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1. Introduction

Throughout the paper we consider only simple graphs. V(G) and E(G) are respectively the
set of vertices and set of edges of a graph G. The degree of a vertex u € V(G) is denoted by
dg(u); if their is no confusion we simply write it as d(u). Two vertices u and v are called
adjacent if there is an edge connecting them. The connecting edge is usually denoted by uv. Any
unexplained graph theoretic symbols and definitions may be found in [17].

Topological indices are the numerical values which are associated with a graph structure.
These graph invariants are utilized for modeling information of molecules in structural
chemistry and biology. Over the years many topological indices have been proposed and studied
based on degree, distance and other parameters of graph. Some of them may be found in [4,9].

Historically Zagreb indices can be considered as the first degree-based topological indices, which
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came into picture during the study of total m-electron energy of alternant hydrocarbons by
Gutman and Trinajsti¢ in 1972 [11]]. But these indices are recognized as topological indices much
later (almost after 30 years, due to their completely different purpose of utility). Since these
indices were coined, various studies related to different aspects of these indices are reported,
for detail see the papers [3,6,10,(14,18|] and the references therein.

The first and second Zagreb indices of a graph G are defined as
MiG)= Y diw= Y (dew+dg)),

ueV(G) uveE(G)
Ms(G) = Z dg(u)dg().
uveE(Q)

Another Zagreb index which was reintroduced as ‘forgotten topological index’ by Furtula and
Gutman in [[7] can be defined as

My = ) diw= Y ([diw+dz)).
uevV(Q@) uveE (@)

The hyper Zagreb index, which was put forward by Shirdel et al. [15] can be defined as

HM@G)= Y (dg)+dg®)>.
uveE(Q)

In 2014, Furtula et al. [8], propose another topological index during their study on difference of
Zagreb indices. They name this index as ‘Reduced second Zagreb index’, which can be defined as

RMy@)= Y (dg(w)-1)da®)-1).
uveE(GQ)

It is also interesting to study the graph invariants which take into account the similar
contributions of non-adjacent pairs of vertices. Such graph invariants are known as “Coindices”.
The first Zagreb coindex put forward by Dosli¢ [5] can be defined as

MiG)= ) (dgw)+dg)).
uveE(G)

Analogously, they also define the second Zagreb coindex as

MyG)= Y dewdg).
uveE(G)

The forgotten topological coindex or F-coindex [2] is defined as

M3G)= Y (di@W)+dZz)).
uv¢E(GQ)

Graph operations play a very important role in chemical graph theory, as some chemically
interesting graphs can be obtained by different graph operations on some general or particular
graphs. Hence it is also important to compute an index of various operations of graphs, for
obvious reason that these results can be very helpful in determining the value of that index for
complex graph structures.

In this paper we consider two new operations of graphs proposed by Wang et al. in [16]] and
establish explicit expressions for the Zagreb indices of these graph products in terms of the
topological indices of the participating graphs. The rest of the paper is organized as follows.
In Section [2| we reproduce the two graph operations under consideration. In Section [3| main

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp. [415 , 2019



On Zagreb Indices of Two New Operations of Graphs: A. Bharali et al. 417

results are presented. In Section [4, we apply the results to establish further expressions for

some other topological indices.

2. The Two New Operations of Graphs

The Cartesian product of graphs G and H, denoted by GLIH, is the graph with vertex set
VGV (H)={(a,v):a € V(G),ve V(H)}, and (a,v) is adjacent to (b,w), whenever a = b and
(v,w)€e E(H), or v =w and (a,b) € E(G). More detail on Cartesian product and some other
operations of graphs may be found in [[13]. In 2017, Wang et al. [[16]] proposed the following two
operations of graphs and also studied their adjacency spectrum. We reproduce the figure in [16]

to make the discussion self expository.

b,u)

(d,f)

N /@ @ T @D ()

L fo o \ i
\ ) I Y e
R4 \ 17 \ { /

(d3) (¢,3) (d3) (3)
K:l4(C:OP5) (C40K2)M4(C40P3)

Figure 1. Two new operations [16]

Definition 2.1. Let G1; = G1 and G9; = Gg (1 =i < k) be k copies of graphs G1 and Go,
respectively, G; (j = 3,4) is an arbitrary graph.
e The first operation G1{M;(G3[1G2) of G1, G and G3 is obtained by making the Cartesian
product of two graphs G3 and Gg, thus produces % copies Go; (1 <i <k) of Gg, then makes
k joins G1; VGe;, i =1,2,... k.
o The second operation (G4[1G1)M.(G3[1G2) of G1, G2, G3 and G4 is obtained by making
the Cartesian product of two graphs G3 and Gg, produces & copies Go; (1 <i <k) of
G2 and making the Cartesian product of two graphs G4 and G1, produces k& copies G1;
(1<i<k)of G1, then makes & joins G1; VGo;, i =1,2,...,k.

For an example, we consider G1 = Ko, G9 = Py and G3 = G4 = C4 and hence obtain the
graphs KoM (C4[1P3) and (C4 x Ko)M4(C4[1P3), which are shown in Figure It is clear
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from the definitions of the two operations that |[E(G1M,(G3[1G2))| = k(m1+ mg +ning) +
ngms, |[E(G4UG1)ML(G3UG2))| = k(m1+ning+ mg)+nimy+mgng and |V(G1B,(G3UG2))| =
IV(G4UG1)ML(G3UG9))| = k(n1 + no). Also, it is to be exclusively mentioned that |V(G3)| =
[V(G4)| = k but G3 # G4 in general.

3. Main Results
Let us start the discussion with the following known theorems:

Lemma 3.1 ([14]]). Let G1,Go,...,G, be graphs with V; =V (G;) and E; =E(G;), 1<i<n, and

V =V(OL,Go). Then My, G =IVIXi, M e avixr,, o e

Lemma 3.2 ([14]). Let G1,Go,...,G, be graphs with V; =V (G;) and E; =E(G;), 1<i<n, and
V = V(O ,G)) and E = E(O"_,G;). Then My, G) = [VI L (M2(G)+3M1(G )('E' 'V”Ei'))+

Vil [ViI?
4|V|Zl JR=1i£],i#k,j7k %Illu\zell
Lemma 3.3 ([1]). Let G1,Goq,...,G, be graphs with V; =V(G;) and E; = E(G;), 1<i<n, and
V = V(@ ,G) and E = E(O_\G)). Then My(_,Gy) = VL 52 +6IVILT,_, , Hads
|E ; |+8|V|Z |EpllEglIE |

P.q,r=LpEq#r TV, VIV, *

Now, we first propose the following lemma which can easily be proved from Definition of
the two graph operations and then we present our main results:

Lemma 3.4. Let G1,G2,G3 and G4 be four graphs with |V(G;)| = n;, |E(G;)| = m; where
1=1,2,3,4. Then,
d(Gm,(G30G) () = {dGl(anz JueviGy
dgy(us)+dg,(ug)+ny1 if u=_(us,ug) € V(GsGsg)

and
d () = dg,(ug) +dg,(u)+ne if u=_(uq,u1) € V(G4LG1)
(GaHGUR (GG dgs(u3)+dg,(ug)+n1 if u=_(us,uz) € V(GsLG?).

3.1 Zagreb Indices of G1M,(G3[JGy)
Theorem 3.5. Let G1,G9 and Gg be graphs with |V;| = |V(G;)|=n;, |[E;|=|EG;)|=m;, 1<i<3
and ng=k. Then

M1(G1M,(G3UGy2)) = k(M1(G1) + M1(G2)) + neM1(G3) + 4k(ming + nimg)
+kn1n2(n1+n2)+4m3(n1n2+2m2).
Proof. We divide the set of vertices into two categories, where u € V(G1) or u = (us,us) €
V(GsGyg). Then

M1(G1B(G30Go) = > d(z}l.k(G3DG2)(u)
ueV(G1M,(G3OG2))
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_ 2 2
=k ) A6, m,Gs06,) W+ > A6 m,Gs06y) W)
ueV(Gy) u=(us3,ug)eV(G3G2)

=k Y (dg,(w)+n9)*+ Y (dgy(us) +dg,(us) +n)?
ueV(Gq) (us3,u2)eV(G3dGs)

=k Y, @d§ W+2nada,)+n)+ Y Y (dg, (uz)+dg (ug)
ueV(Gq) uzeV(G3)ugeV(Ga)

+n2 +2n1dg,(us) +2n1dg,(ug) + 2dg,(us)dg,(us))
=kM1(G1)+2n9k2m1 + kn2n1 +naM1(G3) + nsM1(Gs) + n?ngng
+2n1n32me+2n1n92ms+2(2msg)2mso
= k(M1(G1) + M1(G2)) + naM1(G3) + 4k(ming + nimg)
+knino(ni+no)+4ms(ning +2ms).

Hence the result. O

Theorem 3.6. Let G1,G9 and G3 be graphs with |V (G;)| =n;, |[E(G;)| =m;, where i =1,2,3 and
ng=~k. Then,

Mo(G1B(G3UG2)) = knaM1(G1) + (Bms + n1k)M1(G2) + (3mg + ning)M1(Gs)

+kMo(G1) + EM2(G2) + noMs(G3) + k(ng)®my +8nimams
+(n1)2nams+(n1)’kms + (noms + kma)dm1 +2n1ns)
+k((n1)*(n2)* +2m1n1ns).

Proof. In Mo(G 1M, (G3LG2)) = Y., veE(G M, (G506 d(w)d(v), the edges are classified into three

categories.

Case 1: If u,v € V(G1) and uv € E(G1), then

dwd@) =k )Y (dg,(w)+n2)(dg,(v)+nsg)

uUEE(Gl-k(G3DG2)) uU€E(G1)
=k| Y (dg,dg,0)+n2 Y (dg,(w)+dg,(v)+nzmi
uveE(Gq) uveE(Gq)
=k [M3(G1) + naM1(G1) +n3my]. (3.1

Case 2: If uv € E(G3[JG9), such that u = (u3,u9) and v = (vs,vs). Then

dw)d) = Y (day(u3)+da,(ug) +ni)da,(vs) + dg,(v2) +n1)
uveE(G1M;(G30G2)) uveE(G30G9)

= ( > da,na, (W) - dgyng, (V) +nq
uveE(G3G29)

Y (dyxa W) +dayxa, () + nTIEG30Gy))
uveE(G3OG2)

= (M2(G30Gs) + n1)M1(G30G2) + ni(nams + ngms).

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp. , 2019



420 On Zagreb Indices of Two New Operations of Graphs: A. Bharali et al.

Using the results from Lemma [3.1] and we have

Y d(w)d ) = nsMs(Ga) + noMs(G3) +3moM1(G3) +3msM1(Gs)
quE(Gl.k(G3|:|G2))

+ni [n3M1(G2) +noM1(G3)+ 8m2m3] + n%(nzmg +nsmsy)
=kM2(G2)+ naMa(Gs)+(3ms+n1k)M1(G2)

+(Bmg+ nlnz)Ml(G3) +8nimomg+ n%n2m3 + n%kmg. (3.2)
Case 3: If uv € E(G1M,(G3Gy)), such that u € V(G1) and v = (v3,v9) € V(G3JG3). Then
d(u)d(v) = > (dg,(w)+ng)dg,(v3)+dg,(v2) +n1)
uveE(G1 M, (G30Gy)) uveE(G1M;(GsG2))
= Y Y [da,(u)dgy(vs) +dg,(v2) + n1dg, (w)

ueV(G1)(vs3,v2)eV(G3G2)

+ning +na(dg,(v3) + dg,(v2))]

= Y dew ). dgoe,©)
ueV(Gq) veV(G3G9)

+ Y de(w) ). ni+nina(ni.ngng)
ueV(G1) veV(G30Gs)

+ng Y. Y da;0e,W)
ueV(G1)veV(G50G)

=2m1.2|E(G300G2)| +2m1n1|V(G3OG2)| + ngnini
+n1n9.2|E(G31G9)|
=4m1(ngms+nsmsg)+2mininems+ n3n%n§

+ 2n1n2(n3m2 + n2m3)

=(ngmg+kmo)4dmi+2ning)+ k(n%ng +2mining). (3.3)
Combining the expressions (3.1), (3.2) and (3.3), we have the result. O

Theorem 3.7. Let G1,G2 and G3 be any graphs with |V(G;)| =n;, |[E(G;)| =m;, where i=1,2,3
and ng=k. Then,

Ms(G1,(G3UG2)) = k(M3(G1) + kM3(G2)+ naMs(Gs)+3naM1(G1))
+ (6m3 + 3n1k)M1(G2) + (6m2 + 3n1n2)M1(G3)

+ ng(nlng +6nomq + n?k + 6n?m3) + 3n1(2n1km2 +8moms).

Proof.
M3(G1M,(Gs0Ge)) = Y d3(u)
u€V(G1.k(G3|:]G2))
=k Y (dg,w)+n9)’+ Y (dgy(us) +da,(ug) +n1)®
u€V(G1) u=(u3,u2)€V(G3DG2)
=k Y [d} (w)+n3+3n3de,(w)+3nsdf (u)]
ueV(Gy)
+ ) [déSDGZ(u)+n?i +3n%dGSDG2(u)+3n1dé3DG2(u)]
ueV(G3OGs)
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= k(M3(G1) +niny +3n3.2m1 +3naM1(G1))
+ [M3(G30G2) + n3n32ng +3n3.2(nams + nyma) + 3n1 M1(G30G2)).
Using the result from Lemma we can write the above expression as
M5(G1M,(G30G9)) = k(M3(G1) + niny +6ngmy +3naM1(G1)) + naMs(G3) + n3Ms(Go)
+6moM1(G3)+6msM1(Gs)+ n?ngnz + Gn%ngmg + Gn%ngmz
+3n1(naM1(G3) +n3M1(G2) + 8mams3).

Now, by suitably rearranging the terms, we get the desired result. O

3.2 Zagreb Indices of (G4[1G )M, (G3G9)
Theorem 3.8. Let G1,G2,G3 and G4 be four graphs with |V(G;)| = n;, |[E(G;)| = m;, where
1=1,2,3,4 and ng=n4=Fk. Then,

M1(G4OG1)M(G3LIG2)) = n1(M1(G4) + naM1(G3)) + k(M1(G1) + M1(G2)) + ningk(ni +ng)

+8mimgyg+8momsg+ 4n1n2(m3 +my)+4k(ming+nimsy).

Proof.

M1((G40G1)M,(G30G9)) = Y d*(u)
ueV(G4OG1)M,(G30G2))

= Y (dg,(ug)+dg, (u1) +ng)?
(u4,u1)EV(G4xGy1)

+ Y (dg,(u3) +dg,(ug) +n1)?
(u3,u2)EV(G3xGsa)

= ) Y ((dg, @) +(dg,(w)? + (n2)?
us€V(Gy)u1€V(G1)

+ 2dG4(u4)dG1(u1) + znsz4(u4) + 2n2dG1(u1))

+ Y Y (e (s)?+(dg,(ua)* +(n1)?
uzeV(G3)useV(Gg)

+2dg,(u3)dg,(u2) +2n1dg,(us) +2n1dg,(uz))
=n1M1(Go) + kM1(G1) + n1(n2)’k +2.2m4.2m4

+2n9.2my.n1+2n9.2m1k +noM1(G3) + EM1(G2)

+ (n1)2kn2 +2n1.2ms.ng+2n1.k.2mo+2.2mq.2ms,

by rearranging the terms, we have the theorem. O

Theorem 3.9. Let G1,G2,G3 and G4 be any four graphs with |V(G;)| = n;, |E(G;)| = m; for
1=1,2,3,4 and also ng =n4 =k. Then,
Mo(G4UG1)ME(G3UG2)) =(Bmy + ngk)M1(G1) + (Bmg + kn1)M1(G2) + (3mg + n1n2)M1(G3)
+(@Bm1+n1n2)M1(G4) + EMa(G1) + kM2(G2) + neMa(G3)
+n1Mo(Gy4)+2knine(mi+mg)+2ning(nimy+nams)

+kmi(ng+4mo) +4mon1(2ms+ my)+ning(msni+mqyns)
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k . .
+4m1(msng +2myns) + kn%(mg + ng) +n1ins Z dg,(uy)dg,(vs),
i=i
where ui e V(Gy), vé € V(G3) and for fixed i, (ui,ul) is adjacent to (vg,vz) for any u1 € V(Gq)
and vg € V(G9).

Proof. Here again, the edges can be classified into three categories.
Case 1: If uv € E(G400G1), let u = (ugq,u1), v =(v4,v1). Then,

dw)d() = Y (dg,(wa)+dg,(w1) +naldg,(ve) +dg,(v1) + n2)
uve((G40G )M, (G3G2)) uveE(G40G1)

= Y. (dg,06,Ww) +n2)dg,06,©) +ng)
uveE(G40Gq)

= Y (d@d@)+ns(d@)+d®)+n3)
uwveE(G40G1)

= Mo(G40G1) + naM1(G40G1) + ni(nimy +nymy)
=kM3(G1) +n1Mao(G4) +3m4M1(G1) +3m1M1(G4)
+no(kM1(G1)+n1M1(G4)+8mimy+ningmy+knamy). (3.4)
Case 2: If uv € E(G3[1G9), let u = (us,u9), v =(vs,ve). Then similarly

d(u)d(v) = Y. (day(us)+da,(ug) + n1)(dg,(v3) + dg,(v2) + n1)
uveE(G40G1)M,(GsUg?2)) uveE(G3G2)

= Z (dw)+n)(d@)+n1)
wveE(G3OGe)

=kMy(G2)+naMs(Gs)+3msMi(Ga)+3maM1(G3)
+ nl(le(Gz) + nle(Gg) + 8m2m3 +ningms+ knlmg). (3.5)

Case 3: Let u € V(G4OG1) and v € V(G3sOG9) s.t. u = (u,u1) and v = (v,v9), where
V(Gs) = {ué,u%,...,ulg} and V(Gy) = {vi,vi,...,vﬁf} and for fixed i, u is adjacent to v for all
u1 € V(G1) and vy € V(G9).

k

dwdw)=Y. Y Y (dg,uh) +dg,(us)+n1)dg,w}) +da,(v1)+n2)
uveE(G40G1)M,(G30G2)) 1=1ug9eV(G2)v1€V(G1)

=4nimomy + 2n?n2m4 +4nomims+4mimok + 2kniming

k . .
+ 2n1n§m3 +2kninomso + kn%n% +ning Z dg,(uy)dg,(vs). (3.6)
i=1
From (3.4), (3.5) and (3.6), we get the desired result. O

Theorem 3.10. Let G1,G2,G3 and G4 be any four graphs with |V(G;)| =n;, |[E(G;)| = m;, where
1=1,2,3,4 and ng=n4=Fk. Then,

Ms(G4OG1)M(G3G2)) =3[knaM1(G1) + kniM1(G2) + ninaM1(G3) + ninoMi1(Gy)l
+kM3(G1)+ EM3(G3)+ noMs(Gs)+n1Ms(Gy)

+ knlng(n2 + n2)+3[n2(n2m3 +kmsg)+ n2(km1 +myni)l.
11T 1 2
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Proof. In Ms((G4JG1)M,(G3U1G2) =Y, d?G4DG1)Ik(G3DGz)(u)’ we again divide the set of vertices

into two categories.

Case 1: Let u = (u4,u1) € V(G4LIG1). Here d(g,06,)m,(G306.)(@) = dg,(us) + dg,(uw1) + ng which
can be considered as d(g,06,)m,(G306)(#) = dg,06, (1) + n2. Hence,

3 _ 3
Zd(G4DG1)Ik(G3DG2)(u) = ) (@dw+ny)
u uEV(G4|:|G1)

= Y d*w+nd+3n2d*(w)+3n3du)
ueV(G40Gr)

= M3(G4DG1) + n§n1n4 + 3n2M1(G4DG1) + 3n%(n4m1 +mauni)
= (n1M3(G4) + n4M3(G1)) +nindny + 3ni(ngmy +myny)
+3n2(n4M1(G1)+nlMl(G4)+8m1m4) 3.7)

Case 2: Let u = (u3,u2) € V(G3LGg). Then d(G4|]G1).k(G3DG2)(U) = dG3(u3) + dG2(u2) +ny =
dags06,.(w) +ny. Similarly,

;d?G4DG1).k(G3DG2)(u) =(naM3(G3) +n3M3(Gg))+ nZn:inS + 3n%(n3m2 +msgng)

+3n1(n3M1(G2)+n2M1(G3)+8m2m3). (3.8)
Combining (3.7) and (3.8), then putting ng =k = n4, we get the desired result. O

4. Some Applications

We will use the results obtained in the previous section and establish formulae of some more

topological indices for the two operations of graphs.
Theorem 4.1. Let G1,G9 and Gg be graphs with |V;| = |V(G;)|=n;, |[E;|=|E(G;)|=m;, 1<i<3
and ng=k. Then
M1(G1M,(G30Gy)) = 261 — [k(M1(G1) + M1(G2)) + naM1(G3) + 4k(m1ng + nimy)
+knine(ny+ng)+4ms(ning + 2m2)] ,
where B1 ={(kmg+ning)—(mi+ngmsz)}(n—1).
Theorem 4.2.
M1((G40G1)M,(G30G)) =25 — [n1M1(G4) + naM1(G3) + k(M1(G1) + M1(Gs))
nlngk(nl +n9)+8mimy+ 8momsg + 4n1n2(m3 +my)
+4k(ming +n1m2)],
where Bo ={k(m1+mg+ning)+nimy+mgngl(n—1).
Theorem 4.3. Let G1,Go and Gg be graphs with |V;| =|V(G;)|=n;, |[E;|=|EG;)|=m;, 1<i<3
and ng =k. Then
__ 1 k
M3(G1M,(G30Gy)) = 2y2 — [k(§ +n2)M1(G1)+ (5 +nik +3m3)M1(G2)
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+ g +3mg + nlng)Ml(G3) +EMo(G1) + EMo(Go) + noMo(Gg)

1
+2k(ming+nimq)+ Enlng(nl +n9)+2ms(ning +2msg) + kn%ml
+8nimgoms+ n%nzmg + kn%mg +(ngmsg+kmg)4dmi+2n1n9)

+ k(n%n% +2mining)

J

where y1 =k(mg+ning)+(myi+noms).

Theorem 4.4. Let G1,G2,G3 and G4 be four graphs with |\V(G;)| = n;, |[E(G;)| = m; where
1=1,2,3,4and ng=n4 =k. Then,

M5((G40G1)M,(G3G2)) =272 -

(g +kn2)M1(G1) + (g + 3m3 +kn1)M1(G2)

+(ng+3mg + n1ng)M1(Ga) + (5 +3m 1+ 3my+ ningM1(Gy)
+kMo(G1) +kM2(G2) + naMa(Gs) +n1Ma(Gs)
+kning(mi+mo+ni+ng)+8mimy+8moms
+n12ningmy+2n1nomo +4noms

+4nomy + nomsni + n§m4) +4k(ming +nimso)

+4mi(msng +2mynsg) + kn?(m% + n%)
k

+ning Y da,(uh)de,wh)|,
i=1

where yo =k(mi1+ma+ning)+nimas+msna. Also, uf1 € V(Gy), vé € V(G3) and for fixed i, (ufl,ul)
is adjacent to (vé,vz) for any uq € V(G1) and vg € V(G9).

Theorem 4.5. Let G1,G2 and G3 be graphs with |V;| =|V(G;)|=n;, |[E;|=|E(G;)l=m;, 1<i<3
and n3 =k. Then
M3(G1M,(G30G9)) = k(a1 — 3n2)M1(G1) + (ark —6ms — 3n1)M1(Gs)
+(aing —6mg —3n1n9)M1(G3) — kM3(G1) — k> M3(Gs)
—nokM3(Gs3)+4a1k(ming+nime)+arknina(ng +ng)
+4a1mg(ning +2mq) — ng(nlng +6nom1 + kn?l’ + Gn?mg)
—-3n1(2knimqg+8mgoms),
where a1 =k(ni+ng)—1.
Theorem 4.6. Let G1,G2,G3 and G4 be four graphs with |V(G;)| = n;, |E(G;)| = m;, where
1=1,2,3,4and ng=n4 =k. Then,
M3(G40G1)ML(G30Gs)) = (agk — 3kna)M1(G1) + (ask — 3kn1)M1(Gs)
+(agng —ning)M1(G3) +(agny —nin2)M1(G4) —kM3(G1)
—kMs3(G2) —naMs(G3)—n1Ms(Gy)
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+knino(agny + agng — n% - n%)
+8asmimgy+8asmomsg+ 4a2n1n2(m3 +my)

+4ask(ming +nimq)—3 [n%(nzmg +kmo)+ n%(kml + m4n1)] ,
where ag = k(n1+n9)—1.

Theorem [4.1| to Theorem [4.6| can be proved using the results obtained in Theorem [3.5] to

Theorem [3.10| and also using the relations between the topological indices and coindices in
[2,/12].

Theorem 4.7. Let G1,G9 and Gg be graphs with |V;| = |V(G;)|=n;, |[E;|=|EG;)|=m;, 1<i<3
and ng=k. Then

HM(G1W,(Gs[OG)) =5knoM1(G1) +(12ms3 +5n1k)M1(G2) + (12mg +5n1n92)M1(G3)
+2EMo(G1) + 2k Mo(G2) + 2noMa(Gs) + EM3(G1) + E2M5(Go)
+knoMs(G3)+16n1moms + Zn%n2m3 + 2kn?m2 +2(ngms+kmsg)
(4mq1+2n1in9)+ 2k(n%ng +2mining)+ nz(nlng +6ngomi + kn?i
+ 6n%m3) +3m(2knimg +8maoms).

Theorem 4.8. Let G1,G2,G3 and G4 be four graphs with |V(G;)| = n;, |E(G;)| = m; where

1=1,2,3,4and ng=ny4 =k. Then,

HM(G4OG1)M,(GsIG2)) =bknoM1(G1) + (Bknyi +6ms3)M1(Gg)+(5n1ng +6ma)M1(G3)
+(@Bning+6my+6mq1+2n1)M1(Gy) +2EMo(G1) + 2EMo(Go)
+2n9Mo(G3)+3kMs(G1)+3kMs(G2)+3naMs(Gs)+3n1Ms(Gy)

+ knlng(n% + n%) +3 [n%(ngmg +kmso)+ n%(kml + m4n1)]
+2n9(8mimga+ninomas+kmi)+8nimoms + 2n%n2m3 + 2kn%m2.

Theorem and can be proved from the fact that for any graph G, HM(G) =
M3(G)+2Mo(G) and then using the results obtained in Section

Theorem 4.9. Let G1,G9 and Gg be graphs with |V;| = |V(G;)|=n;, |[E;|=|EG;)|=m;, 1<i<3
and ng=k. Then

RMy(G1M,(G3)G9)) =k(ng —1)M1(G1) + (Bms+ni1k —k)M1(G2)+(38ma+ning
—kno)M1(G3)+EkMo(G1)+ (k+no)Ma(Go) + kn%ml +8nimoms
+ n%ngmg + n%mgk +(nomsg+kmg+4m1+2n1ng)+ k(n%n%
+2mining) —4k(ming+nimq)—kning(ni+ng)—4ms(ning +2ms)

+k(m1 +mo+ning)+ngms.
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Theorem 4.10. Let G1,G2,G3 and G4 be four graphs with |V(G;)| = n;, |E(G;)| = m;, where
1=1,2,3,4 and ng3=n4=Fk. Then,

RM3((G4UG1)M(G3UG2)) =k(ng — 1)M1(G1) +(3ms + kn1 — k)M 1(Gsg)
+3moM1(G3)+(Bmi+3my+ning—ni)M1(Gy)+EMa(Gg)
+noMo(G3)+n1Mao(Gy4)+2kning(mi+mg)+2ning(nimy
+nomo)+kmi(ne+kmg)+4moni(2ms+my)+ning(msny

+mgqno)+4mi(mgng +2mgqns) + kn%(mg + n%)
k

+ning Z dG4(ui)dG3(vé) —knine(ni+ng)—8mimys—8moms
i=1

—4nino(mg+my)—4k(ming + monq1)+k(mi+mg+ning)
+(n1mg+ngms),
where ui e V(Gy), vé € V(G3) and for fixed i, (ui,ul) is adjacent to (vg,vz) for any u1 € V(G1)
and vy € V(G9).

Theorem 4.9 and can be proved using the results obtained in Section 3 and also from
the fact that for any graph G, RMy(G) = M2(G) - M1(G) + |E(G)|.

Acknowledgement

Authors are grateful to all the anonymous reviewers for their valuable comments and
suggestions.

Competing Interests

The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References

[1] N. De, Sk. Md. A. Nayeem and A. Pal, F-index of some graph operations, Discr. Algo. & Appl. 8(2)
(2016), 1650025, DOI:10.1142/S1793830916500257.

[2] N. De, Sk. Md. A. Nayeem and A. Pal, The F-coindex of some graph operations, SpringerPlus 5
(2016), 221, DOI: 10.1186/s40064-016-1864-7.

[8] H. Deng, D. Saralab, S. K. Ayyaswamy and S. Balachandran, The Zagreb indices of
four operations on graphs, Applied Mathematics and Computation 275 (2016), 422 — 431,
DOI:10.1016/j.amc.2015.11.058|

[4] M. V. Diudea and I. Gutman, Wiener-Type topological indices, Croat. Chem. Acta 71 (1) (1998), 21 —
51, https://hrcak.srce.hr/132323.

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp. , 2019


http://doi.org/10.1142/S1793830916500257
http://doi.org/10.1186/s40064-016-1864-7
http://doi.org/10.1016/j.amc.2015.11.058
https://hrcak.srce.hr/132323

On Zagreb Indices of Two New Operations of Graphs: A. Bharali et al. 427

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

T. Doslié, Vertex-weighted Wiener polynomials for composite graphs, Ars Mathematica
Contemporanea 1(1) (2008), 66 — 80, DOI: 10.26493/1855-3974.15.895.

C. M. Da Fonseca and D. Stevanovic, Further properties of the second Zagreb index, MATCH
Commun. Math. Comput. Chem. 72 (2014), 655 — 668, http://match.pmf .kg.ac.rs/electronic_
versions/Match72/n3/match72n3_655-668.pdfl

B. Furtula and I. Gutman, A forgotten topological index, J. Math. Chem. 53(4) (2015), 1184 — 1190,
DOI:10.1007/s10910-015-0480-z.

B. Furtula, I. Gutman and S. Ediz, On difference of Zagreb indices, Discrete Applied Mathematics
178 (2014), 83 — 88, DOI:/10.1016/j.dam.2014.06.011.

I. Gutman, Degree-based topological indices, Croat. Chem. Acta 86(4) (2013), 351 — 361,
DOI:110.5562/cca2294.

I. Gutman and K. C. Das, The first Zagreb index 30 years after, MATCH Commun. Math.
Comput. Chem. 50 (2004), 83 — 92, http://match.pmf.kg.ac.rs/electronic_versions/
Match50/match50_83-92.pdf.

I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total 7m-electron energy
of alternate hydrocarbons, Chem. Phys. Lett. 17(4) (1972), 5635 — 538, DOI: 10.1016/0009-
2614(72)85099-1.

I. Gutman, B. Furtula, 7. K. Vukiéevié and G. Popivoda, On Zagreb indices and coindices, MATCH
Commun. Math. Comput. Chem. 74 (2015), 5 — 16, http://match.pmf .kg.ac.rs/electronic_
versions/Match74/nl/match74nl_5-16.pdf.

R. Hammack, W. Imrich and S. Klavzar, Handbook of Products Graphs, 2nd edition, CRC Press,
Boca Raton (2011), DOI:|10.1201/b10959.

M. H. Khalifeh, H. Yousefi-Azari and A. R. Ashrafi, The first and second Zagreb indices of some
graph operations, Discr. Appl. Math. 157(4) (2009), 804 — 811, DOI: 10.1016/j.dam.2008.06.015.

G. H. Shirdel, H. Rezapour and A. M. Sayadi, The hyper-Zagreb index of graph operations, Iranian
J. Math. Chem. 4 (2013), 213 — 220, DOI: 10.22052/1jmc.2013.5294

D. Wang, Y. Hou and Z. Tang, The adjacency spectrum of two new operations of
graphs, AKCE International Journal of Graphs and Combinatorics 15(3) (2018), 284 — 290,
DOI:/10.1016/j.akcej.2017.10.004.

D. B. West, Introduction to Graph Theory, Pearson Education Pte. Ltd., Singapore (2002).

B. Zhou and I. Gutman, Further properties of Zagreb indices, MATCH Commun. Math. Comput.
Chem. 54 (2005), 233 — 239, http://match.pmf .kg.ac.rs/electronic_versions/Match54/nl/
matchb4nl_233-239.pdf

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp. , 2019


http://doi.org/10.26493/1855-3974.15.895
http://match.pmf.kg.ac.rs/electronic_versions/Match72/n3/match72n3_655-668.pdf
http://match.pmf.kg.ac.rs/electronic_versions/Match72/n3/match72n3_655-668.pdf
http://doi.org/10.1007/s10910-015-0480-z
http://doi.org/10.1016/j.dam.2014.06.011
http://doi.org/10.5562/cca2294
http://match.pmf.kg.ac.rs/electronic_versions/Match50/match50_83-92.pdf
http://match.pmf.kg.ac.rs/electronic_versions/Match50/match50_83-92.pdf
http://doi.org/10.1016/0009-2614(72)85099-1
http://doi.org/10.1016/0009-2614(72)85099-1
http://match.pmf.kg.ac.rs/electronic_versions/Match74/n1/match74n1_5-16.pdf
http://match.pmf.kg.ac.rs/electronic_versions/Match74/n1/match74n1_5-16.pdf
http://doi.org/10.1201/b10959
http://doi.org/10.1016/j.dam.2008.06.015
http://doi.org/10.22052/ijmc.2013.5294
http://doi.org/10.1016/j.akcej.2017.10.004
http://match.pmf.kg.ac.rs/electronic_versions/Match54/n1/match54n1_233-239.pdf
http://match.pmf.kg.ac.rs/electronic_versions/Match54/n1/match54n1_233-239.pdf

	Introduction
	The Two New Operations of Graphs
	Main Results
	Zagreb Indices of G1k(G3G2)
	Zagreb Indices of (G4G1)k(G3G2)

	Some Applications
	References

