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1. Introduction
Ternary semigroups are special case of n-ary semigroups, where n = 3, which firstly investigated
by E. Kasner in 1904 [8]. After that, F. M. Sioson described a regular algebraic systems
with respect to the m-ary operation in 1963 [14], and introduced the ideal theory in ternary
semigroups in 1965 [12], [13]. In 1980, W. A. Dudek and I. Groździńska [4] introduced a new
definition of regular n-semigroups and proved some theorems in that structure. Later, the
idempotents in n-ary semigroups were described by W. A. Dudek in 2001 [3]. In 2007, S. Kar
and B. K. Maity [7] introduced the notion of a congruence on a ternary semigroup and studied
some of its interesting properties. Moreover, they also introduced the notions of cancellative
congruence, group congruence and Rees congruence and characterized these congruences on
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ternary semigroups. After that, in 2010, M. L. Santiago and S. Sri Bala [10] introduced a
regularity condition on a ternary semigroup and studied the properties of a regular semigroup.

The monoid of all hypersubstitutions of type τ = (2) was studied by K. Denecke and
Sh. L. Wismath [2] in 1998. They characterized idempotent elements of the monoid of all
hypersubstitutions of type τ= (2). Subsequently, in the same year, K. Denecke and J. Koppitz
[1] studied the finite monoid of hypersubstitutions of type τ= (2). They determined all finite
submonoids of Hyp(2) and studied properties of all finite submonoids.

Let { f i | i ∈ I} be the set of all ni-ary operation symbols which ni ∈ N and Wτ(Xn)
be the set of all n-ary terms of type τ constructed by operation symbols from { f i | i ∈ I}
and variables from an n-element set Xn := {x1, . . . , xn}. A hypersubstitution of type τ is a
mapping σ : { f i | i ∈ I} → Wτ(Xn) which preserves arities. We denoted by Hyp(τ) the set of all
hypersubstitutions of type τ.

To define the binary operation on Hyp(τ), we necessarily define the extension σ̂ of σ. Firstly,
the concept of superposition of terms Sn

m : Wτ(Xn)×Wτ(Xm)n →Wτ(Xm), where Wτ(Xn),Wτ(Xm)
are the sets of all n-ary and m-ary terms of type τ for n,m ≥ 1 and n,m ∈ N is inductively
defined as follows:

(i) Sn
m(xi, t1, . . . , tn) := ti , where xi ∈ Xn, t1, . . . , tn ∈Wτ(Xm).

(ii) Sn
m( f i(s1, . . . , sni ), t1, . . . , tn) := f i(Sn

m(s1, t1, . . . , tn), . . . ,Sn
m(sni , t1, . . . , tn)), where f i(s1, . . . , sni ) ∈

Wτ(Xn).

Now, the extension σ̂ of σ is a mapping σ̂ : Wτ(Xn)→Wτ(Xn) which defined inductively by

(1) for any variable x ∈ X , σ̂[x] := x, and

(2) σ̂[ f i(t1, . . . , tni )] := Sni
m (σ( f i), σ̂[t1], . . . , σ̂[tni ]), where σ̂[ f j];1≤ j ≤ ni are already defined.

Then the binary operation on Hyp(τ), denoted by ◦h, is defined by σ1 ◦hσ2 = σ̂1 ◦σ2 where ◦
is the usual composition of mappings and σ1,σ2 ∈Hyp(τ).

Proposition 1 ([9]). If σ̂ is the extension of a hypersubstitution σ, then for n,m ∈N,

σ̂[Sn
n(t, t1, . . . , tn)]= Sn

n(σ̂[t], σ̂[t1], . . . , σ̂[tn]).

Proposition 2 ([9]). Let σ1,σ2 ∈Hyp(τ). Then σ̂1 ◦σ2 is a hypersubstitution, and

(σ̂1 ◦σ2)̂= σ̂1 ◦ σ̂2.

Let σid be a hypersubstitution which is defined by σid( f i)= f i(x1, . . . , xni ) for all i ∈ I . Then
the set Hyp(τ) := (Hyp(τ),◦h,σid) forms a monoid. For more detail of hypersubstitution and the
monoid of hypersubstitutions of type τ (see in [9]).

In this paper, we first give the concept of a ternary monoid Hyp(2) and study some algebraic-
structural properties of this monoid. Finally, we consider some finite submonoids of Hyp(2) and
show that it is a ternary ideals.

Throughout this paper, we denote:

σt := the hypersubstitution σ of type τ which maps f to the term t,

var(t) := the set of all variables occurring in the term t,
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W(2)({x1, x2}) := {t ∈W(2)(X2) | x1, x2 ∈ var(t)},

W(2)({x1}) := {t ∈W(2)(X2) | x1 ∈ var(t), x2 6∈ var(t)},

W(2)({x2}) := {t ∈W(2)(X2) | x1 6∈ var(t), x2 ∈ var(t)},

Ex1 := {σ f (x1,u) | u ∈W(2)({x1})},

Ex2 := {σ f (v,x2) | v ∈W(2)({x2})},

op(s) := the number of all operation symbols occurring in the term s.

Corollary 1 ([9]). For any t ∈Wτ(Xn), t1, t2, . . . , tn ∈Wτ(Xm), we get

op(Sn
m(t, t1 . . . tn))≥ op(t).

If τ= (2), then we have the following theorems.

Theorem 1 ([9]). A hypersubstitution σ ∈ Hyp(2) is an idempotent element if and only if
σ ∈ Ex1 ∪Ex2 ∪ {σx1 ,σx2 ,σid}.

Theorem 2 ([9]). If σ ∈Hyp(2) is a regular element, then σ is in Ex1∪Ex2∪{σx1 ,σx2 ,σid,σ f (x2,x1)}.

2. Ternary Semigroup
In this section, we give some important definitions of a ternary semigroup which will be used
throughout of this paper. All definitions are defined in [11].

Definition 1. A nonempty set S with a ternary operation [−,−,−] : S×S×S → S, written as
(x1, x2, x3) 7−→ [x1x2x3], is called a ternary semigroup if it satisfies the following associative
law:

[[x1x2x3]x4x5]= [x1[x2x3x4]x5]= [x1x2[x3x4x5]],

for any x1, x2, x3, x4, x5 ∈ S.

Let (S, ·) be a semigroup. For x1, x2, x3 ∈ S, let [−,−,−] : S×S×S → S be a ternary operation
on S defined by

[x1x2x3]= x1 · x2 · x3.

Then (S; [−,−,−]) is a ternary semigroup.

Example 1 ([6]). Let

M =
{(

0 0
0 0

)
,
(
1 0
0 1

)
,
(
1 0
0 0

)
,
(
0 1
0 0

)
,
(
0 0
1 0

)(
0 0
0 1

)}
.

Then M is a ternary semigroup under a ternary operation [−,−,−] : M×M×M → M defined by
[M1M2M3] := (M1 ◦M2)◦M3, where ◦ is a usual matrix multiplication.

Definition 2. An element a of a ternary semigroup S is said to be a ternary identity provided
that [aas]= [asa]= [saa], for all s ∈ S. A ternary identity element of a ternary semigroup S is
also called as unital element.
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Definition 3. An element a of a ternary semigroup S is said to be

(i) an idempotent element provided that [aaa]= a3 = a, for all a ∈ S;

(ii) a proper idempotent element provided that a is an idempotent which is not the identity
element of S if the identity exists.

Definition 4. An element a of a ternary semigroup S is said to be regular if there exist x, y ∈ S
such that [[axa]ya]= axaya = a.

3. Ternary Monoid Hyp(2)

To study algebraic-structural properties of the ternary monoid Hyp(2), we first give the concept
of this monoid as follows.

Defined a ternary operation [−,−,−] : Hyp(2)×Hyp(2)×Hyp(2)→Hyp(2) by

[σ1σ2σ3] :=σ1 ◦hσ2 ◦hσ3

for each σ1,σ2,σ3 ∈ Hyp(2). Then we obtain that Hyp(2) := (Hyp(2), [−,−,−]) is a ternary
semigroup.

Let σt ∈Hyp(2) where t ∈W({x1, x2}). Then we have

[σidσidσt]( f )= (σid ◦hσid ◦hσt)( f )= (σid ◦hσt)( f )=σt( f ).

Similarly, we have [σidσtσid]( f )=σt( f )= [σtσidσid]( f ).

Proposition 3. Hyp(2) := (Hyp(2), [−,−,−],σid) is a ternary monoid.

Firstly, we study all idempotent elements in the ternary monoid of Hyp(2). It is trivially that
every idempotent element is ternary idempotent, but the converse is not true. As an example,
σ f (x2,x1) is a ternary idempotent element, but it is not an idempotent element. Moreover, we can
see that every ternary idempotent is a regular element.

Let

J1 := {σ f (x1,t) | t ∈W(2)(X2)\W(2)({x1})}\ {σid},

J2 := {σ f (s,x2) | s ∈W(2)(X2)\W(2)({x2})}\ {σid},

J3 := {σ f (s,x1) | s ∈W(2)(X2)\ X2},

J4 := {σ f (x2,t) | t ∈W(2)(X2)\ X2},

J5 := {σ f (s,t) | s, t ∈W(2)(X2)\ X2}.

Then we have the following proposition.

Proposition 4. A ternary hypersubstitution σ is not a ternary idempotent if σ ∈⋃5
i=1 Ji .

Proof. Let σ ∈⋃5
i=1 Ji . If σ ∈ J1, then we consider

[σ f (x1,s)σ f (x1,s)σ f (x1,t)]( f )= (σ f (x1,t) ◦hσ f (x1,t) ◦hσ f (x1,t))( f )

= σ̂ f (x1,t)[S2(σ f (x1,t)( f ), x1, σ̂ f (x1,t)[t])]

= σ̂ f (x1,t)[S2( f (x1, t), x1, σ̂ f (x1,t)[t])].
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Since t ∈W(2)(X2)\W(2)({x1}), so x2 ∈ var(t) and we have to substitute x2 by σ̂ f (x1,t)[t]. Thus

op(σ̂ f (x1,t)[S2( f (x1, ts), x1, σ̂ f (x1,t)[t])])> op(σ f (x1,t)).

That is op([σ f (x1,t)σ f (x1,t)σ f (x1,t)])> op(σ f (x1,t)).

Hence [σ f (x1,t)σ f (x1,t)σ f (x1,t)] 6=σ f (x1,t). Therefore, σ f (x1,t) is not a ternary idempotent.

The proofs of the case σ ∈ Jl , l = 2,3,4,5 are similar to the case J1.

Since Hyp(2)\{σid}=σ ∈⋃5
i=1 Ji ∪Ex1 ∪Ex2 ∪ {σx1,σx2,σ f (x2,x1)}, then, by the consequence

of Proposition 4, we obtain the following corollary.

Corollary 2. A hypersubstitution σ is a proper idempotent element of a ternary semigroup
Hyp(2) iff σ ∈ Ex1 ∪Ex2 ∪ {σx1 ,σx2 ,σ f (x2,x1)}.

We next study all ternary regular elements of Hyp(2). It is clear that every regular element
is ternary regular and all ternary idempotent elements of Hyp(2) are also ternary regular
elements.

Proposition 5. A ternary hypersubstitution σ is not a ternary regular if σ ∈⋃5
i=1 Ji .

Proof. Let σ ∈⋃5
i=1 Ji and σ f (t1,t2),σ f (r1,r2) ∈ Hyp(2) where t1, t2, r1, r2 ∈W(2)({x1, x2}). If σ ∈ J1,

then we have

[[σ f (x1,t)σ f (t1,t2)σ f (x1,t)]σ f (r1,r2)σ f (x1,t)]( f )

= ((σ f (x1,t) ◦hσ f (t1,t2) ◦hσ f (x1,t))◦hσ f (r1,r2) ◦hσ f (x1,t))( f )

= σ̂ f (x1,t)[σ̂ f (t1,t2)[σ̂ f (x1,t)[σ̂ f (r1,r2)[σ f (x1,t)( f )]]]]

= σ̂ f (x1,t)[σ̂ f (t1,t2)[σ̂ f (x1,t)[ f (S2(r1, x1, σ̂ f (r1,r2)[t]),S2(r2, x1, σ̂ f (r1,r2)[t]))]]]

= σ̂ f (x1,t)[σ̂ f (t1,t2)[S2( f (x1, t), σ̂ f (x1,t)[S2(r1, x1, σ̂ f (r1,r2)[t])], σ̂ f (x1,s)[S2(r2, x1, σ̂ f (r1,r2)[t])])]].

Since t ∈W(2)(X2)\W(2)({x1}), so x2 ∈ var(t), and we have to substitute x2 by

σ̂ f (x1,t)[S2(r2, x1, σ̂ f (r1,r2)[t])].

Thus

op(σ̂ f (x1,t)[σ̂ f (t1,t2)[S2( f (x1, t), σ̂ f (x1,t)[S2(r1, x1, σ̂ f (r1,r2)[s])], σ̂ f (x1,t)[S2(r2, x1, σ̂ f (r1,r2)[t])])]])

> op(σ f (x1,t)).

Therefore, σ f (x1,t)) is not a ternary regular. The proofs of the case σ ∈ Jl , l = 2,3,4,5 are similar
to the case J1.

By the consequence of Proposition 5, we obtain that the set of all ternary idempotent
elements is also the set of all ternary regular elements.

4. Ideals of Submonoid of Hyp(2)

We study the relationship between some submonoids of Hyp(2) and give some characterizations
of the ideals of these submonoids. We first recall from [5] the definition of a left (right, two sided)
ideal.
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Definition 5. Let S be a semigroup. A nonempty subset A of S is called a left ideal if SA ⊆ A,
a right ideal if AS ⊆ A, and an ideal if it is both a left and a right ideal.

To study the ideals of some submonoids of Hyp(2), we consider some finite submonoids of
Hyp(2) which characterized by K. Denecke and J. Koppitz [1] as follows.

Let

MT := {σid},

MD := {σid,σ f (x2,x1)},

M1 := {σx1 ,σx2 ,σid,σ f (x2,x1)},

M2 := {σ f (x1,x1),σ f (x2,x2),σid},

M3 := M2 ∪ {σ f (x2,x1)},

M4 := {σx1 ,σx2 ,σ f (x1,x1),σ f (x2,x2),σid},

M5 := M4 ∪ {σ f (x2,x1)}.

and P(2)-the set of all projection hypersubstitutions of type τ= (2), i.e.

P(2) := {σ ∈Hyp(2) |σ( f ) is a variable}= {σx1 ,σx2}.

It is obviously seen that P(2) is an ideal of Hyp(2). The ideals of some finite submonoid of
Hyp(2) are following proposition.

Proposition 6. M2 \ MT is an ideal of M2.

Proof. Let σ f (xi ,xi) ∈ M2 \ MT ; i = 1,2 and σs ∈ M2.

Since σs =σid , it is trivially that (σ f (xi ,xi) ◦hσs)( f )= (σid ◦hσ f (xi ,xi))( f )=σ f (xi ,xi)( f ).

Since σs =σ f (x j ,x j); j = 1,2, then

(σ f (xi ,xi) ◦hσs]( f )= (σ f (xi ,xi) ◦hσ f (x j ,x j))( f )

= σ̂ f (xi ,xi)[ f (x j, x j)]

= S2( f (xi, xi), x j, x j

= f (x j, x j)

=σ f (x j ,x j)( f )

and

(σs ◦hσ f (xi ,xi)]( f )= (σ f (x j ,x j) ◦hσ f (xi ,xi))( f )

= σ̂ f (x j ,x j)[ f (xi, xi)]

= S2( f (x j, x j), xi, xi)

= f (xi, xi)

=σ f (xi ,xi)( f ).

Therefore, M2 \ MT is an ideal of M2.

Proposition 7. M3 \ MD = M2 \ MT is an ideal of M3.
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Proof. Let σ f (xi ,xi) ∈ M3 \ MD = M2 \ MT ; i = 1,2 and σs ∈ M3.
Since σs ∈ M2, it is trivially from Proposition 6. We only proof in the case that σs =σ f (x2,x1).
Consider

(σ f (xi ,xi) ◦hσ f (x2,x1)]( f )= σ̂ f (xi ,xi)[ f (x2, x1)]

= S2( f (xi, xi), x2, x1)

= f (x j, x j)

=σ f (x j ,x j)( f ), j = 1,2

and

(σ f (x2,x1) ◦hσ f (xi ,xi))( f )= σ̂ f (x2,x1)[ f (xi, xi)]

= S2( f (x2, x1), xi, xi)

= f (xi, xi)

=σ f (xi ,xi)( f ).

Therefore, M3 \ MD = M2 \ MT is an ideal of M3.

Proposition 8. M4 \ MT = M5 \ MD is an ideal of M4.

Proof. Let σt ∈ M4 \ MT = M5 \ MD ; i = 1,2 and σs ∈ M4.

Since σt =σxi , i = 1,2, the proof is obviously.

Since σt =σ f (xi ,xi), i = 1,2, then we consider:

Case 1: σs =σx j , j = 1,2. Then it is easy to see that (σt ◦hσs)( f )= (σs ◦hσt)( f )=σx j ( f ).

Case 2: σs =σid . Then (σt ◦hσid)( f )= (σid ◦hσt)( f )=σt( f ).

Case 3: σs =σ f (x j ,x j), j = 1,2. Then, we have

(σ f (xi ,xi) ◦hσs]( f )= (σ f (xi ,xi) ◦hσ f (x j ,x j))( f )

= σ̂ f (xi ,xi)[ f (x j, x j)]

= S2( f (xi, xi), x j, x j)

= f (x j, x j)

=σ f (x j ,x j)( f )

and

(σs ◦hσ f (xi ,xi)]( f )= (σ f (x j ,x j) ◦hσ f (xi ,xi))( f )

= σ̂ f (x j ,x j)[ f (xi, xi)]

= S2( f (x j, x j), xi, xi)

= f (xi, xi)

=σ f (xi ,xi)( f ).

Therefore, M4 \ MT = M5 \ MD is an ideal of M4.

Proposition 9. M4 \ MT = M5 \ MD is an ideal of M5.
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Proof. The proof of this proposition is similarly to Proposition 8.

5. Ternary Ideals of Submonoid of Hyp(2)

In this section, the study focuses on some submonoids of the monoid Hyp(2) and determine the
ternary ideals of these submonoids. Firstly, we recall the definitions of a ternary ideal which are
important in this study.

Definition 6. A nonempty subset A of a ternary semigroup T is said to be a ternary
subsemigroup if A3 = [AAA]⊆ A.

Definition 7. A nonempty subset A of a ternary semigroup T is said to be

(i) a left ideal of T if b, c ∈ T , a ∈ A implies bca ∈ A, i.e. TT A ⊆ A.

(ii) a lateral ideal of T if b, c ∈ T , a ∈ A implies bac ∈ A, i.e. T AT ⊆ A.

(iii) a right ideal of T if b, c ∈ T , a ∈ A implies abc ∈ A, i.e. ATT ⊆ A.

Definition 8. A nonempty subset A of a ternary semigroup T is said to be a ternary ideal of
T if b, c ∈ T , a ∈ A implies bca ∈ A, bac ∈ A, abc ∈ A. That means A is left ideal, lateral ideal
and right ideal of T .

We now consider some finite submonoids of Hyp(2) which characterized by K. Denecke and
J. Koppitz [1]. The ternary ideals of some finite submonoids of Hyp(2) are following proposition.

Proposition 10. MT , MD , Mi ; 1≤ i ≤ 5 and P(2)∪ {σid} are ternary submonoids of Hyp(2).

Proof. The proof is straightforward.

Proposition 11. P(2) is a ternary ideal of Hyp(2).

Proof. The proof of this proposition is directly from [σxiσsσt] ∈ P(2), [σsσxiσt] ∈ P(2), and
[σsσtσxi ] ∈ P(2) for all σs,σt ∈Hyp(2), i ∈ {1,2}.

Proposition 12. P(2) is a ternary ideal of M1.

Proof. Let σs ∈ P(2). Then σs( f ) is a variable. Since

[σidσ f (x2,x1)σs]( f )= (σid ◦hσ f (x2,x1) ◦hσs)( f )

= σ̂id[σ̂ f (x2,x1)[σs( f )]],

and σs( f ) is a variable, we have [σidσ f (x2,x1)σs] is a variable. Thus [σidσ f (x2,x1)σs] ∈ P(2).
Similarly, we have [σidσsσ f (x2,x1)] ∈ P(2) and [σsσidσ f (x2,x1)] ∈ P(2).

Hence for every element σt,σr in M1 we have [σtσrσs] ∈ P(2), [σtσsσr] ∈ P(2) and [σsσtσr] ∈
P(2). Therefore, P(2) is a ternary ideal of M1.

Proposition 13. P(2) is a ternary ideal of M4.

Proof. The proof of this proposition is similar to Proposition 12.
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Proposition 14. P(2) is a ternary ideal of M5.

Proof. The proof of this proposition is similar to Proposition 12.

Proposition 15. P(2) is a ternary ideal of M1 \ MT .

Proof. Let σxi ∈ P(2); i = 1,2, and σr,σs ∈ M1 \ MT .
Case 1: σr = σx j and σs = σxk ; j,k ∈ {1,2}. Then [σxiσx jσxk ]( f ) = [σx jσxiσxk ]( f ) = σxk ( f ) and
[σx jσxkσxi ]( f )=σxi ( f ).

Case 2: σr =σx j ; j ∈ {1,2}, σs =σ f(x2,x1) (or σr =σ f(x2,x1) ,σs =σx j ; j ∈ {1,2}). Then

[σxiσx jσ f (x2,x1)]( f )= (σxi ◦hσx j ◦hσ f (x2,x1))( f )

= σ̂xi [S
2(x j, x2, x1)]

= σ̂xi [xk]= xk =σxk ( f ); k = 1,2.

Similarly, we have [σx jσxiσ f (x2,x1)]( f )=σxk ( f ); k = 1,2 and [σx jσ f (x2,x1)σxi ]( f )=σxi ( f ).

Case 3: σr =σs =σ f (x2,x1). Then [σxiσ f (x2,x1)σ f (x2,x1)]( f )= (σxi ◦hσid)( f )=σxi ( f ),

[σ f (x2,x1)σxiσ f (x2,x1)]( f )= (σ f (x2,x1) ◦hσxi ◦hσ f (x2,x1))( f )

= σ̂ f (x2,x1)[S2(xi, x2, x1)]= σ̂ f (x2,x1)[xi]= xi =σxi ( f ).

[σ f (x2,x1)σ f (x2, x1)σxi ]( f )= (σid ◦hσxi )( f )=σxi ( f ).

Therefore, P(2) is a ternary ideal of M1 \ MT .

Proposition 16. M2 \ MT is a ternary ideal of M2.

Proof. Let σ f (xi ,xi) ∈ M2 \ MT ; i = 1,2 and σr,σs ∈ M2.

Case 1: σr =σs =σid . Then

[σ f (xi ,xi)σidσid]( f )= [σidσ f (xi ,xi)σid]( f )= [σidσidσ f (xi ,xi)]( f )=σ f (xi ,xi)( f ) .

Case 2: σr =σid , σs =σ f (x j ,x j); j = 1,2 (or σr =σ f (x j ,x j); j = 1,2, σs =σid). Then

[σ f (xi ,xi)σidσ f (x j ,x j)]( f )= (σ f (xi ,xi) ◦hσid ◦hσ f (x j ,x j))( f )

= (σ f (xi ,xi) ◦hσ f (x j ,x j))( f )

= S2( f (xi, xi), x j, x j)

= f (x j, x j)=σ f (x j ,x j)( f ).

Similarly, we have [σ f (xi ,xi)σidσ f (x j ,x j)]( f )= [σ f (xi ,xi)σidσ f (x j ,x j)]( f )=σ f (x j ,x j)( f ).

Case 3: σr =σ f (x j ,x j) and σs =σ f (xk,xk); j,k ∈ {1,2}. Then

[σ f (xi ,xi)σ f (x j ,x j)σ f (xk,xk)]( f )= (σ f (xi ,xi) ◦hσ f (x j ,x j) ◦hσ f (xk,xk))( f )

= σ̂ f (xi ,xi)[S
2( f (x j, x j), xk, xk)]

= σ̂ f (xi ,xi)[ f (xk, xk)]

= S2( f (xi, xi), xk, xk)

= f (xk, xk)=σ f (xk,xk)( f ).
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By using the same method, we have

[σ f (x j ,x j)σ f (xi ,xi)σ f (xk,xk)]( f )= [σ f (x j ,x j)σ f (xk,xk)σ f (xi ,xi)]( f )=σ f (xk,xk)( f ).

Therefore, M2 \ MT is a ternary ideal of M2.

Proposition 17. M3 \ MD is a ternary ideal of M3.

Proof. Let σ f (xi ,xi) ∈ M3 \ MD ; i = 1,2 and σ f (x j1 ,xk1 ),σ f (x j2 ,xk2 ) ∈ M3; jl ,kl ∈ {1,2} and l = 1,2.
Consider

[σ f (xi ,xi)σ f (x j1 ,xk1 )σ f (x j2 ,xk2 )]( f )= (σ f (xi ,xi) ◦hσ f (x j1 ,xk1 ) ◦hσ f (x j2 ,xk2 ))( f )

= σ̂ f (xi ,xi)[S
2( f (x j1 , xk1), x j2 , xk2)]

= σ̂ f (xi ,xi)[ f (xr1 , xr2)]; r1, r2 ∈ {1,2}

= S2( f (xi, xi), xr1 , xr2)

= f (xq, xq)=σ f (xq,xq)( f ); q = 1,2.

Similarly, we have

[σ f (x j1 ,xk1 )σ f (xi ,xi)σ f (x j2 ,xk2 )]( f )=σ f (xq,xq)( f ); q = 1,2

and

[σ f (x j1 ,xk1 )σ f (x j2 ,xk2 )σ f (xi ,xi)]( f )=σ f (xi ,xi).

Therefore, M3 \ MD is a ternary ideal of M3.

Proposition 18. M4 \ MT is a ternary ideal of M4.

Proof. Let σt ∈ M4 \ MT and σs,σr ∈ M4. Then we consider

Case 1:: σt =σxi ; i = 1,2.

Case 1.1: σs =σx j ,σr =σxk ; j,k = 1,2.
Then [σtσsσr]( f )= [σsσtσr]( f )=σxk ( f ) and [σsσrσt]( f )=σxi ( f ).

Case 1.2: σs =σx j ,σr =σ f (xk,xk); j,k ∈ {1,2} (or σs =σ f (x j ,x j),σr =σxk ; j,k ∈ {1,2}). Then we have

[σtσsσr]( f )= [σxiσx jσ f (xk,xk)]( f )= (σxi ◦hσx j ◦hσ f (xk,xk))( f )

= σ̂xi [S
2(x j, xk, xk)]= σ̂xi [xk]

= xk =σxk ( f ).

Similarly, we obtain that [σsσtσr]( f )=σxk ( f ) and [σsσrσt]( f )=σxi ( f ).

Case 1.3: σs =σx j ,σr =σid (or σs =σid,σr =σxk ; j,k ∈ {1,2}). Then

[σtσsσr]( f )= [σxiσx jσid]( f )= (σxi ◦hσx j ◦hσid)( f )

= (σxi ◦hσx j )( f )= σ̂xi [x j]= x j =σx j ( f ).

Similarly, we have [σsσtσr]( f )= [σsσrσt]( f )=σxi ( f ).

Case 1.4: σs =σ f (x j ,x j) and σr =σ f (xk,xk); j,k ∈ {1,2}. Then

[σtσsσr]( f )= [σxiσ f (x j ,x j)σ f (xk,xk)]( f )= (σxi ◦hσ f (x j ,x j) ◦hσ f (xk,xk))( f )
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= σ̂xi [S
2( f (x j, x j), xk, xk)]= σ̂xi [ f (xk, xk)]

= xk =σxk ( f ).

Similarly, we obtain that [σsσtσr]( f )=σxk ( f ) and [σsσrσt]( f )=σxi ( f ).

Case 1.5: σs = σ f (x j ,x j),σr = σid (or σs = σid , σr = σ f (xk,xk); j,k ∈ {1,2} or σs = σr = σid). Then,
we also have [σtσsσr]( f )= [σsσtσr]( f )= [σsσrσt]( f )=σxl ( f ); l ∈ {1,2}.

Case 2: σt =σ f (xi ,xi); i ∈ {1,2}.

Case 2.1: σs = σx j ,σr = σxk (or σs = σx j ,σr = σid or σs = σid,σr = σxk ; j,k ∈ {1,2}). Then,
[σtσsσr]( f )= [σsσtσr]( f )=σxk and [σsσrσt]( f )=σxi .

Case 2.2: σs =σx j ,σr =σ f (xk,xk) (or σs =σ f (x j ,x j),σr =σxk ; j,k ∈ {1,2}). Then, we have

[σtσsσr]( f )= [σ f (xi ,xi)σx jσ f (xk,xk)]( f )= (σ f (xi ,xi) ◦hσx j ◦hσ f (xk,xk))( f )

= σ̂ f (xi ,xi)[S
2(x j, xk, xk)]= σ̂ f (xi ,xi)[xk]

= xk =σxk ( f ).

Similarly, we obtain that [σsσtσr]( f )=σxk ( f ) and [σsσrσt]( f )=σxi ( f ).

Case 2.3: σs =σ f (x j ,x j) and σr =σ f (xk,xk); j,k ∈ {1,2}. Then

[σtσsσr]( f )= [σ f (xi ,xi)σ f (x j ,x j)σ f (xk,xk)]( f )= (σ f (xi ,xi) ◦hσ f (x j ,x j) ◦hσ f (xk,xk))( f )

= σ̂ f (xi ,xi)[S
2( f (x j, x j), xk, xk)]= σ̂ f (xi ,xi)[ f (xk, xk)]

= S2( f (xi, xi), xk, xk)= f (xk, xk)=σ f (xk,xk)( f ).

Similarly, we obtain that [σsσtσr]( f )=σ f (xk,xk)( f ) and [σsσrσt]( f )=σ f (xi ,xi)( f ).

Case 2.4: σs = σ f (x j ,x j),σr = σid (or σs = σid , σr = σ f (xk,xk); j,k ∈ {1,2} or σs = σr = σid). Then,
we also have [σtσsσr]( f )= [σsσtσr]( f )= [σsσrσt]( f )=σ f (xl ,xl )( f ); l = 1,2.

Therefore, M4 \ MT is a ternary ideal of M4.

Proposition 19. M5 \ MD = M4 \ MT is a ternary ideal of M5.

Proof. Let σt ∈ M5 \ MD and σs,σr ∈ M5. We will consider

Case 1: σt =σxi ; i ∈ {1,2}.

Case 1.1: σs =σx j , σr =σxk ; j,k ∈ {1,2}. Then it is easy to see that [σtσsσr]( f )= [σsσtσr]( f )=
σxk ( f ) and [σsσrσt]( f )=σxi .

Case 1.2: σs =σx j , σr =σ f (xk,xl ) (or σs =σ f (xk,xl ), σr =σx j ; j,k, l ∈ {1,2}). Then

[σtσsσr]( f )= [σxiσx jσ f (xk,xl )]( f )= (σxi ◦hσx j ◦hσ f (xk,xl ))( f )

= σ̂xi [S
2(x j, xk, xl)]= σ̂xi [xq]; q ∈ {1,2}

= xq =σxq ( f ).

By using the same method, we have [σsσtσr]( f )=σxq and [σsσrσt]( f )=σxi .

Case 1.3: σs =σ f (x j ,xk),σ f (xl ,xm); j,k, l,m ∈ {1,2}. Then

[σtσsσr]( f )= [σxiσ f x j ,xkσ f (xl ,xm)]( f )= (σxi ◦hσ f x j ,xk ◦hσ f (xl ,xm))( f )

= σ̂xi [S
2( f (x j, xk), xl , xm)]= σ̂xi [ f (xu, xv)]; u,v ∈ {1,2}
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= S2(xi, xu, xv)= xq =σxq ( f ); q ∈ {1,2}.

By using the same method, we have [σsσtσr]( f )=σxq and [σsσrσt]( f )=σxi .

Case 2: σt =σ f (xi ,xi); i ∈ {1,2}.

Case 2.1: σs=σx j , σr=σxk ; j,k∈{1,2}.
Then [σtσsσr]( f )=[σsσtσr]( f )=σxk and [σsσrσt]( f )=σxi .

Case 2.2: σs =σx j , σr =σ f (xk,xl ) (or σs =σ f (xk,xl ), σr =σx j ; j,k, l ∈ {1,2}). Then

[σtσsσr]( f )= [σ f (xi ,xi)σx jσ f (xk,xl )]( f )= (σ f (xi ,xi) ◦hσx j ◦hσ f (xk,xl ))( f )

= σ̂ f (xi ,xi)[S
2(x j, xk, xl)]= σ̂ f (xi ,xi)[xq]; q = 1,2

= xq =σxq ( f ).

By using the same method, we have [σsσtσr]( f )=σxq and [σsσrσt]( f )=σxi .

Case 2.3: σs =σ f (x j ,xk), σ f (xl ,xm); j,k, l,m ∈ {1,2}. Then

[σtσsσr]( f )= [σ f (xi ,xi)σ f x j ,xkσ f (xl ,xm)]( f )

= (σ f (xi ,xi) ◦hσ f x j ,xk ◦hσ f (xl ,xm))( f )

= σ̂ f (xi ,xi)[S
2( f (x j, xk), xl , xm)].

If j = k, then

[σtσsσr]( f )= σ̂ f (xi ,xi)[ f (xq, xq)]; q = 1,2

= S2( f (xi, xi), xq, xq)

= f (xq, xq)=σ f (xq,xq)( f ).

If j 6= k, then

[σtσsσr]( f )= σ̂ f (xi ,xi)[ f (xp, xq)]; p, q = 1,2

= S2( f (xi, xi), xp, xq)

= f (xm, xm)=σ f (xm,xm)( f ); m = 1,2.

Similarly, we have [σsσtσr]( f )= [σsσrσt]( f )=σ f (xl ,xl ); l = 1,2.
Therefore, M5 \ MD = M4 \ MT is a ternary ideal of M5.
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