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Numerical Approximation of Fractional Burgers Equation

A. Guesmia and N. Daili

Abstract. The mathematical modeling of physical and chemical systems is used
extensively throughout science, engineering and applied mathematics. In order
to make use of mathematical models, it is necessary to have solutions to the
model equations. Generally, this requires numerical methods because of the
complexity and number of equations. In this paper, we study and approximate
a nonlinear fractional Burgers problem by finite volume schemes of order one in
space and also in time. The purpose is to show that they converge to the solution
of the considered problem and to establish error estimates. We prove that the
finite volume schemes converge to weak entropic solutions as the discretization
parameters tend to zero.

1. Introduction

The mathematical modeling of physical and chemical systems is used
extensively throughout science, engineering and applied mathematics ([10],
[11]). In order to make use of mathematical models, it is necessary to have
solutions to the model equations. Generally, this requires numerical methods
because of the complexity and number of equations.

In this paper, we study and approximate a nonlinear fractional Burgers problem
by finite volume schemes of order one in space and also in time. The purpose is to
show that they converge to the solution of the considered problem and to establish
error estimates. In order to model solutions of Navier-Stokes equations, several
authors ([1], [2], [3], [4], [5], [6], [7], [8] and [13]) have studied fractional
Burgers equations with initial or random initial conditions.

Burgers equations involving in their linear parts fractional powers A, :=
—(=A)*? of the Laplacian, a € (0,2], have been investigated in connection with
certain models of hydrodynamical phenomena (see [5] and its bibliography).
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Burgers equations in financial mathematics arise in connection with the
behavior of the risk premium of the market portfolio of risky assets under Black-
Scholes assumptions. These problems arise in a variety of engineering analysis and
design situations.

We approach (D*v)(x) on a mesh K by a quadrature formula. A new quadrature
formula has been proposed which uses weight functions. For a time-discretization,
we apply one of the various basic schemes to solve a general ordinary differential
equation.

We prove that the finite volume schemes converge to weak entropic solutions as
the discretization parameters tend to zero.

2. Main Results
2.1. Numerical Approximation by Method of Lines (MOL) of Finite Volumes

The basic idea of the MOL is to replace the spatial (boundary value) derivatives
in the PDE with algebraic approximations. Once this is done, the spatial derivatives
are no longer stated explicitly in terms of the spatial independent variables. Thus,
in effect only the initial value variable, typically time in a physical problem,
remains. In other words, with only one remaining independent variable, we have
a system of ODEs that approximate the original PDE. The challenge, then, is to
formulate the approximating system of ODEs. Once this is done, we can apply any
integration algorithm for initial value ODEs to compute an approximate numerical
solution to the PDE. Thus, one of the salient features of the MOL is the use of
existing, and generally well established, numerical methods for ODEs.

Consider the following system:

u, =—D%u— %(uz)x +f(x,t), O0<a<1/2and
(x,t)€[0,1] x [0,T]
1 [u(0,0)=go(t), te[0,T] 2.1)
u(l,t)=gy(t), te€[0,T]
U(X,O)ZUO(X), X € [0:1]:
or under the following general hyperbolic form:
u, = —(G(Ww), + f(x,t), 0<a<1/2 and
(x,t)€[0,1] x [0,T]
{ [u0,6)=go(t), te[0,T] (2.2)

u(l,t)=g,(t), tel[0,T]
u(x,0)=Uy(x), xe€[0,1],

u’ 9 279,272
— +D"u=aG(u) and D*=(-0%/9x%)2



Numerical Approximation of Fractional Burgers Equation 79

and D“ is defined by

-1 x
(D*v)(x) = ) J (x —2)* 1v(2)dz.
0

A weak solution u(x, t) is defined on [0,1] x [0, T].

Consider a partition (x;);ey of [0,1] and denote x;,;/, = X‘%ﬂ‘

Then, define the volume of control K; = [x;_1/3,X;41/2] and its width h; =
Xit1/2 — Xi-1/2-

The union of volumes K; is [0, 1]. For every element K; of mesh, we introduce a
mean value u;(t) of a solution, that one assumes exist, in the following meaning:

1
ui(t)=—J u(x, t)dx, ieN,
h; X,
ou;(t) 1 Ju(x,t)
—=—] —=d i €N.
ot hiJK ac 0 'S

Now we go to approach (D*v)(x) on K; (namely x € K;) by a quadrature
formula. A new quadrature formula has been proposed which uses weight
functions. This formula has the form given below:

(D*v)(x) = % L (x —2)* v(z)dz = % SZo:ws’i(x —sh)* Yy(sh),

where sh are nodes of a quadrature formula and w;; are weight functions with

t —_—
25:0 Ws,i - 1
Integrate equation (2.1) on K; in order to obtain

1
J Uth=—f D“udx—f —(uz)xdx-l-f f(x,t)dx
K K K 2 K

i i i

implies

Li u,dx = ﬁ JKi JO (x —2) * lyv(z)dzdx —JK‘ %(uz)xdx +Lif(x, t)dx,

i

namely,

_ 1 i a— _ 1 2
.L udx = o) ;Wsyiu(xs,t) fKi(x —x.)* ldx JK. 2(u )dx +JKif(x,t)dx

i

implies

1 i
udx = ——— ((xi - xs)a - (Xi, - Xs)a)ws iu(xs: t)
JK t ar(_a) 52:0: +1/2 1/2 B

i

1
—E(Uz(xiﬂ/z, t)— Uz(xi—l/z; t))+ J f(x, t)dx
K;
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implies

1 i a 1 2
. udx = al(—a) ;(xiﬂ/z - X;) Ws,iu(xs, t)— Eu (Xi+1/z’ t)

1 d 1
- (al“—(—a) ;(Xi—l/z — ;) w u(xg, t) + E(uz(xi_l/z, t)))

+f flx,t)dx
K;

Denote the flux of exact solution at the vertex x;,,/, and x;_; 5 by

F(Xi1/2,t)

1 d 1
(m §(Xi+l/2 = x)*wg u(x, t) — EUZ(XH—I/Z: t))

1 i « 1 (u(x; g, t) +ulx;, t))?
= (m;(Xi+l/2_XS) WS,iu(xs:t)—E( +1 - ) )

(al"_(l—a) ;(Xiﬂ/z = x)*wgu(x, t) — %(u(xiﬂ, t) +u(x;, t))z)

and by

F(xi—l/Z) t)

__ 1 5 « 1,
- aF(—a) g('xi—l/Z _xs) Ws,iu(xs, t)+ E(u (xi—l/Zs t))
L 2
= ar(l_a);(xi—uz — x)*wg u(x, t) + % (u(x“ t) +2u(x1—1, t))
__ 1 5 ; 1 ,
- ar(_a);(xiflﬁ - Xs) Ws,iu(xs’ t) + g(u(xi: t) + U(Xifl, t)) . (2.3)

As x; is the midpoint of K;, one has
lu;(t) — u(x;, t)| < ch?.

Approach the flux of an exact solution at the vertex x;,,/, by the numerical flux
which depends on mean values =(ug, uy, ..., U, Ujy1)

E(ug, Uy, .., U Uyp)

1 d N 1 2
(m ;(Xm/z — %) Wt (£)) = 2 (i () + ui(t))

1 1
(Otl"(—a) Z(xi“/z — X)Wy, (0)) — w4 (6), ui(t))
s=0
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and at the vertex x;_;/, by the numerical flux which depends on mean values
E(ug, Uy, -5 U1, Up):

E(ug,Uqs-- > Ui_1,U;)

1 1 ’
= (m ;(Xi—uz —x) wyug(6)) — g(ui(f) + ui—l(t))

1 L
(m ;(xiﬂﬂ — X)W u(8)) — W(u (1), Ui(t)) s

to obtain an ordinary differential equation

ou(t) 1_ 1_
at :h_iD(U(),ul,...,ui,ui+1)_ED(Uo,ul,...,ui_l,ui)+fi(t), tZO,

where
1
o= h—f £ e, t)dx.
i K;

For a time-discretization, we apply one of the various basic schemes to solve a
general ordinary differential equation:

ax —F(t,X)
de ~ Y7
X(0)=X,.

2.2. Stability for Explicit Schemes

Theorem 2.1. Let the assumptions (H,) and (H,) holds:
(H,) :u® € L°([0,1]);
(H,) : a condition C-F-L (Courant-Friedrichs-Lewy)
¢ S 4infieN hi
Lm1

where L,, is a Lipschitz constant, takes place, then a solution uj defined by

u”*l—u“+£9(u“ u”! ul,ul )—E’:(u" u” ut,ul )+ Atfi(t,) (2.4
i U =g, Uys e iUy =g, Uy oo Uy Uy ittn .

' h; h;
and
o_ 1 .
u; = — Up(x)dx, ieN (2.5)
h.
i JK;

verifies

A<u! <B, foralln,i€N,
and

N,

max

il < 2|0 + (sz) (el < B.

j=0
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Proof. According to assumption A < U, < B, a.e. and a definition of u?, we see
that A<u? <B, forall i € N. Let n € N. Suppose

luilloo < [1Uolloo 4 Ml fi(£:)llo,  forall i € N.

Let us show that this property is still true in the rank n 4+ 1. We have

n+1 n Atr—v n _n n o n Atr—. n . n n n
uim =ul + ——E(ug, uy, ..Ul up ) — h—z(uo,ul,...,ui_l,ui)+Atfi(tn)
1

1 hl
and

1

i
U?H = u! + Atfi(ty) + ———= Zws,i((xi+1/2 = x)% = (X172 — X)) uy
al(—a) g

At n n 2 n ny2 n ny2 n ny2
+£((ui +uf ) — (] +ul)T + (U +u)® - (ul, tu)?)
L
Let us explicit ((x;41/5 — x,)* — (X;_1/2 — X;)*). Then, we have

(xi+1/2 —Xx,)% = (xi—l/z —x;)*
_ (Xi+1/2 —x)% — (Xi71/2 - x,)*
(Xi+1/2 - xifl/z)

= alxit1/2 — Xi71/2)a71(xi+1/2 = Xi_1/2) = ah;®.

(xi+1/2 - Xi—1/2)

Therefore
1 At
U = T AL )+ —— ) w kUt — (W ul )P
RO e DI Sl (U Y

—Cuf )+ ) = + )R,

hence
u?“ =(1- bi+% — ai_%)u? + bi+%u;‘+1(t) + ai_%uil(t)
i
+> Bl i, sl + Atfi(t,),
s=0
where
At (@, +ut)? — (Ul +ut)?
G (T i, A
bi1 =1 8h Up Uiy
0, if uf',, =uf;
and

At (Wl +ul)? — Wl +ul)? o .
={ 8h. ut o —ut i, A
i i-1 Y

1
9 0, if ul! | =uf,
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and
. 1 «

Bla,i,s)= mws,ihi .

We have
At At

bi+% < Lm18_hi’ a1 = Ly, 8_hl-’ forall ieN
and

Nmax

Z[o’(a,i,s) <1.

5=0

¥(p,q) is a Lipschitz function on [A,B]? with the same Lipschitz constant in p
and q: L,, . Consequently, u?“ is a convex combination of uf, u?,; and u} ; on
one part and linear combination on the other part. Then, a recurrence assumption
implies

oo < 20l + 1FiCE) o
and gives us

N,

max

oo < 2| Uglloo + Y 27 1fi(t)lloo
j=0

IA

2Nmax||U0||oo+nmax||fi(tn)”oo SB U

2.3. Convergence

Fix an initial condition u® € L*([0, 1]), that we discretize on a mesh 7, of step
h,, > 0:

1
(Um)? = h—fu(x, 0)dx, i€eN.

1
K;

i

We use a step of time At,, and search a function u,, supposed constant on every
product of form Jih,,, (i + 1)h,,[ X JnAt,,,(n+ 1)At,,[:

Un(x,t) = (u,)?, (x,t)€lihy, i+ Dh,[ x InAt,,(n+ 1)At,,[.

Calculate ()"

1 1 1
1 — —
. ()" = W)= B, u wly )= Blug g uD
m m m

When At,, — 0 and h,, — 0 for m — oo, the functions family (u,,),ey can
converge to a weak solution of problem.
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Theorem 2.2 (Convergence). Let us situated in the frame above of a family 7, of
uniform mesh of space-step h,, > 0 and a time-step At,,. Construct a sequence (u,,).
Let the assumptions (hy), (hy), (hs) and (h4) holds:

(hy) : numerical flux function =(-,-) is consistent with the flux (% + fD“u), of
conservation law:

w2
=(u,...,u)= (? + f D“u) = G(u);

(hy) : a sequence (U, )men is uniformly bounded in L*°([0,1])
AK>0, [[Wll=qoin <d, lupllieqoiyy <d, meN;
(h3) : @ numerical flux function W is Lipschitz on [—d,d]*:
n
AL >0, |E(up,ug,...,uy) —Z2(V1, Ve, .., V)| <L (Zlup - vpl),

p=1
(Ug,Us, . . . Up; V1, Vos ..o, V) € [—d, d]?;

(hy) @ it exists u € L*([0,1] x [0, T]) such that

lim u,(x,t)=u(x,t), ae (x,t)
(m—00)

Then u(-,-) is a weak solution to problem.

Remark 2.3. The previous theorem expresses that if the family of numerical
solutions (u,, )meny cONvVerges, it is towards a weak solution of the problem.

Definition 2.4 (Consistency with the Condition of Entropy). An explicit scheme of
finite volume is consistent with entropy inequality if, for any mathematical entropy
7, there is a function of numerical flux of entropy ® consistent with the flux of

entropy & satisfying
& =n'(6w)): e,...,u)=&)

such that if u} is given by the following numerical scheme:

1 1
n+1 ny — =(,n ;N n ,n _ __=(y n n n
At(ui —ui)—}Ti_.(uo,ul,...,ui,uiﬂ) hi_.(uo,ul,...,ui_l,ui)—i—fi

then we have, also, a discrete inequality of entropy
1 1 .
E(n(u?ﬂ) = () + 5 (ugyy,wy) — @i, ui ) < 0(fy),
1

where

1

thy1 [ Xit1/2
N=—— ’ t)dxdt.
D=5 | f/ /(0 (x, 0dx

This definition allows to complete the Lax-Wendroff’s theorem ([12]) on
uniqueness of solution in a fractional case.
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Proposition 2.5 (Convergence of Finite Volume Methods). Under assumptions of
Theorem 2.2, if the numerical scheme is consistent with the condition of entropy, for
any entropy m, the numerical flux ® is Lipschitz on an interval [—d,d] , then the
limit u is a bounded unique weak entropic solution of a problem.

Proposition 2.6 (Sufficient Condition of Entropic Consistency for the Method
of Lines). Let U € Q € R? — n(U) € R be a mathematical entropy. Denote
UeQ—n(U)=&=(&,...,&,) €RP the vector of entropic variables,

an(U)

m(U) =& = o

If the function of numerical flux satisfies

Eki+l
Dkil,kiHEf ((B(&Ep, &Y, -»E1 .81 ) — B(&E, &L - &1 1,E1)) — (€, VE))dE <O,
3

ki—1

for every couple (&7, ,,&" ;) of entropic variables, then the method of lines is
consistent with the condition of entropy.

Remark 2.7. E. Tadmor ([14]) showed that any scheme of implicit finite volume
is consistent with the inequality of entropy.

2.4. Explicit and Implicit Error Estimates

In this section, we prove estimates of error in L}OC([O, 1] x [0, T]) between the
approached solution obtained by an explicit or implicit scheme and an entropic
solution.

Theorem 2.8 (Error Estimate for An Explicit Scheme). Let u be a solution of (2.1)
satisfying

T p1 2y 2¢
JOJO(|U—k|5+5go(U—k)((u2—k2)a+f(x,t)<p))dxdt
1

+J lug(x) — kle(x,0)dx
0

T 2 _ 2
> f s8o(u(t) — “(M) o(1, 0)dt
0

T 200y 2
_J Sgo(ul—k)(w)so(oﬁ)df;
0

Xu,(t) is the trace of u(., t) at r. Let uy =uf, for x €K; and t € JnAt,(n+ 1)At[,
be an approached solution defined by the following explicit scheme

T —u"+—At:‘(u” u” utu ) — —At:‘(u” u™ ul ul)+ At
i T e Uy U Uiy ) — o m Sy, s e Uy g Uy Jie
1 L
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If Uy € BV;,.(10,1[) N L*™(]0,1[), we have the following error estimate: for any
compact E of (]0,1[ x ]0, T[) there exists k. which depends of E, U, and L, such
that

E
J lug(x,t) —ulx, t)|dxdt < kchi,

Proof. A proof rests on the integral of continuous entropy satisfied by u,(x, t) and
on the following lemma:

Lemma 2.9. Suppose U, € BV,,.(10,1[)NL*(]0,1[). Let i € L*°(]0, 1[ x ]0, T[) be
such that A < u! < B almost everywhere. Suppose there exists o € M(]0,1[ x ]0,T[)
and o, € M(]0,1[) where M(2) is the set of positive continuous linear functionals

on C.(£2) such that
)_90 + f(x, t)np))dxdt

f f |u—k|—+sgo(u—k)((

+J lug(x) — k| (x,0)dx
0

! 2(t) — x,. (£)?
= J sgo(uy(t) — k)(%) p(1,t)dt
0

T 2 _ 2
_J sgo(uy — k)(M)QD(O, t)dt
3@(?6; t)

2
ﬁw(x t)
' Jx

forall k€R,forall ¢ €C>(]0,1[ x ]0,T[).

1
)do(x, t)— J lo(x,0)ldorg(x),
0

Let ue L*°(]0,1[ x ]O, T[) such that:

[ Gosz omen((5

J |uo(x) = k|p(x,0)dx
0

T 2 _ 2
> f sg0(talt) - k)(glm—"‘“m) (1, 0de
0

)—(p-l-f(x t)np))dxdt

2

T LY 2
[ seatus 1o O oo, 00t
0

forall keR, forall p€C>(]0,1[ x ]0,T[).
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Then, for any compact E C]0,1[ x ]0, T[, there exist CEup U Fand T independent
of E, u and uy such that

E
f [T (x,t) —u(x,t)|dxdt

< ¢y (00(B(0,7) + o (B(0,7) x [0, T]) + o(B(0,7) x [0, T1)2).

Indeed; the following theorem proves the existence of measures o €
M(]0,1[ x ]0,T[) and oy, € M(]0,1[):

Theorem 2.10. Under previous assumptions on data and mesh, there exists measures
p. € M(10,1[) and p,, € M(]0,1[ x ]0,T[) such that for all k € R, for all
¢ €CX(]0o,1[ x Jo,T):

T 1 a 2_k2 a
LJO(|u9—k|a—f+sgo(u9—k)((“92 )%-Ff(x,t)cp))dxdt

1
+f luo(x) = k|p(x,0)dx
0

T 2 _ 2
= J sgo(g1(t) — k) (M) (1, t)dt
0

2

T 2 _ 2 T 1
—J sgo(go_k)(—g()(t) ZX”"(t) )w(O, t)dt—f J O_asof(;;,t)
0 0 0

dp(x;t)
dx

1
)duf,k(x, t) - f le(x, 0)ld - (x)
0

Moreover,
(i) for any ball B, of radius, ¥ > 0, T > 0; there exists c,, which depends of Uy, T,
L, and T such that
wo kB, x [0,T]) < cp(h+ V), forall h<F;

(ii) w, is the measure of density |uy o — Uyg| (Where ug o = u?, forall i € N)
relatively to Lebesgue measure. For any 7 > 0, one has then

li B,)=0.
(hlgé)m( r)

If Uy € BV;,.(]0,1[) N L*°(]0, 1[), there exists D,, which depends of U, and T such
that

u(B.) <D,h, foral h<T.

Error estimates verified by implicit scheme shall be obtained in the same way as
explicit scheme. We have the following result:

Theorem 2.11 (Error Estimate for An Implicit Scheme). Let u, = uy, while x € K;
and t € JnAt,(n+1)At[, be an approached solution defined by the following explicit



88 A. Guesmia and N. Daili
scheme:

At
n+l _ ..n . gntl =(;n+t1l  n+l n+l o n+l
wTt = ul AT+ - E(ug,uy ™ u L u
i

n+1 _ n+l n+1 _ n+l
Uy, u™ ).

At _
——E(u R B Ry

h; 0

If Uy € BV;,.(10,1[) N L*™(]0, 1[), then we have the following error estimate: for any
compact E of (]0,1[x]0, T[), there exists k which depends of E, U, and L,, such
that

E 1
At 2
f lug(x,t) —u(x, t)|dxdt < k, (T + \/ﬁ) ‘

Remark 2.12. Tadmor ([14]) proved that any implicit finite volume scheme is
consistent with inequality of entropy.

Proposition 2.13 (Convergence of finite volumes method). Under assumptions of
previous theorem, if the numerical scheme is consistent with the entropic condition,
for any entropy n where the numerical flux & is Lipschitz on the interval [—d,d],
then a limit u is a bounded unique and weak entropic solution of problem.

2.5. Numerical Results

We give, below, some results of numerical simulations and error estimates for

a= % and
= 2X% Zﬁ 1 2 1
flx D)= (3 S (e (- (2 - )exp(—/s*t))) exp(— B+ 1).

We have the following numerical results:

Errar for dt=0.01 and Béta=0.001
0.012 T T T

0.008
Eu.uﬂsf
0.004 -

i i i L i I
i 20 40 B0 a0 100 120 140 160

Figure 1
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Error for dt=0.02 and Béta=0.001

0012 T T T T T T T
0.01
0.008 |-
E 0.006 |-
w
0.004 |-
0.002
0 i 1 i i L i I
0 20 40 B0 80 100 120 140 160
b4
Figure 2
Error for dt=0.1 and Béta=0.001
0.012 . . . . .
0.01 -
0.008 |-
E 0.006 |
jim}
0.004 |
0002 -
D i 1 i i i i I
0 20 40 60 2t} 100 120 140 160

Figure 3

2.6. Conclusions and Perspective

We studied and give finite volumes approach on a regular domain then estimate
errors made for the fractional Burgers equation.

In view of the importance of fractional Burgers equation in sciences of
engineering and his various applications, we hope to develop these results, always
by using the finite volumes technique, for perturbed fractional Burgers equation
on a non regular domain.

Acknowledgement. We would like to thank the referees of this paper.
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