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1. Introduction

The axiomatic development of a metric space was essentially carried out by Frence
mathematician Freehen in the year 1960. Recently, Banach [2], introduce the Banach fixed point
theorem in a complex valued metric space, has been generalized in many space. In 2011 Azam
[1]], introduced the notion of complex valued metric space and established sufficient conditions
for the existence of common fixed point of a pair of mappings satisfying a contractive condition.
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Let us recall that a mapping 7 on a metric space (X,d) is a Kannan contraction [8] if there
exists a € [0, %) such that

d(Tx,Ty) < ad(x,Tx)+ ad(y,Ty) (1.1)

forall x,ye X.
In 1968, Kannan [8] proved the existance results for a mapping defined by (1.1), this the
following result.

Theorem 1.1 ([8]). Let (X,d) be a complete metric space, A €1[0,1) and T is a self-mapping on X
satisfying (1.1). Then T has a unique fixed point.

Recently, Jleli and Samet [7] introduced a very interesting concept of a generalized metric
space, which covers different well-known metric structures including classical metric spaces,
b-metric spaces, dislocated metric spaces, modular spaces, and so on.

In 2017, Elkouch and Marhrani [5], extend the Theorem to generalized metric space and
they proved existence results for the Kannan contraction defined by (1.1), and they introduced
the Chatterjea contraction with 1 = % in (X,D) such that

D(fx,fy)< MD(y,fx)+D(x,fy))

for all x,y € X. Then they proved that a mapping f has a fixed point in X. The final of their
work they introduce the Hardy-Rogers contraction.

Definition 1.2. Let (X,D) be a generalized metric space. A self-mapping f on X is called a
Hardy-Rogers contraction if there exist nonnegative real numbers A; for i =1,2,3,4,5 such that
A= Z?:l A; €10,1) and satisfying

D(fx,fy) < MD(x,y)+ A2 D(x, fx) + A3D(y, f y) + A4D(y, fx) + As D (x, f y), (1.2)
for all x,y € X. Then they proved the uniqueness of the fixed point of f in X.

In 2018, Saipara, Kumam and Cho [10]], prove some random fixed point theorems for Hardy-
Rogers self-random operators in separable Banach spaces and, as some applications, we show
the existence of a solution for random nonlinear integral equations in Banach spaces. In this
year, Khammahawong and Kumam [9]], establish a new best proximity point theorem for Roger-
Hardy type generalized F-contraction mappings and nonexpansive mappings in complete metric
spaces.

Motivate by Elkouch and Marhrani [5], and Khammahawong and Kumam [9]], we defined
and introduce the generalized complex valued metric space and consider the general Hardy-
Rogeds contraction for some partial order relation, if there exist nonnegative real numbers 1;
for i =1,2,3,4,5 such that 1 =Y°_, A; €[0,1) and satisfying

D(fx,fy) = MD(x,y) + A2 D(x, fx) + A3D(y, f y) + A4D(y, fx) + As D (x, f y), (1.3)
for all x,y € X. Then we claim that a mapping f is satisfying (1.3) has a fixed point on X.

2. Preliminaries

In this section, we give some definitions and lemmas for this work. Let C be the set of complex
numbers and z1,z9 € C. Define a partial order relation < on C as follows:

z1 <z9 if and only if Re(z1) <Re(z2) and Im(z1) <Im(zo).
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Thus z1 < z9 if one of the followings holds:
(1) Re(z1) =Re(z9) and Im(z1) = Im(z9).
(2) Re(z1) <Re(z9) and Im(z1) =Im(z9).
(3) Re(z1) =Re(z9) and Im(z1) <Im(zs).
(4) Re(z1) <Re(z9) and Im(z1) <Im(zs).

We write z1 < zg if 21 <29 and z; # zg i.e. one of [(2)} [(3) and [(4)] is satisfied and we will write
21 < zg only|[(4)|is satisfied.

Remark 2.1. We can easily to check the following:
1) Ifa,beR,0<a<b and z1 <z9 then az1 < bzy, for all z1,z9 € C.
(1)) 0=<z1=<z9>|z1l<|29]|.

(1i1) z1=<z9 and z9 <z3=> 21 <2z3.
Azam et al. [|1]] defined the complex valued metric space in the following way:

Definition 2.2 ([1]]). Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies
the following conditions:

(C1) 0=d(x,y), for all x,y € X and d(x,y) =0 if and only if x = y;
(C2) d(x,y)=d(y,x) for all x,ye X;
(C3) d(x,y)=<d(x,z)+d(z,y), for all x,ye X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric
space.

In 2017, Elkouch and Marhrani [5] defined a new class of metric space, let X be a nonempty
set, and D : X x X — [0, +o0] be a given mapping. For every x € X, define the set

C(D,X, %) = {{xa} € X : lim D(xy,x) = 0}.

Definition 2.3 ([7]). A mapping D is called a generalized metric if it satisfies the following
conditions:

(1) For every (x,y) € X x X, we have
D(x,y) =0 x=y.
(2) For every (x,y) € X x X, we have
D(x,y) =D(y,x).
(3) There exists a real constant C > 0 such that for all (x,y) € X x X and {x,} € C(D,X,x), we
have

D(x,y) < ClimsupD(x,,y).

n—.oo

The pair (X, D) is called a generalized metric space.

In this work, we consider a nonempty set X, and D : X x X — C be a given mapping. For every
x € X, we define the set

C(D,X,2) = {lx,} € X : lim |D(xy,2)| =0} .

Commaunications in Mathematics and Applications, Vol. 10, No. 2, pp. [257 , 2019



260 Some Fixed Point of Hardy-Rogers Contraction in Generalized Complex. .. : I. Inchan and U. Deepan

Definition 2.4. Let X be a nonempty set, a mapping D : X x X — C is called a generalized
complex value metric if it satisfies the following conditions:

(1) for every x,y € X, we have
0=<D(x,y).

(2) for every x,y € X, we have
D(x,y)=0=>x=y.
(3) for all x,y € X, we have
D(x,y) =D(y,x).
(4) there exists a complex constant 0 < r such that for all x,y € X and {x,} € C(D,X,x),
we have

D(x,y) <rlimsup|D(x,,y)I.

n—oo

Then, a pair (X, D) is called a generalized complex valued metric space.

Definition 2.5. Let (X,D) be a generalized complex valued metric space, let {x,} be a sequence
in X, and let x € X. We say that {x,} is converge to x in X, if {x,} € C(D,X,x). We denote by

lim x, = x.
n—oo

Example 2.6. Let X =[0,1] and let D : X x X — C be the mapping define by for any x,y € X

D(x,y)=(x+y)i; x#0 and y#0
D(x,0)=D(0,x) = 5i.

Proof. Let x,ye X, wehavex=0and y=0, thusx+y=0.
IfD@x,y)=(x+y)i=0+(x+y)i<0+0:=0.

If D(x,0)=5i=0+5i<0+0i =0.

Hence D(x,y) < 0.

If D(x,y) =0, then 5i =0 and y =0. Hence, x =0 = y.

Ifx#0and y #0,D(x,y)=(x+y)i =(y +x)i =D(y,x) and D(x,0) = D(0,x).

Let {@} c X, we see that limsup|D(x,,x)| = 0 and put r = i, then, we have
n—oo

n—oo n—oo

-1 2
D(O,y):%i and limsupID(xn,y)I:limsup(\/((n )x+y) ):x+y.
n

Hence, D(0,y) = %i =<(x+y)i, and we see that

n—oo n—oo n

_ 2
D(x,y)=(x+y)i and limsup|D(x,,y)| =limsup (\/((n Lx +y) ) =x+y.

Hence, D(x,y) = (x +y)i < (x+y)i = rlimsup [D(x,, y)|. O

n—oo

Definition 2.7. Let (X,D) be a generalized complex valued metric space. Then a sequence {x,}
in X is said to Cauchy sequence in X, if

lim [D(xy,,%54+m) = 0.
n—oo
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Definition 2.8. Let (X,D) be a generalized complex valued metric space. If every Cauchy
sequence is convergent in X then (X, D) is called a complete complex valued metric space.

Lemma 2.9. Let A is a real number such that 0 <A< 1, and let {b,} be a sequence of positives
reals numbers such that lim b, =0. Then, for any sequence of positives numbers {a,} satisfying
n—oo

Apn+i1<ap+b,, forallneN
we have lim a, =0.
n—oo

Lemma 2.10 ([3]). Let {a,} be a sequence of nonnegative, and let {1,} be a real sequence in [0,1]
such that

o0
Z A, =o0.
n=0
If; for a given € > 0, there exists a positive integer ng such that

an1<=1-Ap)a,+eA,, forall n=nyg

then 0 <limsupa, <€.
n—oo

3. Fixed Point for General Hardy-Rogers Contraction

In this section we prove some propositions for use in the main theorem and prove some fixed
point theorem in generalized complex valued metric space.

Definition 3.1. Let (X,D) be a generalized complex valued metric space. A self-mapping f on
X is called a general Hardy-Rogers contraction if there exists nonnegative real constants A; for
i=1,2,3,4,5 such that 1 =Y!=21; €[0,1) and

D(fx,fy)<A1D(x,y)+ AoD(x,fx)+ A3D(y, fy)+ AsD(y, fx)+ AsD(x,f y) (3.1)
for all x,y e X.

Proposition 3.2. Let (X,D) be a generalized complex valued metric space, and let f : X — X be
a Hardy-Rogers contraction. Then any fixed point w € X of [ satisfies

|D(w,w)l<oo = D(w,w)=0.

Proof. Let w € X be a fixed point f such that [D(w,w)| < co and fw = w. To show that D(w,w) = 0.
D(w,w)=D(fw, fw)
<MD(fw,fw)+ AeD(w, fw)+ A3D(w, fw) + 14D (w, fw) + AsD(w, f w)
=A1D(w,w)+ AsD(w,w) + A3D(w,w) + A4D(w,w) + AsD(w, w).
By Remark [2.1[i1), we have
|D(w, )| < A1|D(w, )| + A2|D(w, w)| + A3|D(w, w)| + A4|D(w, w)| + A5|D(w, )|
=(A1+ A2+ A3+ Ay + A5)|D(w, w)|
= AD(w,w)|.
Since A = 2225 A; €[0,1) it follows that |D(w,w)| = 0. Hence D(w,w) = 0. O

Theorem 3.3. Let (X,D) be a complete generalized complex valued metric space, and let  be a
self-mapping on X satisfying (3.1). let |r|A3+ A5 < 1, and there exists element xg € X such that
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0D, f,x0) <oo. Then the sequence {f"xo} converges to some w € X and w is a fixed point of f.
Moreover, If ' is a fixed point of f in X such that |D(0',0')| < 0o and |D(w,w)| < oo then w = w'.

Proof. Let neN, for all i,j € N, we have
D(fn+ix0,fn+jx0) — D(f(fn”_le),f(fn+j_1xo)).
By (3.1), we have
D(f™* oo, " x0) < A1D(f™* Lo, o) + A2 D(F™ Lo, "+ x0)
+A4D(fn+j_1xo,fn+ix0)
+AsD (£ Lo, £ x0).
By Remark [2.1[i1), we have
ID(F™ 0, £ x0)| < A1 ID(F™ o, 777 )] + A2 D(F™ " oro, £ o)
+ AgID(F™ Vo, £ o)) + AalD(F™H e, £ o)
+ A5ID(F™ g, 7 x0))
<MD, f,f" o) + A28(D, f,f" " x0) + A36(D, £, "~ o)
+ 446D, f,f" " x0) + A56(D, f, " x0)
=(A1+Ag+ A3+ Ay + A5)8(D, f, f™ xo)
=A8(D, f, " Lxo).
We have
ID(F™*ixg, F x0) < ASD, £, ™ Lx0). (3.2)

By (3:2), we see that AS(D, f,f" xo) is upper bound of the set {{D(f™ xq, f**/x0)| : i,j € N}
since 8(D, f, f"xo) is least upper bound of {{D(f™*ixg, f**/x0)I}, it follows that

8D, f,f"x0) < A8(D, f,f" xo).
Similarly, we induction to
8D, f,f x0) < ASD, f, ™ tx0)
<A25(D, f,f" 2x0)

<A"6(D,f,x0).
By
ID(f™x0, £ x0) = ID(FGF™ o), £ H(F o)),
we have
ID(f "0, ™ " x0)l < ASD, f, £ x9) < AV 18D, £, x0)
for all integer m. Since 6(D, f,x¢) <oo and A €[0,1), we have
lim AL8(D, f,x0) =0
thus
Jlim ID(f" 0, ™" x0)| = 0. (3.3)

Commaunications in Mathematics and Applications, Vol. 10, No. 2, pp. [257 , 2019



Some Fixed Point of Hardy-Rogers Contraction in Generalized Complex. .. : 1. Inchan and U. Deepan 263

Then, we have {f"xo} is a cauchy sequence. By X be a complete, thus there exists w € X such
that

lim ID(f"0,0)] = 0.

By Definition we have

D(fw,w) < rlimsup|D(fw, f**xo)l. (3.4)
n—oo
By Remark [2.1[i1), we have
ID(fw,w)| < |r|limsup [D(fw, " xo)l. (8.5)

By (3.1), we have
D(f™*, fw) = M1D(f"xg,w) + AsD(f"x0, f ™ 20) + A3D(w, f w)

+ A4D(w, f" L xo) + AsD(f"x0, f ). (3.6)
By Remark [2.1[i1), we have
ID(f™*, fw)l < A1ID(f™x0, )| + Ao | D(fx0, ™ x0)| + A3|D(w, f )|
+ A4lD(w, F L x0) + A5ID(F " xo, f ). (3.7

Let
an=|D(f"x, fw)l
bn = MID(f"xg,w)| + A2|D(f"x0, f*Lxo)| + A4l D(w, F "+ x|
K =A3|D(w, fw)|.
By (3.7), we have
apns1<Asa,+b, +K.
Consider
lim [D(f"xo,w)| =0,
n—oo
Tim [D(f"xo, " lxg) =0,
lim |D(w, f™ x0)| = 0.
n—oo

It follows that lim =b, =0.

n—oo

Since lim =b, =0 for all £ > 0. Let £ > —£— > 0 there exists N, such that

n=oo -5

b,<e(1-2A5)—K, forall n=N,.
Then, we have

Ani1<As5a, +b,+K < Asa, +e(1-Ag).

By Lemma [2.10} we have

0 <limsupa, <e, forall >
n—oo — A5

then
) K
0<limsupa, < ——.
n—oo 1 - /15
By Definition [2.4(4), we have

K
D(fw,w) < rlimsup |D(fw, f"*'x0)| < rlimsupa, <r 1
n—oo n—o0 — A5
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and by K = 13|D(f w,w)|, we have
A3ID(f w,w)

1-A5 '
By Remark [2.1[(i1), we have

As|D
ID(fw,0)| < |r|3'1+;’;“’)'.

Since |r|A3+ A5 < 1, we have % < 1then |D(fw,w)| =0 thus D(fw,w) =0 it follows that fw = w.
If o’ is any fixed point of f such that |D(w,w)| < 0o and |D(w',w’)| < co then by (3.1), we have
D(w,0)=D(fw,fw')
< MD(w,0") + AoD(w, fw)+ A3D(w', fo') + 14D(0’, fw) + AsD(w, f o)
< MD(w,0") + AoD(w,w) + A3D(0',0w") + 14D (0, w) + 15D (w,w").
By Remark [2.1[i1), we have
ID(w,0")| < 111D(w,0")| + A2|D(w, )| + A3|D(0',0")| + 14| D(0', w)| + A51D(w, )]
= (A1 + A4+ A5)|D(w,0")| + A2| D(w, )| + 131D (0, ")
= (A1 + Aq + A5)|ID(w, ") + A2(0) + A3(0)
= (A1 + A4+ A5)|D(w,0")|

D(fw,w)=<r

then, we have
ID(w,w")| < (A1 + Ay + A5)|D(w,0").
Since Zﬁf A; €[0,1), we have |D(w,’)| =0 thus D(w,w’) =0. Hence w = w'. O

4. Conclusion

In this work, we defined the generalized complex valued metric space. We study the uniqueness
of fixed point of a mapping which satisfying the Hardy-Rogers contraction under some control
negative real constants.
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