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1. Introduction
Subject part of double conformable Laplace transforms and its properties are still new-
fangled [16], some properties and definitions of fractional calculus were considered in [1,2,13],
some fractional partial differential equations were also solved [14,15], many researchers have
given their attention to examining the solutions of fractional linear and nonlinear partial
differential equations using different methods. Along with these approaches are the variational
iteration method [18], Homotopy perturbation method [7], Laplace transforms [18], double
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Laplace transforms [4–6,9,16] and the non-homogeneous equations with constant coefficients
illuminated by implies of the double Laplace transform [12] and operational calculus [3].

The primary aim of this paper is to study the conformable double Laplace transform to
solve a novel case of fractional telegraph equations with conformable double convolution with
non-constant coefficients by exchanging the nonhomogeneous terms by conformable double
convolution functions.

Definition 1.1. If Ω : [0,∞)→ R is a function of t, then the conformable fractional derivative
with respect to t, then, σth order conformable fractional derivative is defined with:

tDσΩ(t)= lim
τ→0

Ω(t+τt1−σ)−Ω(t)
τ

, ∀ t ≥ 0, σ ∈ (0,1) . (1)

Definition 1.2 ([16]). If Ω(x, t), t, x ∈ R+is function of two variables then:
(i) the conformable single Laplace transform with respect to x, designated by the operator

`θx[Ω(x, t)] is defined by:

`θx[Ω(x, t)]=Φ(r, t)=
∫ ∞

0
e−r xθ

θ Ω(x, t)dθx . (2)

(ii) the conformable single Laplace’s transform with respect to t of Ω(x, t) is

`σt [Ω(x, t)]=Φ(x,v)=
∫ ∞

0
e−v tσ

σ Ω(x, t)dσt . (3)

(iii) the conformable double Laplace’s transform of Ω(x, t) is

`σt `
θ
x[Ω(x, t)]=Φ(r,v)=

∫ ∞

0

∫ ∞

0
e−r xθ

θ −v tσ
σ Ω(x, t)dσt dθx . (4)

Note that: `σt `
θ
x[Ω(x, t)]= `θx`σt [Ω(x, t)]=Φ(r,v).

(iv) the conformable double Laplace’s transform of (`σt )−1(`θx)−1[Φ(r,v)]=Ω(x, t) is defined by
the complex double integral formula

(`σt )−1(`θx)−1[Φ(r,v)]=Ω
(

xθ

θ
,
tσ

σ

)
= 1

2πi

∫ α+i∞

α−i∞
er xθ

θ dr
1

2πi

∫ β+i∞

β−i∞
ev tσ

σ Φ(r,v)dv .

Definition 1.3 ([16]). If Ω(x, t), t, x ∈ R+ is a function of two variables, then the conformable
double Laplace transform of fractional partial derivatives are:

`σt `
θ
x[xDθΩ(x, t)]= rΦ(r,v)−Φ(0,v),

`σt `
θ
x[tDσΩ(x, t)]= vΦ(r,v)−Φ(r,0),

`σt `
θ
x[xD2

θΩ(x, t)]= r2Φ(r,v)− rΦ(0,v) − xDθΦ(0,v),

`σt `
θ
x[tD2

σΩ(x, t)]= v2Φ(r,v)−vΦ(r,0)− tDσΦ(r,0),

`σt `
θ
x[xDθ tDσΩ(x, t)]= rvΦ(r,v)− rΦ(r,0)−vΦ(0,v)+Φ(0,0).

2. Some Properties and Theorems of Conformable Double Laplace
Transform and Conformable Double Convolution

In this section, the conformable double Laplace transform and conformable double convolution
and their definitions, theorems and properties with their verification, was considered.

(i) `σt `
θ
x[a1Ω1(x, t)+a2Ω2(x, t)]= a1`

σ
t `

θ
x[Ω1(x, t)]+a2`

σ
t `

θ
x[Ω2(x, t)] .
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(ii) `σt `
θ
x

[
e

tσ
σ b+ xθ

θ a
]
= 1

(v−b)(r−a)
.

(iii) `σt `
θ
x

[
cos

(
tσ

σ
b+ xθ

θ
a
)]

= rv−ab
(r2 +a2)(v2 +b2)

.

(iv) `σt `
θ
x

[
sin

(
tσ

σ
b+ xθ

θ
a
)]

= av+br
(r2 +a2)(v2 +b2)

.

(v) `σt `
θ
x

[
e

tσ
σ b+ xθ

θ aΩ(x, t)
]
=Φ(r+a,v+b) .

(vi) `σt `
θ
x

[(
tσ

σ
· xθ

θ

)n]
= (n!)2

(rv)n+1 .

Proof. (i) Comes from Definition 1.2, eq. (4).

(ii) `σt `
θ
x

[
e

tσ
σ b+ xθ

θ a
]
=

∫ ∞

0

∫ ∞

0
e−(r−a) xθ

θ −(v−b) tσ
σ dσt dθx

= `σt
[

e
tσ
σ b;

tσ

σ
→ v

]
`θx

[
e

xθ
θ a;

xθ

θ
→ r

]
= 1

(v−b)(r−a)
.

To prove (iii), (iv) we have

`σt `
θ
x

[
e

tσ
σ bi+ xθ

θ ai
]
= 1

(v−bi)(r−ai)
= (rv−ab)+ i(av+br)

(r2 +a2)(v2 +b2)
then

`σt `
θ
x

[
cos

(
tσ

σ
b+ xθ

θ
a
)]

= rv−ab
(r2 +a2)(v2 +b2)

,

`σt `
θ
x

[
sin

(
tσ

σ
b+ xθ

θ
a
)]

= av+br
(r2 +a2)(v2 +b2)

(v) Come from the definition.

(vi) `σt `
θ
x

[(
tσ

σ
· xθ

θ

)n]
=

∫ ∞

0
e−r xθ

θ

(
xθ

θ

)n

dθx
∫ ∞

0
e−v tσ

σ

(
tσ

σ

)n
dσt = n!

rn+1 · n!
vn+1 = (n!)2

(rv)n+1 .

Theorem 2.1. If `σt `
θ
x [Ω(x, t)]=Φ(r,v), then

`σt `
θ
x

[
Ω

(
xθ

θ
−α,

tσ

σ
−β

)
H

(
xθ

θ
−α,

tσ

σ
−β

)]
= e−αr−βvΦ(r,v),

where H
(

xθ
θ
−α, tσ

σ
−β

)
, is the conformable Heaviside unit step function defined by

H
(

xθ

θ
−α,

tσ

σ
−β

)
=

{
1, if xθ

θ
>α, tσ

σ
>β,

0, if xθ
θ
<α, tσ

σ
<β.

Proof. By definition of conformable double Laplace transform, we have

I = `σt `θx
[
Ω

(
xθ

θ
−α,

tσ

σ
−β

)
H

(
xθ

θ
−α,

tσ

σ
−β

)]
=

∫ ∞

0

∫ ∞

0
e−r xθ

θ −v tσ
σ Ω

(
xθ

θ
−α,

tσ

σ
−β

)
H

(
xθ

θ
−α,

tσ

σ
−β

)
dσt dθx
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=
∫ ∞

α

∫ ∞

β
e−r xθ

θ −v tσ
σ Ω

(
xθ

θ
−α,

tσ

σ
−β

)
dσt dθx

if we put τθ

θ
= xθ

θ
−α, ησ

σ
= tσ

σ
−β then I becomes

I = e−rα−vβ
∫ ∞

0

∫ ∞

0
e−r τ

θ

θ −v ησ

σ Ω

(
τθ

θ
,
ησ

σ

)
dσηdθτ= e−rα−vβΦ (r,v) .

Definition 2.2. If Ω1

(
xθ
θ

, tσ
σ

)
, Ω2

(
xθ
θ

, tσ
σ

)
, be integrable functions then the conformable double

convolution is defined by,

Ω1

(
xθ

θ
,
tσ

σ

)
∗∗Ω2

(
xθ

θ
,
tσ

σ

)
=

∫ tσ
σ

0

∫ xθ
θ

0
Ω1

(
xθ

θ
−α,

tσ

σ
−β

)
Ω2

(
α,β

)
dβdα .

Theorem 2.3. If

`σt `
θ
x

[
Ω1

(
xθ

θ
,
tσ

σ

)]
=Φ1(r,v) , `σt `

θ
x

[
Ω2

(
xθ

θ
,
tσ

σ

)]
=Φ2(r,v),

then

`σt `
θ
x

[
(Ω1 ∗∗Ω2)

(
xθ

θ
,
tσ

σ

)]
= `σt `θx

[
Ω1

(
xθ

θ
,
tσ

σ

)]
`σt `

θ
x

[
Ω2

(
xθ

θ
,
tσ

σ

)]
=Φ1(r,v).Φ2(r,v) .

Proof. Using the Definition 1.2(iii) to obtain

J = `σt `θx
[
(Ω1 ∗∗Ω2)

(
xθ

θ
,
tσ

σ

)]
=

∫ ∞

0

∫ ∞

0
e−r xθ

θ −v tσ
σ (Ω1 ∗∗Ω2)

(
xθ

θ
,
tσ

σ

)
dσt dθx

=
∫ ∞

0

∫ ∞

0
e−r xθ

θ −v tσ
σ

{∫ tσ
σ

0

∫ xθ
θ

0
Ω1

(
xθ

θ
−α,

tσ

σ
−β

)
Ω2

(
α,β

)
dβdα

}
dσt dθx .

By using the conformable Heaviside unit step function integral; J becomes

J =
∫ ∞

0

∫ ∞

0
e−r xθ

θ −v tσ
σ

{∫ ∞

0

∫ ∞

0
Ω1

(
xθ

θ
−α,

tσ

σ
−β

)
H

(
xθ

θ
−α,

tσ

σ
−β

)
Ω2

(
α,β

)
dβdα

}
dσt dθx

=
∫ ∞

0

∫ ∞

0
Ω2(α,β)dβdα

{∫ tσ
σ

0

∫ xθ
θ

0
e−r xθ

θ −v tσ
σ Ω1

(
xθ

θ
−α,

tσ

σ
−β

)
H

(
xθ

θ
−α,

tσ

σ
−β

)}
dσt dθx .

Using Theorem 2.1 to get

J =
∫ ∞

0

∫ ∞

0
Ω2

(
α,β

)
e−αr−βvΦ1(r,v)dβdα

=Φ1(r,v)
∫ ∞

0

∫ ∞

0
Ω2

(
α,β

)
e−αr−βvdβdα=Φ1(r,v).Φ2(r,v) .

3. Conformable Fractional Telegraph Equation with Conformable
Double Convolution and Laplace Transform

In this section, the both of conformable double convolution and conformable double Laplace
transform was employed to look at the main theorem and, solve two types of fractional telegraph
equations.

Communications in Mathematics and Applications, Vol. 12, No. 1, pp. 51–58, 2021



Solution of Fractional Telegraph Equations by Conformable Double. . . : W. M. Osman et al. 55

Theorem 3.1. If Φ1

(
xθ
θ

, tσ
σ

)
is a solution of fractional telegraph equation

xD2
θΩ(x, t)− tD2

σΩ(x, t)− tDσΩ(x, t)−Ω(x, t)=Ψ
(

xθ

θ
,
tσ

σ

)
(5)

with the initial condition

Ω(0, t)= K1

(
tσ

σ

)
, Ω(x,0)= H1

(
xθ

θ

)
, xDθΩ(0, t)= K2

(
tσ

σ

)
, tDσΩ(x,0)= H2

(
xθ

θ

)
, (6)

and Φ2

(
xθ
θ

, tσ
σ

)
is a solution of fractional telegraph equation with double convolution coefficients

η

(
xθ

θ
,
tσ

σ

)
∗∗(

xD2
θΩ(x, t)− tD2

σΩ(x, t)− tDσΩ(x, t)−Ω(x, t)
)=Ψ(

xθ

θ
,
tσ

σ

)
(7)

with the same initial condition (6), where η
(

xθ
θ

, tσ
σ

)
is a polynomial.

Then, Φ1

(
xθ
θ

, tσ
σ

)
∗∗Φ2

(
xθ
θ

, tσ
σ

)
is a solution of the following equation

xD2
θΩ(x, t)− tD2

σΩ(x, t)− tDσΩ(x, t)−Ω(x, t)=Ψ
(

xθ

θ
,
tσ

σ

)
+ζ

(
xθ

θ
,
tσ

σ

)
(8)

with the same initial condition (6).

Proof. Φ1

(
xθ
θ

, tσ
σ

)
is a solution of (5), this means that:

xD2
θΦ1

(
xθ

θ
,
tσ

σ

)
− tD2

σΦ1

(
xθ

θ
,
tσ

σ

)
− tDσΦ1

(
xθ

θ
,
tσ

σ

)
−Φ1

(
xθ

θ
,
tσ

σ

)
=Ψ

(
xθ

θ
,
tσ

σ

)
. (9)

Also, Φ2

(
xθ
θ

, tσ
σ

)
is a solution of (7) this means that:

η

(
xθ

θ
,
tσ

σ

)
∗∗

(
xD2

θΦ2

(
xθ

θ
,
tσ

σ

)
− tD2

σΦ2

(
xθ

θ
,
tσ

σ

)
− tDσΦ2

(
xθ

θ
,
tσ

σ

)
−Φ2

(
xθ

θ
,
tσ

σ

))
=Ψ

(
xθ

θ
,
tσ

σ

)
. (10)

Now, we prove that: Φ1

(
xθ
θ

, tσ
σ

)
∗∗Φ2

(
xθ
θ

, tσ
σ

)
is a solution of (8)

xD2
θ (Φ1 ∗∗Φ2)

(
xθ

θ
,
tσ

σ

)
− tD2

σ (Φ1 ∗∗Φ2)
(

xθ

θ
,
tσ

σ

)
− tDσ (Φ1 ∗∗Φ2)

(
xθ

θ
,
tσ

σ

)
− (Φ1 ∗∗Φ2)

(
xθ

θ
,
tσ

σ

)
=Ψ

(
xθ

θ
,
tσ

σ

)
+ζ

(
xθ

θ
,
tσ

σ

)
. (11)

We use the following conformable partial derivatives of double convolution(
tD2

σΦ1
)∗∗Φ2 −

(
xD2

θΦ1
)∗∗Φ2 =Φ1 ∗∗ (

tD2
σΦ2

)−Φ1 ∗∗ (
xD2

θΦ2
)
.

Then eq. (11) becomes[
xD2

θΦ1

(
xθ

θ
,
tσ

σ

)
− tD2

σΦ1

(
xθ

θ
,
tσ

σ

)
− tDσΦ1

(
xθ

θ
,
tσ

σ

)
−Φ1

(
xθ

θ
,
tσ

σ

)]
∗∗Φ2

(
xθ

θ
,
tσ

σ

)
=Ψ

(
xθ

θ
,
tσ

σ

)
+ζ

(
xθ

θ
,
tσ

σ

)
. (12)

Using eqs. (9) and (12), to obtain

Ψ

(
xθ

θ
,
tσ

σ

)
∗∗Φ2

(
xθ

θ
,
tσ

σ

)
=Ψ

(
xθ

θ
,
tσ

σ

)
+ζ

(
xθ

θ
,
tσ

σ

)
.

This means that the conformable double convolution Φ1

(
xθ
θ

, tσ
σ

)
∗∗Φ2

(
xθ
θ

, tσ
σ

)
is a solution of

eq. (8).

Communications in Mathematics and Applications, Vol. 12, No. 1, pp. 51–58, 2021



56 Solution of Fractional Telegraph Equations by Conformable Double. . . : W. M. Osman et al.

To apply Theorem 3.1, we will study the following example:

Example 3.2. Consider the fractional space-time telegraph equation,

xD2
θΩ(x, t)− tD2

σΩ(x, t)− tDσΩ(x, t)−Ω(x, t)=−2e
xθ
θ + tσ

σ (13)
with the initial conditions

Ω(0, t)= e
tσ
σ , Ω(x,0)= e

xθ
θ , xDθΩ(0, t)= e

tσ
σ , tDσΩ(x,0)= e

xθ
θ . (14)

Take the conformable double Laplace transform of eq. (13), to obtain
r2Φ(r,v)− rΦ(0,v)− xDθΦ(0,v)−v2Φ(r,v)+vΦ(r,0)+ tDσΦ(r,0)−vΦ(r,v)+Φ(r,0)−Φ(r,v)

= −2
(v−1)(r−1)

. (15)

Also, take the single conformable Laplace transform of eq. (14), to get

Φ(0,v)= 1
(v−1)

, Φ(r,0)= 1
(r−1)

, xDθΦ(0,v)= 1
(v−1)

, tDσΦ .(r,0)= 1
(r−1)

. (16)

Substituting eq. (16) in eq. (15), to get

Φ(r,v)= 1
(v−1)(r−1)

.

Getting hold of the conformable inverse of double Laplace transform to find the exact solution
in the form

Φ1(x, t)=Ω(x, t)= e
xθ
θ + tσ

σ . (17)
Now, we need to solve the following equation

x2t2 ∗∗[
xD2

θΩ(x, t)− tD2
σΩ(x, t)− tDσΩ(x, t)−Ω(x, t)

]=−2e
xθ
θ + tσ

σ (18)
with the same initial conditions (14).
Using the same steps to obtain the solution in the form

Φ2(x, t)=Ω(x, t)= e
xθ
θ + tσ

σ +ζ(x, t) . (19)
It is easy to see the relationship between two solutions in eqs. (17) and (19).

4. Conclusion
This paper introduce the conformable double Laplace transform and conformable double
convolution, and explained the effectiveness and ease of this double transform to solve a
fresh case of fractional telegraph equations with conformable double convolution.
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