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Abstract. In the article, we prove that the double inequalities

α1T(a,b)+ (1−α1)A(a,b)< TD(a,b)<β1T(a,b)+ (1−β1)A(a,b),

Tα2(a,b)A1−α2(a,b)< TD(a,b)< Tβ2(a,b)A1−β2(a,b)

hold for all a,b > 0 with a 6= b if and only if α1 ≤ 3/4, β1 ≥ 1, α2 ≤ 3/4 and β2 ≥ 1, where A(a,b),
TD(a,b) and T(a,b) are the arithmetic, Toader and second Seiffert means of a and b, respectively.
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1. Introduction
“A real-valued function M : (0,∞)× (0,∞)→ (0,∞)” is said to be a symmetric and homogeneous
bivariate mean of degree one if min{x, y}≤ M(x, y)≤max{x, y}, M(x, y)= M(y, x) and M(λx,λy)=
λM(x, y) for all x, y ∈ (0,∞) and λ > 0. The study of bivariate mean has a history of several
hundred years, it has widely applications in mathematics, physics, and many other many other
natural and human social sciences. Recently, the relations and comparison for different bivariate
means have attracted the attention of many researchers.

Let p ∈ R, r ∈ (0,1) and a,b > 0 with a 6= b. Then the complete elliptic integrals K (r) and
E (r) [1–32] of the first and second kinds, arithmetic mean A(a,b), quadratic mean Q(a,b),
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contra-harmonic mean C(a,b), pth Lehmer mean Lp(a,b) [33], Toader mean TD(a,b) [34–37],
pth power mean Mp(a,b) [38–43] and second Seiffert mean T(a,b) [44] of a and b are given by

K (r)=
∫ π/2

0

[
1− r2 sin2(t)

]−1/2 dt,

E (r)=
∫ π/2

0

[
1− r2 sin2(t)

]1/2 dt,

A(a,b)= a+b
2

,

Q(a,b)=
√

a2 +b2

2
,

C(a,b)= a2 +b2

a+b
,

Lp(a,b)= ap+1 +bp+1

ap +bp ,

TD(a,b)= 2
π

∫ π/2

0

√
a2 cos2(t)+b2 sin2(t)dt (1.1)

=


2a
π

E

(√
1− ( b

a
)2

)
, a > b,

2b
π

E

(√
1− (a

b
)2

)
, a < b,

Mp(a,b)=
(

ap +bp

2

)1/p

and

T(a,b)= a−b

2arctan
(a−b

a+b
) , (1.2)

respectively.
It is well known that the power mean Mp(a,b) is continuous and strictly increasing with

respect to p ∈R for fixed a,b > 0 with a 6= b and the inequalities

A(a,b)= M1(a,b)< T(a,b)<Q(a,b)= M2(a,b)< C(a,b) (1.3)

hold for all a,b > 0 with a 6= b.
Recently, the bounds for the second Seiffert mean T(a,b) and Toader mean TD(a,b) have

attracted the attention of many researchers.
Seiffert [45] established that

M1(a,b)< T(a,b)< M2(a,b)

for all a,b > 0 with a 6= b.
In [46,47], the authors proved that the double inequalities

L0(a,b)< T(a,b)< L1/3(a,b),

Mlog2/log(π/2)(a,b)< T(a,b)< M5/3(a,b) (1.4)

hold all a,b > 0 with a 6= b.
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Chu and Wang [48] proved that the double inequality

Lp(a,b)< TD(a,b)< Lq(a,b)

holds all a,b > 0 with a 6= b if and only if p ≤ 0 and q ≥ 1/4.
In [49–52], the authors proved that the two-sided inequalities

λ1Q(a,b)+ (1−λ1)A(a,b)< TD(a,b)<µ1Q(a,b)+ (1−µ1)A(a,b),

Qλ2(a,b)A1−λ2(a,b)< TD(a,b)<Qµ2(a,b)A1−µ2(a,b),

λ3C(a,b)+ (1−λ3)A(a,b)< TD(a,b)<µ3C(a,b)+ (1−µ3)A(a,b),
λ4

A(a,b)
+ 1−λ4

C(a,b)
< 1

TD(a,b)
< µ4

A(a,b)
+ 1−µ4

C(a,b)
,

Mλ5(a,b)< TD(a,b)< Mµ5(a,b) (1.5)

are valid for all a,b > 0 with a 6= b if and only if λ1 ≤ 1/2 , µ1 ≥ (4−π)/[(
p

2−1)π]= 0.6597 · · · , λ2 ≤
1/2 , µ2 ≥ 4−2logπ/ log2= 0.6970 · · · , λ3 ≤ 1/4, µ3 ≥ 4/π−1= 0.2732 · · · , λ4 ≤π/2−1= 0.5707 · · · ,
µ4 ≥ 3/4, λ5 ≤ 3/2 and µ5 ≥ log2/log(π/2)= 1.5349 · · · .

From (1.3)-(1.5) we clearly see that the double inequality

A(a,b)< TD(a,b)< T(a,b) (1.6)

holds for all a,b > 0 with a 6= b.
Motivated by inequality (1.6), the main purpose of the article is to present the best possible

parameters α1, α2, β1 and β2 such that the double inequalities

α1T(a,b)+ (1−α1)A(a,b)< TD(a,b)<β1T(a,b)+ (1−β1)A(a,b),

Tα2(a,b)A1−α2(a,b)< TD(a,b)< Tβ2(a,b)A1−β2(a,b)

hold for all a,b > 0 with a 6= b.

2. Lemmas
In order to prove our main results, we need several formulas and lemmas which we present in
this section.

The following formulas for K (r) and E (r) can be found in the literature [53]:
dK (r)

dr
= E (r)− r′2K (r)

rr′2
,

dE (r)
dr

= E (r)−K (r)
r

,

d[E (r)− r′2K (r)]
dr

= rK (r),

d[K (r)−E (r)]
dr

= rE (r)
r′2

,

K (0+)= E (0+)= π

2
,

K (1−)=∞,
E (1−)= 1,

where and in what follows r′ =
p

1− r2 for r ∈ (0,1).
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Lemma 2.1 (See [53, Theorem 1.25]). Let −∞< a < b <∞, f , g : [a,b] → R be continuous on
[a,b] and differentiable on (a,b), and g′(x) 6= 0 on (a,b). If f ′(x)/g′(x) is increasing (decreasing)
on (a,b), then so are the functions

f (x)− f (a)
g(x)− g(a)

,

f (x)− f (b)
g(x)− g(b)

.

If f ′(x)/g′(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2. The following statements are true:

(i) The function r 7→ [
E (r)− r′2K (r)

]
/r2 is strictly increasing from (0,1) onto (π/4,1);

(ii) The function r 7→ [K (r)−E (r)] /r2 is strictly increasing from (0,1) onto (π/4,∞);

(iii) The function r 7→ φ(r) = [
2E (r)− r′2K (r)

]
/
p

1+ r2 is strictly decreasing from (0,1) onto
(
p

2,π/2);

(iv) The function r 7→ ϕ(r) = r(1+ r2)[arctan(r)]2/
[
(1+ r2)arctan(r)− r

]
is strictly increasing

from (0,1) onto (3/2,π2/[4(π−2)]);

(v) The function r 7→ ψ(r) = r2
p

1+ r2 arctan(r)/
[
(1+ r2)arctan(r)− r

]
is strictly increasing

from (0,1) onto (3/2,
p

2π/[2(π−2)]).

Proof. Parts (i) and (ii) can be found in [53, Theorem 3.21(1) and Exercise 3.43(11)]. For part
(iii), it is not difficult to verify that

φ(0+)= π

2
, φ(1−)=

p
2 . (2.1)

Making use of part (ii) and differentiating φ(r) lead to

φ′(r)=− rr′2

(1+ r2)3/2

[
K (r)−E (r)

r2

]
< 0 (2.2)

for r ∈ (0,1).
Therefore, part (iii) follows from (2.1) and (2.2).
For part (iv), let t = arctan(r) ∈ (0,π/4), then simple computations lead to

ϕ(r)= t2 sin(t)
cos(t) [t−sin(t)cos(t)]

= sin(t)/[tcos(t)]
[t−sin(t)cos(t)]/t3 . (2.3)

It is easy to verify that the function t 7→ sin(t)/[tcos(t)] is strict increasing and positive on (0,π/4)
and the function t 7→ [t−sin(t)cos(t)]/t3 is strictly decreasing and positive on (0,π/4). Then from
(2.3) we know that the function ϕ(r) is strictly increasing on (0,1).

Note that

ϕ(0+)= 3
2

, ϕ(1−)= π2

4(π−2)
= 2.1613 · · · . (2.4)

Therefore, part (iv) follows from (2.4) and the monotonicity of ϕ(r).
For part (v), let t = arctan(r) ∈ (0,π/4), then ψ(r) can be rewritten as

ψ(r)= tsin2(t)
cos(t) [t−sin(t)cos(t)]

= sin2(t)/[t2 cos(t)]
[t−sin(t)cos(t)]/t3 . (2.5)
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It is not difficult to verify that the function t 7→ sin2(t)/[t2 cos(t)] is strictly increasing and
positive on (0,π/4) and the function t 7→ [t−sin(t)cos(t)]/t3 is strictly decreasing and positive on
(0,π/4). Then (2.5) leads to the conclusion that ψ(r) is strictly increasing on (0,1).

Note that

ψ(0+)= 3
2

, ψ(1−)=
p

2π
2(π−2)

= 1.9459 · · · . (2.6)

Therefore, part (v) follows from (2.6) and the monotonicity of ψ(r).

3. Main Results
Theorem 3.1. The double inequality

α1T(a,b)+ (1−α1)A(a,b)< TD(a,b)<β1T(a,b)+ (1−β1)A(a,b)

holds for all a,b > 0 with a 6= b if and only if α1 ≤ 3/4 and β1 ≥ 1.

Proof. Since A(a,b), T(a,b) and TD(a,b) are symmetric and homogenous of degree one.
Without loss of generality, we assume that a > b > 0. Let r = (a− b)/(a+ b) ∈ (0,1). Then
from (1.1) and (1.2) we get

TD(a,b)= 2
π

A(a,b)
[
2E (r)− r′2K (r)

]
, (3.1)

T(a,b)= A(a,b)
r

arctan(r)
. (3.2)

It follows from (3.1) and (3.2) that

TD(a,b)− A(a,b)
T(a,b)− A(a,b)

=
2
π

[
2E (r)− r′2K (r)

]−1
r

arctan(r) −1
:= F(r). (3.3)

Let f1(r) = 2
[
2E (r)− r′2K (r)

]
/π − 1 and g1(r) = r/arctan(r) − 1. Then elaborated

computations lead to

f1(0+)= g1(0+)= 0, F(r)= f1(r)
g1(r)

, (3.4)

f ′1(r)
g′

1(r)
= 2
π

[
E (r)− r′2K (r)

r2

]
ϕ(r), (3.5)

where ϕ(r) is defined as in Lemma 2.2(iv).
It follows from Lemma 2.2(i) and (iv) together with (3.5) that f ′1(r)/g′

1(r) is strictly increasing
on (0,1). Then Lemma 2.1 and (3.4) lead to the conclusion that F(r) is strictly increasing on
(0,1). Moreover,

F(0+)= 3
4

, F(1−)= 1. (3.6)

Therefore, Theorem 3.1 follows from (3.3) and (3.6) together with the monotonicity of
F(r).

Theorem 3.2. The double inequality

Tα2(a,b)A1−α2(a,b)< TD(a,b)< Tβ2(a,b)A1−β2(a,b) (3.7)

holds for all a,b > 0 with a 6= b if and only if α2 ≤ 3/4 and β2 ≥ 1.
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Proof. Without loss of generality, we assume that a > b > 0. Let r = (a−b)/(a+b) ∈ (0,1). Then
from (1.1) and (1.2) we clearly see that inequality (3.7) is equivalent to

α2 < log[TD(a,b)]− log[A(a,b)]
log[T(a,b)]− log[A(a,b)]

= log
[ 2
π

(
2E (r)− r′2K (r)

)]
log[ r

arctan(r) ]
:=G(r)<β2. (3.8)

Let f2(r) = log
[
2

(
2E (r)− r′2K (r)

)
/π

]
and g2(r) = log[r/arctan(r)]. Then elaborated

computations lead to

f2(0+)= g2(0+)= 0, G(r)= f2(r)
g2(r)

, (3.9)

f ′2(r)
g′

2(r)
= (1+ r2)[arctan(r)][E (r)− r′2K (r)]

[(1+ r2)arctan(r)− r][2E (r)− r′2K (r)]

= [E (r)− r′2K (r)]/r2

[2E (r)− r′2K (r)]/
p

1+ r2
ψ(r), (3.10)

where ψ(r) is defined as in Lemma 2.2(v).
It follows from Lemma 2.2(i), (iii) and (v) together with (3.10) that f ′2(r)/g′

2(r) is strictly
increasing on (0,1). Then Lemma 2.1 and (3.9) lead to the conclusion that G(r) is strictly
increasing on (0,1). Moreover,

G(0+)= 3
4

, G(1−)= 1. (3.11)

Therefore, Theorem 3.2 follows from (3.8) and (3.11) together with the monotonicity of G(r).

Let a = 1 and b = r′. Then (1.1), (1.2) and Theorems 3.1 lead to Corollary 3.3 immediately.

Corollary 3.3. The double inequality

π

16

 3(1− r′)

arctan
(

1−r′
1+r′

) + (1+ r′)

< E (r)< π

4

 1− r′

arctan
(

1−r′
1+r′

)


holds for all r ∈ (0,1).

4. Conclusion
In the article, we find the best possible upper and lower bounds for the Toader mean

TD(a,b)= 2
π

∫ π/2

0

√
a2 cos2(t)+b2 sin2(t)dt

in terms of the convex combination of the arithmetic mean A(a,b)= (a+b)/2 and second Seiffert
mean T(a,b)= (a−b)/[2arctan((a−b)/(a+b))], and provide new bounds for the complete elliptic
of the second kind

E (r)=
∫ π/2

0

[
1− r2 sin2(t)

]1/2 dt.

The given idea is novel and interesting, it may stimulate further research in the theory of
bivariate means and special functions.
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