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1. Introduction

Subject part of double conformable Laplace transforms and its properties are still new-
fangled [16], some properties and definitions of fractional calculus were considered in [1,{2}/13]],
some fractional partial differential equations were also solved [14,(15], many researchers have
given their attention to examining the solutions of fractional linear and nonlinear partial
differential equations using different methods. Along with these approaches are the variational
iteration method [18], Homotopy perturbation method [7]], Laplace transforms [[18]], double
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Laplace transforms [4-6,9,/16] and the non-homogeneous equations with constant coefficients
illuminated by implies of the double Laplace transform [[12] and operational calculus [3].

The primary aim of this paper is to study the conformable double Laplace transform to
solve a novel case of fractional telegraph equations with conformable double convolution with
non-constant coefficients by exchanging the nonhomogeneous terms by conformable double
convolution functions.

Definition 1.1. If Q:[0,00) — R is a function of #, then the conformable fractional derivative
with respect to ¢, then, o*® order conformable fractional derivative is defined with:

Qt+1t179) - Q¢
tD, Q) =lim (t+7 T) @ i20,0€0,1). 1)
T—

Definition 1.2 ([16]]). If Q(x,?), t,x € R*is function of two variables then:

(i) the conformable single Laplace transform with respect to x, designated by the operator
29[Q(x, 1)] is defined by:

o0 xﬂ
€2[Q(x,t)] =d(r,t) :f e T Qx,t)dgx. (2)
0
(i1) the conformable single Laplace’s transform with respect to ¢ of Q(x,¢) is
071Qx, )] = D(x,v) :f e_U%Q(x,t)dUt. 3)
0

(i1i) the conformable double Laplace’s transform of Q(x,¢) is
o0 o0 xH o
E?Zz[Q(x,t)] :(I)(r,v):f f e_rT_Ut?Q(x,t)dUtdgx. 4)
o Jo

Note that: ¢99[Q(x,t)] = £209[Q(x, )] = O(r,v).
(iv) the conformable double Laplace’s transform of (€?)‘1(€§)‘1[®(r,v)] = Q(x,1) is defined by
the complex double integral formula

0 ;o +i B+ioco -
t 1 a+100 xe 1
(zg)—l(eg)—lm(r,v)]:Q(—x ,—):—,f ervdr—,f e’ d(r,v)dv.
0 o 271 Ja—ico 271 Jp-ico

Definition 1.3 ([16]). If Q(x,t), t,x € R is a function of two variables, then the conformable
double Laplace transform of fractional partial derivatives are:

09 091xDQ(x, )] = r®(r,v) — ®(0,v),

09 091¢D , Qx, 1)] = v®(r,v) — D(r,0),

09 0%[xD20x, 1)] = r2®(r,v) — r®(0,v) — xDa®(0,v),

09 091tD% Q(x, 1)] = v2D(r,v) — vD(r,0) — tD ,B(r,0),
E?éi[ngthQ(x, )] =rv®(r,v) —rd(r,0) —v®(0,v) + ®(0,0).

2. Some Properties and Theorems of Conformable Double Laplace
Transform and Conformable Double Convolution

In this section, the conformable double Laplace transform and conformable double convolution
and their definitions, theorems and properties with their verification, was considered.

(i) £9090a1Q1(x, 1)+ aaQalx, )] = a1 €7 €9[Q (x, )] + @209 £9[Qo(x, 1)].
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1
(v-b)r-a)’
%9 3 rv—ab
?a)] T2 rad) i1 by

ad x? av+br
0709 |sin| —b+—al| = :
) [Sm( e a) 2+ aD)(0? + b2)

o <0
W) £700]eT0 T, 1) = D +a,v+b).
7 x0\"
(F F)

Proof. (i) Comes from Definition eq. (@.

. gl
(ii) ¢9¢9 [e g b+ga

(iii) ¢9¢9

tU
cos (—b +
o

(n!)?

o 90 - 7
(vi) £7¢; = oyt

(ii) gggg e%b+%a :foofooe_(r—a)%—(v—b)gdatdex
t? O
:[t[ b;-’l] [Z[eo ;?—>r
3 1
C (w-b)r—a)
To prove (iii), (iv) we have
79 40 egbz#%ai _ 1 _ (rv—ab)+i(av +br)
B (w-bi)r—ai)  (r2+a?)(v?+b2)
then
ad x? rv—ab
0909 (_b+_ )]: ,
tox | 0T Y T R a0t + b2)
i x? av+br
0909 |si (—b+— ) =
tEx S0 o 6 @ r2 +a?)(v2 +b2)

(v) Come from the definition.
£ xY o 0 (xP\" 0 o [T\ n! n! (n!)?
0 _ —ri- U= _ _
(vi) [U[ [(; ?) —fo e ¢ (?) dexj(; e Vo (;) dUt_ pn+l ) pntl - (rv)n+1'
Theorem 2.1. If 3‘729 [Q(x,2)] = P(r,v), then

ooy

where H (7 —a, B - ﬁ), is the conformable Heaviside unit step function defined by

(o2

%0 o 1, I,f—>a >,6,
H = _— =
( % 'B) {0, Lf—<a <ﬁ.

n

090%1Q = e P P(r,v),

0

Proof. By definition of conformable double Laplace transform, we have

oo oo

0 to 0 t?
f f r__”_Q(x——a,——ﬁ)H(x——a,——ﬁ)datde
0 o 0 o
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20 0 o
[Tt e e
0 o

1fweput’ :%— ,%-——ﬁthen[becomes
e Ta™ vﬁf f —r—‘v_ (TH 0 )dgnder—e ra=vb (r,v). O
o

Definition 2.2. If Q; &%9, %), Qg (%9, %), be integrable functions then the conformable double
convolution is defined

Ql(xg,i)**ﬂg(ii) f f Ql(—e—ai—ﬁ)Qg(aﬁ)dﬂda

Theorem 2.3. If

r 0 ;o 0 ;o
x’ t x’ t
[?[z LQ:[ (?,;)] :(I)l(r,v), f?ge [QQ (E ;)

= ®q(r,v),

then

0 tO' 0 tO' 0 tU
0940 (Ql* *92)(x— —)] 094 [Ql(x )] 94 [Qg(x— —)] = Dy (r,v).Do(r,v).
o 0’ o 0’ o
Proof. Using the Definition [1.2(iii) to obtain

0 .o
J= 2029[(91**92)(x ";)]

:f f e_r%_vg(ﬂl**Qz)(ﬁ,i)dgtdgx
f f —r——v—{f f Ql(——a——ﬁ)Qg(a ,B)d,Bda}d tdgx.

By using the conformable Heaviside unit step function integral; o/ becomes

J = ff _r__”_{f f Ql(—g—ai—ﬁ) (%—a,g—,B)Qz(a,ﬁ)dﬁda}dgtdgx
:fooofoooﬂz(a,ﬁ)dﬁda{ffffe—re—”—91 (%e—a i—ﬁ) (%—a,g—ﬁ) }dgtdgx.

Using Theorem [2.1] to get
J = f f Qs (a, 8) e P d(r,v)d Bda
o Jo

= cpl(r,u)foofoo Qz (a,B) e PUdfda = ®1(r,v).Do(r,v).
0 0

3. Conformable Fractional Telegraph Equation with Conformable
Double Convolution and Laplace Transform

In this section, the both of conformable double convolution and conformable double Laplace
transform was employed to look at the main theorem and, solve two types of fractional telegraph
equations.
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Theorem 3.1. If ®4 (%, %)is a solution of fractional telegraph equation

0 ;o
t
xD2Q(x, 1) — tD2Q(x,t) — tD e Qx, 1) — Qx, 1) = ¥ (% —) (5)
o
with the initial condition

ad x? ad x?
Q0O0,)=Kq (—), Qx,0)=H; (—), xDg0,t) =Ko (—), tD;Q(x,0) = Ho (—), (6)
o 0 o 0

and ®g (% t—) is a solution of fractional telegraph equation with double convolution coefficients

x” t? 9 9 x? 0
n|=,— | ** (xDgQx, ) — tD5Qx,t) — tD e Uz, ) — Qax, 1)) = ¥V | =, — (7)
6 o 6 o
with the same initial condition (6), where n (%, ﬁ) is a polynomial.
Then, @ ( 7= ) * % Qg ( ) is a solution of the following equation
9 9 x? 10 x? 10
xDgQx,t) = tD; Qx, ) — tD s Qx, t) — Qx, 8) = ¥ (—, —) +( (—, —) (8)
0 o 0 o
with the same initial condition (6).
Proof. @ ( )1s a solution of (5), this means that:
0 0 0 ;0 0 4o 0 0 0 4o
x’ t x’ t x’ t x’ t x’ t
Did tD2® tD ;P ) =V(=,—]|. 9
* 1(9 0) 1(9 0) 1(9 0) 1(0 0) (9’0) ®)

Also, @, (ﬁ, %)is a solution of (7) this means that:
0 ;o 0 o 6 ;o 0 o 0 o 6 o
x” t x’ t x” t x’ t x’ t x” t
D2® —|-th%o (—,—)—tD 0 (—,—)—@ (—,—)):‘I’(— —) 10
n(Ha)**(x 2(80) 729 o 729 o 210 & 90()
Now, we prove that: @ (% ﬂ)**@ (9, )1sasolut10n of (8)

0 0 0 4o 0 .0 0 .0
t t t t
xD2(®y * *cpz)(x—,—) —tD2 (dy *q>2)(x ) tDy (O * *q>2)(x— —) (@ * *q>2)(x— —)
0 o o o o
6 0 6 0
x’ i x’ i
==, |+ =, . 11
) f0) o
We use the following conformable partial derivatives of double convolution
(th(I)l) % % Pg — (ng(I)l) * % Pg = Pq * * (th.(DZ) —Pq * * (xD(%CDQ).
Then eq. (11) becomes
6 ;0 0 .0 6 ;0 0 ;0 0 .0
x t x’ t x t x’ t x’ t
D2d tD2®, [, — | -tD,®1 | —, — | - D1 | =, — Oy | =, —
* 1(9 a) 1(9 ) ’ 1(9’0) 1(0’0)]** 2(9’0)
0 0 0 10
x” t x” t
=V|—,—|+{|—,—]. 12
) f0) @

Using eqgs. (9) and (12), to obtain

0 o0 0 ;0 0 4o 0 4o
x’ t x’ i x’ t x t
Y|—,— Oy —,—|=¥Y|—,—|+{|—,—].
(9’0)** 2(9’0) (0’0) {(0’0)
This means that the conformable double convolution ®4 (%, %) % % Mg (%6, %) is a solution of

eq. (8). O
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To apply Theorem we will study the following example:

Example 3.2. Consider the fractional space-time telegraph equation,

xG o
xD2Q(x,t) - tD2Qx, 1) — D, Qlx, t) — Qx, t) = —2 7 7 (13)
with the initial conditions
o x@ (ol x@
Q0,)=e7, Qx,0=e?, xDyQO0,0)=e7c, tDyQx,0)=e7. (14)

Take the conformable double Laplace transform of eq. (13), to obtain
r2<D(r, v)—r®0,v)—xDe®(0,v) — v2(D(r, v)+vd(r,0)+ tD,D(r,0) —v®(r,v) + O(r,0) — O(r,v)

-2
=\ 15
(w-1)(r-1) (15)
Also, take the single conformable Laplace transform of eq. (14), to get
1
®0,v)=——, O(r,0)0=——, xDg®(0,v)=——, tD,D.(r,0)= . 16
Substituting eq. in eq. (15), to get
1
) =
"= e

Getting hold of the conformable inverse of double Laplace transform to find the exact solution
in the form

x@ o
O1(x,t) = Qx,t)=eT 7. (17)

Now, we need to solve the following equation

0B 40
2225 % [xD2Qx, 1) — tD2Qx, 1) — tD o Qx, 1) — Qlx, )] = —2e 7+ 5 (18)
with the same initial conditions (14).
Using the same steps to obtain the solution in the form
-
Do, ) = Qx, ) =e T o +(x,1). (19)
It is easy to see the relationship between two solutions in egs. and (19).

4. Conclusion

This paper introduce the conformable double Laplace transform and conformable double
convolution, and explained the effectiveness and ease of this double transform to solve a
fresh case of fractional telegraph equations with conformable double convolution.
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