1
Then since A(a™}, ¥')2 = /a, we get

I=vVa | YU’ e)dulx’,¢).

Hl,l
which proves the proposition. 0

With this result, it is easy to build a difference wavelet. Given an integrable
function 1, we define
1
v — —_—
i e)=v(x, ) ﬁDvw(x, ¢),v>1.

Then it is easily checked that ij satisfies in the admissibility condition (5.3),
that is, it is a H>!-wavelet. A typical difference wavelet for the choice y(y,¢) =
—sinh? ¥ is

fU(X (P) — e—sinhz)( _ leix%z sinhz)(.
'L/” ’ a

e
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