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1. Introduction

The concept of a hypersubstitution was introduced by K. Denecke, D. Lau, R. Péschel and
D. Schweigert in 1991 [2]]. They used it as the tool to study hyperidentities and solid varieties.
To recall the definition of a hypersubstitution, we recall first the concept of terms. Let n € N and
X, :={x1,x9,...,x,} be an n-elements set. The set X,, is called an alphabet and its elements
are called variables. Let T = (n;);c; be a type such that the set of operation symbols {f; |i € I} is
disjoint with X,,. An n-ary term of type 1 is defined inductively as the following steps.
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(i) Every variable x; € X,, is an n-ary term of type 1.
(i1) If ¢4,29,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol of type 7,
then f;(¢1,t2,...,t,;) is an n-ary term of type 7.

The set W.(X},) of all n-ary terms of type 7 is the smallest set containing x1,x9,...,%,
that is closed under finite application of (2). The set of all terms of type 7 over the alphabet
X :={x1,%9,...} is defined as Wi(X) :=U;2; W:(X},). For any t € W;(X), the set of all variables
occurring in the term ¢ is denoted by var(¢).

A hypersubstitution of type 7 is a mapping o : {f; | i € I} — W;(X) where o(f;) € W(X,,,).
Let Hyp(t) be the set of all hypersubstitutions of type 7.
Every o € Hyp(t) induces a mapping ¢ : W;(X) — W,(X) as the following steps:
For any t € W(X), ol[t] is inductively defined by
(1) if t =x € X then o[x] :=x,

(i) if ¢ = fi(t1,...,tn,) then Glfi(t1,...,t,,)]1:= Sy (0(f1),01t1),...,0lt,,)),
where S/ : W (X n;) X W(X,)" — Wi (X,) is defined inductively as follows:
Q) Spi(xj t1,eestn,)i=tj, ;€ Xn,,y t1,...stn, € Wo(Xyp),

Q) Spi(fi(s1,e--38n)s 1w estn,) = FilSR (1,1, tn))y e s Sn (Snyst1yee s tn)-

Let 0;4 be the hypersubstitution which maps each n;-ary operation symbol f; to the term
fi(x1,...,x,,). It turns out that Hyp(7) := (Hyp(7),0p,0;4) is a monoid where 0,4 is the identity
element.

In 2000, S. Leeratanavalee and K. Denecke [4] generalized the concept of a hypersubstitution
to the concept of a generalized hypersubstitution. They used it as a tool to study strong
hyperidentities and used strong hyperidentities to classify varieties into collections called
strong hypervarieties. Varieties which are closed under arbitrary application of generalized
hypersubstitutions are called strongly solid.

Let 7 = (n;)ie; be a type with the sequence of operation symbols (f;);c7. A generalized
hypersubstitution of type 7 is a mapping o : {f; | i € I} — W;(X) which maps each n;-ary
operation symbol of type T to a term of this type which does not necessarily preserve the arity.
We denote the set of all generalized hypersubstitutions of type 7 by Hypg(7). Firstly, we define
inductively the concept of generalized superposition of term S : W (X) x W (X)"™ — W,(X) by
the following steps:

For each #4,...,t, € W (X),

(i) S™(xj,t1,...,tm):=t; when 1<j<m,
(i) S™(x;,t1,...,tm):=x; when m < j,
(i) S™(fi(s1,-.-,8n,)st15-stm) = fi(S™(s1,t1,.. . tm)s. -, 8" (Sn; 5t 1, s Em)).

To define a binary operation on Hyp;(7), we extend a generalized hypersubstitution o to a
mappimg 7 : W (X) — W, (X) inductively defined as the following steps.

(1) If t=x€ X then olx]:=x.
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(ii) If t = f;(¢1,...,tn,) then G[f;(¢1,...,t,)]1:=S"(a(f}),00t1],...,50t,,D.

We defined a binary operation og on Hyp,(7) by 0 0og a :=6 o a where o,a € Hyps(7) and o
denotes the usual composition of mappings.

Proposition 1.1 ([3]). For arbitrary terms t,t1,...,t, € W;(X) and for arbitrary generalized
hypersubstitutions g, 8 we have

() GIS™¢,t1,...,t2)]1=S"(@1¢),5(¢1),...,5(t,]).
(i) (GoB)=5op.

Proposition 1.2 ([3]). Hyps (1) := (Hypg(7),0G,0;q4) is a monoid where oiq is the identity
element, which map each n;-ary operation symbol f; to the term f;(x1,...,%n,).

In this paper, we characterize all 2-potent elements of the monoid of all generalized
hypersubstitutions of type 7 = (2).

2. All 2-potent Elements in Hyp.(2)

In 2008, all idempotent elements of Hyp;(2) were characterized by W. Puninagool and
S. Leeratanavalee [6]], based on the concept of orders of elements on a semigroup. In this
section, we characterize all 2-potent elements in Hyp;(2). The concept of m-potent element of
any given semigroup was introduced by G. Ayik et al. [1]].

Definition 2.1 ([1]). An element a of any given semigroup is called m-potent if
(1) am+1= am,

2

(i) a,a”,...,a™ are all distinct.

In particular, we refer to idempotent as 1-potent.

The order of an element a of a semigroup S is defined as the order of the cyclic subsemigroup
(a). The order of any hypersubstitution of type 7 = (2) was determined in [2]. An element a
in a semigroup S is idempotent if and only if the order of a is 1. To characterize all 2-potent
elements of Hyp;(2), we consider only the generalized hypersubstitutions of type 7 = (2) which
are not idempotent and has order 2. We do not consider elements in Hyp(2) which its orders
are infinite since they are not m-potent. We use the following theorems and propositions to
obtain our results.

First, we introduce some notations which will be used throughout this paper. For s € W9)(X),
we denote

leftmost(s) := the first variable (from the left) that occurs in s;
rightmost(s) := the last variable that occurs in s;

Wg)({xl}) :={s € Wo)(X) | x1 € var(s), xg ¢ var(s)};

W ({x2}) 1= {s € Wig)(X) | x2 € var(s), x1 ¢ var(s)}.
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Proposition 2.2 ([6]). Let s € Wg)({xl}) and og be not idempotent. If leftmost(s) = x; where
x; € X, 1>2, then the order of o is 2.

Proposition 2.3 ([6]). Let s € Wg)({xg}) and o be not idempotent. If rightmost(s) = x; where
x; € X and i > 2, then the order of o is 2.

Theorem 2.4 ([6]). Let T =(2) be a type. The order of any hypersubstitution of type T is 1,2 or
infinite.

We have the following theorem and proposition:

Theorem 2.5. Let S be a semigroup and a € S. If a is m-potent then a is not (m + 1)-potent.

Proof. We proof this theorem by contradiction. Assume that a are m-potent and (m + 1)-potent.

Since a is m-potent, a” =a™*! where a,a?,...,a™ are all distinct.

1 2 m ,m+l

Since a is (m + 1)-potent, a™*1 = a™*2 where a,a?,...,a™,a are all distinct.

This is a contradiction. Therefore a is not (m + 1)-potent. O

Proposition 2.6. If s = f(x;,x1) where i > 2, then o is 2-potent.

Proof. Let s = f(x;,x1) where i > 2.
Consider
aX(f) = (0506 0)f)
= (0 f(x;,21) °G O f(x; )N f)
= (0 f(x;e1) © OGN
=0 f(x; ol f (i, 21)]
= S%(f(xi,%1),%i,%1)
= f(xi, %)),
and
o3(f) = (050G 2)Xf)
= (0 fxi 21) ©G O (g, ) )
= (@ f(x121) © 0 3, 1))
= G i e[ 7, ) (F)]
=0 f(x; oL f (i, 27)]
= S2(f (x;,%1), %, %;)
= f(xi,x7).

Thus 02 = g3. Therefore o is 2-potent. O

Proposition 2.7. If s = f(xp,,t) where m > 2, t € W2)(X), x1 € var(t) and xg ¢ var(t), then og is
2-potent.
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Proof. Let s = f(xp,,t) where m > 2, t € W9)(X), x1 € var(¢) and xg ¢ var(?).
Consider
o2(f) = (0506 0)f)
= 0 f (a0 f (1) ([)]
=0 f ()l [ (Xm, D]
= S*(F @m 1), %m, 8 a0
= [ (xm,w),
where u is a new term derived by substituting x; which occurs in ¢ by x,,. Then Var(a]%(xm’u)( Hn
Xo=0¢.
Consider
T = (OF e 159G T f )
= 6?(xm,t)[0f(xm,t)(f)]
=0 f(x,, )l Xm, 0]
= 8%(0F 4 00T ) 2m 1 G, D)
=805, o(F)rxm: 07, pltD.

Since Var(al%(xm u)( nXs =0, o—;” = a?. Therefore o is 2-potent. O

Proposition 2.8. If s = f(t,x,,) where m # 2, x1 € var(t), xg ¢ var(t) and leftmost(¢) = x;, i > 2,
then oy, 1S 2-potent.

Proof. Let s =f(t,x,) where m # 2, x1 € var(t), x9 ¢ var(¢) and leftmost(¢) = x;, i > 2.
Case 1: m =1. Then s = f(t,x1).

Consider

Uizf(t,xl)(f) = (0 f(t,x1) °G O (¢, x)f)
=0 f(tanl0 ft,x)(F)]
=0 fitaplf (t,x1)]
= S%(f(t,21), f(t,xpE],21)
= [, 0 [tD,
where u is a new term derived by substituting x1 which occurs in ¢ by Gl So 0%, . (f) =
f(u,0 ¢ xplt]) and leftmost(u) = x;. Since x1 € var(¢) S var(s) and leftmost(¢) = x; and x2 ¢ var(s),
var(0 . x)[t]) N Xg = @. Then var(u) N X = @. Therefore Var(&}%(t,xl)(f)) NXsy= 3.
Consider
U?(t,xl)(f) = (U?‘(t,xl) °G 0 f(t,x1)(f)
=Gl Fit,00) ()]
=0 ft ol (E,x1)]
- S2(Uz2‘(t,x1)(f)> af(t,xl)[tL&}%'(t’xl)[xl])
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2/ 2 ~

=570t (F)s O g e [E]:62).

Since var(al%(t,xl)(f)) NXe =9, o3(f) = o(f).
Case 2: m > 2. Then s = f(t,x,,).

Consider

T 1)) = (O £t 96 T f (1))
=0 £(txm)LO £ (2,2 (]
=0 f(tam)f (£,xm)]
= S2(f (t,%m), G (¢ ) [], Xm)
= S%(f (w, 8 ft 0 [L])
= f(u,xm),
where u is a new term derived by substituting x; which occurs in ¢ by &7 .x,)[t]. So
Ulzc(t’xm)(f) = f(u,x,,) and leftmost(u) = x;. Since x; € var(¢) < var(s) and leftmost(t) = x; and
x2 ¢ var(s), var(0 (s x,,)[t]) N X2 = @. Then var(u) N X3 = @. Therefore Var((’f\?(t,xm)(f)) NXo=0.
Consider
02 o ()= (0% 196 O tem)(F)
= 01O F it ()]
=0 f( )L (0]
= S0 (-5 71,20 11T 1, 12D
= %04 1) (T gy [Es ).
Since var((f}%(t’xm)(f)) NXe=9, ai(t’xm)(f) = szc(t,xm)(f)' Therefore o, is 2-potent. O

Proposition 2.9. If s = f(t1,t2) where xo ¢ var(ty), xo ¢ var(te), x1 € var(¢1) Uvar(te) and
leftmost(t1) = x;, i > 2, then oy, 4, is 2-potent.

Proof. Let s=f(t1,t2) where x9 ¢ var(¢1), xo ¢ var(te), x1 € var(¢1)Uvar(ts) and leftmost(¢1) = x;,
i>2.
Case 1: x1 € var(ty), x1 € var(¢s).
Consider
U,zo(tl,tz)(f) = (0 f(t1,t9) °G O f(t1,t))f)
=0, 0 £ty,t0) ()]
=0yl f (t1,22)]
= S%(f(t1,£2), 8 f(t1.49)[t1), 8 (21,10 [E2])
= f(u,t2),
where u is a new term derived by substituting x; which occurs in ¢; by G, s)[t1]. So
U?(tl’tz)(f) = f(u,t9) and leftmost(u) = x;. Since x1 € var(¢;) € var(s) and leftmost(¢1) = x; and
xg ¢ var(s), var(Gr«, t,)[t1]) N Xo = @. Then var(u)N Xy = @.
Therefore var(G%, , (f)NnXz=g.
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Consider

Tt ) = 041 129G Tfier,e)F)
= 6]2”(t1,t2)[0f(t1,t2)(f)]
=G5y, 1l (t1,£2)]
= 820 %, 1) (184 1) [E11, 55, 4 [E2D).
Since var(U]%(tm)(f)) NXe =9, a?(tl,tz)(f) = alzf(tl,tz)(f)' Therefore o, is 2-potent.
Case 2: x1 € var(tg), x1 ¢ var(¢y).
Consider
U?(tl,tz)(f) = (0 f(t1,t) °G O f(t1,t)()
=G f(t1,09)[ 0 f(t1,22) ()]
=0 (elf (t1,22)]
=S8*(f(t1, t2),0 f(t1,t)[21), 0 11,190 [E2])
= f(t1,w),

where u is a new term derived by substituting x; which occurs in ¢ by Gr, )[t1]. So
012”(1‘1 tz)(f) = f(t1,u) and leftmost(z1) = x;. Since x1 € var(¢g) < var(s) and var(t1) N X9 = @,

var(0 r(s,,t)[t1]) N X2 = @. Then var(u) N Xy = @. Therefore var((?}%(t1 t2)(f)) NXs=¢.

Consider

a;o’c(tl,tz)(f )= (Uﬁ(tl,tg) °G O f(t1,t)f)
= 57l re1,e0(F]
=0 1 1)l (E1,22)]
= 820 %, 1) (P04 1) [E11, 55y, 4 [E2D).
Since var((f]%(tl,tz)(f)) NXe =9, a?(tl,tz)(f) = a?(tl,tz)(f). Therefore o, is 2-potent.
Case 3: x1 € var(t1) nvar(tg).
Consider
szf(tl,tz)(f) = (Uf(tl,tQ) °G Uf(tl,tz))(f)
=0t 0 ft1,t0) ()]
=0y, f (t1,22)]
= S%(f(t1,£2), 8 f(t1.49)[t1), 8 fi21.1)[E2])
=f(u,v),
where u and v are a new term derived by substituting x; which occurs in #1 and ¢9 respectively
by & f(1,69)[t1]. So Uz%(t:l,tz)(f) = f(u,v) and leftmost(u) = x;. Since x1 € var(¢;) N var(ts) < var(s)
where leftmost(t1) = x; and xg ¢ var(s), var(Gr(, +)[t1]) N X2 = @. Then var(u)Nn Xy = ¢ and
var(v)NXg = @. Therefore Var((??(tlh)(f)) NXe=09.

Consider

3 2
Tt (41,90 = (O f(y 110G O (t1,e))F)
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= 6]20(t1’t2)[0'f(t1,t2)(f)]
=0y 1)l (1,22)]
= 820711491 T e, e 111,57, g [ 22
Since var(a}%(tlh)(f)) NXe =9, a?(tl,tz)(f) = a]%(tl’tz)(f). Therefore o, is 2-potent. O

Proposition 2.10. If s = f(xg,x;) where j > 2, then 0 is 2-potent.

Proof. Let s = f(x2,x;) where j > 2.
Consider
aX(f) = (506 05)f)
= (0 f(x9,2)) ©G O flag,up)f)
= (0 f(x9,2)© O flag,e)) )
=0 f(agxplf (x2,2)]
= S%(f (x2,x,),%2,%;)
= f(xj,x)),
and
o3(f) = (0506 02)(f)
= (0f(x3,2)) °G 0z ()
= (8 (e © O (a3, F)
=0 f(xz,xj)[Glzc(xMj)(f )]
=0 (gL f (x,%)]
= S%(f (x2,%}),%,%;)
=f(xj,x;).

Thus 02 = o3. Therefore o is 2-potent. O

Proposition 2.11. If s = f(x,,t) where m # 1, x9 € var(t), x1 ¢ var(t) and rightmost(?) = x;,
1> 2, then of(,, 1) IS 2-potent.

Proof. Case 1: m =2. Then s = f(x2,1).
Consider
azzc(xg,t)(f) = (0 f(x9,t) °G T f g, ))([)
= 0 £z, 0 f 3,0 ()]
=0 f(xg,t)[f (x2,1)]
= S2(f (x2,1),%2, 8 2 0)[£])
= (O fy,plt] ),

where u is a new term derived by substituting xo which occurs in ¢ by G, nlt]l. So
a}%(xZ t)(f) = (0 f(xy,0[t],u) and rightmost(u) = x;. Since x2 € var(¢) < var(s) and rightmost(¢) = x;
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and x1 ¢ var(s), var(0 f(x, [t N X2 = @. Then var(u)N Xy = @. Therefore var(&}%(x2’t)(f))r1X2 =@.
Consider
0 g ) = Oy 159G O fg)f)
= a,20(352,,5)[(71”(x2,t)(f)]
=05yl (2,1
= S%(0% 1y 1))+ 8 1y 1521, 8 3, D).
Since var(o%, (FANX2=8, 0% (=05, ().
Case 2: m > 2. Then s = f(x,,,1).
Consider
U,zr(xm,t)(f) = (0 (e, ©G O f(ap,0)f)
= G £ e, )L 1) (]
=0 f ()L (Xm, D]
= Sz(f(xm, £),%m,0 f(xp,0)[E])
= f(xm,u),
where u is a new term derived by substituting x2 which occurs in ¢ by 0Gp, »nlt].
So rightmost(u) = x;. Since x9 € var(¢) € var(s) and rightmost(¢) = x; and x; ¢ var(s),
var(0 f(x,,,»H[t]) N X2 = @. Then var(u) N X = @. Therefore Var(ﬁf(xm,t)(f))ﬂXz =@.
Consider
O P = O, 196 T )
= 3,%(,%,5)[0 Fam,t) (]
G2 ol ot
- S2(U}2”(xm,t)(f)’6f(xm,t)[xm]’6f(xm,t)[t])'
Since var(al%(xm,t)(f)) NXeo=9, Ui(xm,t)(f) = U}%(xm,t)(f). Therefore o is 2-potent. O

Proposition 2.12. If s = f(t,x,,) where m > 2, x9 € var(t) and x1 ¢ var(t), then o is 2-potent.

Proof. Let s = f(t,x,,) where m > 2, xo € var(¢) and x1 ¢ var(z).

Consider
03(f) = (0506 05)(f)
=0 £(txm) O F () ()]
=0 f(tam)f (£, xm)]
= S%(F(8,%m), 5 (2,0, [E), %m)
= f(u,xm),
where u is a new term derived by substituting xo which occurs in ¢ by x,,. Since xg € var(¢) <

var(s) and x7 ¢ var(s), var(u)N X9 = @. Then VaI‘(O'?(txm)(f))ﬁXz =@.

Commaunications in Mathematics and Applications, Vol. 11, No. 2, pp. [221 , 2020



230 All 2-potent Elements in Hypg(2): A. Sareeto and S. Leeratanavalee

Consider

Tttt ) = O 1.1, °6 Tt
=6, 7t ()
= Of(t oL f (& %m)]
= 820 1) ()5 1,1, [ G e [ D
Since var(a}%(t,xm)(f)) NXo=0, U?(t,xm)(f) = Uzzf(t,xm)(f)' Therefore o, is 2-potent. O

Proposition 2.13. If s = f(t1,t3) where x1 ¢ var(t1), x1 ¢ var(te), xo € var(t1) U var(te) and
rightmost(tg) = x;, i > 2, then o, t,) is 2-potent.

Proof. Let s = f(t1,t2) where x1 ¢ var(t1), x1 ¢ var(tg), x9 € var(t1) Uvar(tg) and rightmost(zg) =
xi, 1>2.
Case 1: x9 € var(ty), xo ¢ var(ts).
Consider
T4 (F) = (O ft1,82) 06 O it 1))
=0 f(t1,t)lO f(t1,t0) ()]
=0 f(ty,t)lf (1, 22)]
= S%(f(t1,12),8 fo1 4 [£11, f(2 e[ £2])
= f(u,t2),
where u is a new term derived by substituting xo which occurs in ¢1 by G, sy)[t2]. So
azzf(tl,tz)(f) = f(u,t2) and rightmost(¢s) = x;, x9 € var(t;) < var(s) and var(t3)Nn Xy = @ and
x1 € var(s), var(G r(, ,)[t2)) N X2 = @. Then var(u) N Xz = @.
Therefore var(6%, , (F)NXz2=o.
Consider
311,600 F) = O, 12 °G T (e, F)
= 0l fier,en (]
=0 4y 1)l (1,22)]
= 820 F (41 1)1 F ey il £1), T, 12D
Since var((f]%(tl,tZ)(f)) NXa =9, a?(tl,tz)(f) = a?(tl,tz)(f)'
Case 2: x9 € var(tg), xo ¢ var(ty).
Consider
0t F) = (O f(21,82) 96 T (21,0
=0 (1[0 fe1,8)(F)]
=0 (1,40l f (£1,22)]
= S%(f(t1,£2), 8 f(t1.49)[t1], 8 fi21.1)[E2])
=f(t1,u),
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where u is a new term derived by substituting xo which occurs in t2 by Gr, ,)[t2]. So
(1 tz)(f) = f(t1,u) and rightmost(¢2) = x;. Since x2 € var(tg) € var(s) and rightmost(¢g) = x;
and x1 ¢ var(s), var(G r(, t,)[t2]) N X2 = @. So var(u)NXs = @. Therefore var(c?,%(t1 t2)(f))mX2 =@.

2
O

Consider

U?(tl,tz)(f) = (Ul%(tl,tz)oG O f(t1,62))(f)
= 6/2fu1,t2)[0f(t1,t2)(f)]
=0 4y 1)l F (1,22)]
= SZ(U/Z”(tl,tg)(f)’612‘(t1,t2)[t1]’6;2“(t1,t2)[t2])'
Since Var(al%(tl,tZ)(f)) NXo=@, a?(tl’tz)(f) = 012”(t1,t2)(f)'
Case 3: x9 € var(t1) nvar(tg).

Consider

U?(tl,tz)(f) = (0 f(t1,t9) °G O f (21,00
=0 (1,00 £ (21,1) ()]
=0 (1,0l f (E1,22)]
= S2(F(t1,2),8 (11,4 [£11, 8 ity 1) [E2])
=f(u,v),
where u and v are a new term derived by substituting xg which occurs in ¢; and ¢2 respectively
by Gy ,t9)[t2]. So Uzzf(tl,tz)(f) = f(u,v) and rightmost(v) = x;. Since xg € var(¢1) Nvar(tg) < var(s)
and rightmost(¢t2) = x; and x; ¢ var(s), var(G r, +)[t2]) N X2 = . Then var(u)nXs = @ and
var(v) N Xy = @. Therefore vau"(&?(tl’m(f))nX2 = @.
Consider
1) = O F4, )96 O ft2,e)(F)
= a/2”(t1,t2)[‘7f(t1,tz)(f)]
= 6/2”(t1,t2)[f(t1a t9)]
=820 %, 1) (P04 1) [E11, 55, 1 [E2D).
Since var(U?(tLtz)(f)) NXe=¢, O-/Sf(tl,tz)(f) = 012”(t1,t2)(f)' Therefore o, is 2-potent. O

3. Conclusion

We use the concept of orders of elements on a semigroup to characterize all 2-potent elements of
Hyp;(2). For the characterization, we consider only the generalized hypersubstitutions of type
7 =(2) which are not idempotent and has order 2 because the generalized hypersubstitutions of
type 7 = (2) which have infinite order are not m-potent.
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