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1. Introduction and Preliminaries
The metric space is one of the most important space in mathematics. There are various type of
generalization of metric spaces. Sedghi et al. [13] initiated the notion of S-metric space which is
different from other generalizations of the usual metric spaces. Several authors have studied
the fixed point theory for functions on different metric spaces. Sedgi et al. [13] proved a fixed
point theorem for a self-mapping on a complete S-metric space. A number of authors have
defined contractive type mapping on a complete metric space which are generalizations of the
well known Banach contraction, and which have the property that each such mapping has a
unique fixed point in ([8], [15]).
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Metric spaces wide area provide a powerful tool to the study of optimization and
approximation theory, variational inequalities etc. Molodtsov [11] initiated a novel concept of
soft set theory as a new mathematical tool for dealing with uncertainties, applications of soft set
theory in other disciplines and real life problems was progressing rapidly, later on, the study of
soft metric space which is based on soft point of soft sets was initiated by Das and Samanta [4].
Yazar et al. [16] examined some important properties of soft metric spaces and soft continuous
mappings. They also proved some fixed point theorems of soft contractive mappings on soft
metric spaces.

Topological structures of soft set have been studied by some authors. In [14], Shabir and Naz
have initiated the study of soft topological spaces which are defined over an initial universe with
a fixed set of parameters and showed that a soft topological space gives a parameterized family
of topological spaces. Theoretical studies of soft topological spaces have also been researched by
some authors in [2], [3], [5], [7], [10], [12], etc.

The purpose of this paper firstly is to contribute for investigating on soft S−metric space
which is based on soft point of soft sets and give some of their properties. Secondly, we introduce
contractive mappings on soft S-metric spaces and prove a common fixed point theorem for a
self-mapping on complete soft S-metric spaces.

Throughout this paper, X denotes initial universe, E denotes the set of all parameters, P(X )
denotes the power set of X .

Definition 1 ([11]). A pair (F,E) is called a soft set over X , where F is a mapping given by
F : E → P(X ).
In other words, the soft set is a parameterized family of subsets of the set X . For a ∈ E, F(a)
may be considered as the set of a-elements of the soft set (F,E), or as the set of a-approximate
elements of the soft set.

Definition 2 ([9]). A soft set (F,E) over X is said to be a null soft set denoted by Φ if for all
a ∈ E, F(a)=∅.

Definition 3 ([9]). A soft set (F,E) over X is said to be an absolute soft set denoted by X̃ if for
all a ∈ E, F(a)= X .

Definition 4 ([14]). Let τ̃ be the collection of soft sets over X , then τ̃ is said to be a soft topology
on X if

(1) Φ, X̃ belongs to τ̃;

(2) the union of any number of soft sets in τ̃ belongs to τ̃;

(3) the intersection of any two soft sets in τ̃ belongs to τ̃.

The triplet (X , τ̃,E) is called a soft topological space over X .

Definition 5 ([14]). Let (X , τ̃,E) be a soft topological space over X , then members of τ̃ are said
to be a soft open sets in X .
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Definition 6 ([14]). Let (X , τ̃,E) be a soft topological space over X . A soft set (F,E) over X is
said to be a soft closed set in X , if its complement (F,E)c belongs to τ̃.

Proposition 1 ([14]). Let (X , τ̃,E) be a soft topological space over X . Then the collection
τ̃a = {F(a) : (F,E) ∈ τ̃} for each a ∈ E, defines a topology on X .

Definition 7 ([14]). Let (X , τ̃,E) be a soft topological space over X and (F,E) be a soft set over
X . Then the soft closure of (F,E), denoted by (F,E), is the intersection of all soft closed super
sets of (F,E). Clearly (F,E) is the smallest soft closed set over X which contains (F,E).

Definition 8 ([1], [4]). Let (F,E) be a soft set over X . The soft set (F,E) is called a soft point,
denoted by (xa,E), if for the element a ∈ E, F(a)= {x} and F(a′)=∅ for all a′ ∈ E− {a} (briefly
denoted by xa).

It is obvious that each soft set can be expressed as a union of soft points. For this reason, to
give the family of all soft sets on X it is sufficient to give only soft points on X .

Definition 9 ([1]). The soft point xa is said to be belonging to the soft set (F,E), denoted by
xa∈̃(F,E), if xa(a) ∈ F(a), i.e., {x}⊆ F(a).

Definition 10 ([4]). Let R be the set of all real numbers, B(R) be the collection of all non-empty
bounded subsets of R and E be taken as a set of parameters. Then a mapping F : E → B(R) is
called a soft real set. It is denoted by (F,E). If (F,E) is a singleton soft set, then it will be called
a soft real number and denoted by r̃, s̃, t̃ etc. Here r̃, s̃, t̃ will denote a particular type of soft
real numbers such that r̃(a)= r, for all a ∈ E. 0̃ and 1̃ are the soft real numbers where 0̃(a)= 0,
1̃(a)= 1 for all a ∈ E, respectively.

The following definition is about a partial ordering on the set of soft real numbers.

Definition 11 ([4]). Let r̃, s̃ be two soft real numbers, then the following statements hold:

(i) r̃ ≤̃ s̃, if r̃(a)≤ s̃(a), for all a ∈ E,

(ii) r̃ ≥̃ s̃, if r̃(a)≥ s̃(a), for all a ∈ E,

(iii) r̃ <̃ s̃, if r̃(a)< s̃(a), for all a ∈ E,

(iv) r̃ >̃ s̃, if r̃(a)> s̃(a), for all a ∈ E.

Definition 12 ([13]). Let X be a nonempty set and S : X3 → [0,∞) be a function satisfying
the following conditions for all x, y, z, t ∈ X .

(1) S(x, y, z)= 0 if and only if x = y= z,

(2) S(x, y, z)≤ S(x, x, t)+S(y, y, t)+S(z, z, t).

Then S is called an S-metric on X and the pair (X ,S) is called an S-metric space.

In the next section, we give soft S-metric space and prove some fixed point theorems of soft
contractive mappings on soft S-metric spaces. Let X̃ be the absolute soft set, E be a non-empty
set of parameters and SP(X̃ ) be the collection of all soft points of X̃ . Let R(E)∗ denote the set of
all non-negative soft real numbers.
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2. Contractive Mapping on Soft S-Metric Spaces
In this section, we introduce soft S-metric spaces and study its some important results. Later,
we give some important concepts such as complete soft S-metric space, Cauchy sequence, soft
continuous mapping on soft S-metric spaces. Let X̃ be the absolute soft set, E be a non-empty
set of parameters and SP(X̃ ) be the collection of all soft points of X̃ . Let R(E)∗ denote the set of
all non-negative soft real numbers.

Definition 13 ([6]). A soft S-metric on X is a mapping S : SP(X̃ )×SP(X̃ )×SP(X̃ )→R(E)∗ that
satisfies the following conditions, for each soft points xa, yb, zc,ud ∈SP(X̃ ),

(S1) S(xa, yb, zc)≥ 0̃,

(S2) S(xa, yb, zc)= 0̃ if and only if xa = yb = zc,

(S3) S(xa, yb, zc)≤ S(xa, xa,ud)+S(yb, yb,ud)+S(zc, zc,ud).

Then the soft set X̃ with a soft S-metric S is called a soft S-metric space and denoted by
(X̃ ,S,E).

Definition 14. Let (X̃ ,S,E) be a soft S-metric space. A map ( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E) is said
to be a soft contraction mapping if there exists a soft real number q̃ ∈ R(E), 0̃ ≤ q̃ < 1̃ (R(E)
denotes the soft real numbers set) such that

S(( f ,ϕ)(xa), ( f ,ϕ)(xa), ( f ,ϕ)(yb))≤ q̃S(xa, xa, yb)

for all xa, yb ∈SP(X̃ ).

Note that a soft contraction mapping is a soft continuous mapping because if xn
an

→ xa in
the above condition we get ( f ,ϕ)(xn

an
)→ ( f ,ϕ)(xa).

Remark 1. Let (X̃ ,S,E) be a soft S-metric space. It is clear that every soft S-metric space is a
family of parameterized S-metric spaces. For a ∈ E, (X ,Sa) is an S-metric space.

Proposition 2. Let (X̃ ,S,E) be a soft S-metric space. If ( f ,ϕ) : (X̃ ,S,E) → (X̃ ,S,E) is a soft
contraction mapping, then fa : (X ,Sa)→ (X ,Sϕ(a)) is a contraction mapping in S-metric space,
for each a ∈ E.

The following example shows that converse of Proposition 2 does not hold.

Example 1. Let E =R be a parameter set and X =R2. Consider usual metrics on this sets and
define soft S-metric on SP(X̃ ) by S(xa, yb, zc)= |b+ c−2a|+ |b− c|+‖y+ z−2x‖+‖y− z‖. Then
if we define the soft mapping ( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E) as follows ( f ,ϕ)(xa)= (1

7 x
)
5a, then

S(( f ,ϕ)(0,1)2, ( f ,ϕ)(0,1)2, ( f ,ϕ)(1,0)1)= S
((

0,
1
7

)
10

,
(
0,

1
7

)
10

,
(1
7

,0
)
5

)
= |−5|+ |5|+

∥∥∥(1
7

,−1
7

)∥∥∥+∥∥∥(
− 1

7
,
1
7

)∥∥∥
= 10+2

p
2

7
,

S((0,1)2, (0,1)2, (1,0)1)= 2+2
p

2.
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Then since 10+2
p

2
7 > 2+2

p
2, we see that the soft mapping ( f ,ϕ) is not a soft contraction

mapping. But the mapping fa : (X ,Sa)→ (X ,S5a) by fa(x)= 1
7 x is a contraction mapping for all

a ∈ E.
For notational purpose we define ( f ,ϕ)n(xa), xa ∈SP(X̃ ) and n ∈ {0,1,2, . . .}, inductively by

( f ,ϕ)0(xa)= xa and ( f ,ϕ)n+1(xa)= ( f ,ϕ)(( f ,ϕ)n(xa)).

Theorem 1. Let (X̃ ,S,E) be a complete soft S-metric space and ( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E) be a
soft contraction mapping. Then ( f ,ϕ) has a unique fixed soft point uc ∈SP(X̃ ). Moreover, for any
xa ∈SP(X̃ ), we have lim

n→∞( f ,ϕ)n(xa)= uc with

S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa),uc)≤ 2q̃
1̃− q̃

S(xa, xa, ( f ,ϕ)(xa)).

Proof. Let xa ∈ SP(X̃ ) be any soft point. First we show that {( f ,ϕ)n(xa)}n=0,∞ is a Cauchy
sequence. Since ( f ,ϕ) is a soft contraction mapping, we get by induction

S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa), ( f ,ϕ)n+1(xa))≤ q̃S(( f ,ϕ)n−1(xa), ( f ,ϕ)n−1(xa), ( f ,ϕ)n(xa))

≤ q̃2S(( f ,ϕ)n−2(xa), ( f ,ϕ)n−2(xa), ( f ,ϕ)n−1(xa))

≤ ·· · ≤ q̃nS(xa, xa, ( f ,ϕ)(xa)).

Thus for m ≥ n, we have

S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa), ( f ,ϕ)m(xa))≤ 2S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa), ( f ,ϕ)n+1(xa))

+S(( f ,ϕ)n+1(xa), ( f ,ϕ)n+1(xa), ( f ,ϕ)m(xa))

≤ ·· · ≤ 2
m−2∑
i=n

S(( f ,ϕ)i(xa), ( f ,ϕ)i(xa), ( f ,ϕ)i+1(xa))

+S(( f ,ϕ)m−1(xa), ( f ,ϕ)m−1(xa), ( f ,ϕ)m(xa))

≤ 2
m−2∑
i=n

q̃iS(xa, xa, ( f ,ϕ)(xa))+ q̃m−1S(xa, xa, ( f ,ϕ)(xa))

≤ 2q̃nS(xa, xa, ( f ,ϕ)(xa))[1+ q̃+ q̃2 +·· · ]
≤ 2q̃

1̃− q̃
S(xa, xa, ( f ,ϕ)(xa)).

That is for m > n,

S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa), ( f ,ϕ)m(xa))≤ 2q̃
1̃− q̃

S(xa, xa, ( f ,ϕ)(xa)) (1)

Since q̃ < 1̃, {( f ,ϕ)n(xa)}n=0,∞ is a Cauchy sequence, by the completeness of (X̃ ,S,E), there exists
a soft point uc ∈SP(X̃ ) such that lim

n→∞( f ,ϕ)n(xa)= uc. Moreover, the continuity of ( f ,ϕ) yields

uc = lim
n→∞( f ,ϕ)n+1(xa)= lim

n→∞( f ,ϕ)(( f ,ϕ)n(xa))= ( f ,ϕ)(uc).

Now, we show the uniqueness. Suppose that there exist uc,vb ∈SP(X̃ ) with ( f ,ϕ)(uc)= uc and
( f ,ϕ)(vb)= vb. Then

S(uc,uc,vb)= S(( f ,ϕ)(uc), ( f ,ϕ)(uc)( f ,ϕ)(vb))

≤ q̃S(uc,uc,vb)
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and therefore S(uc,uc,vb)= 0̃. Hence uc is a fixed soft point of ( f ,ϕ).

Finally, letting m →∞ in (1) we obtain

S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa),uc)≤ 2q̃
1̃− q̃

S(xa, xa, ( f ,ϕ)(xa)).

Example 2. Let E =N be a parameter set and X =R. Then

S(xa, yb, zc)= |a− c|+ |b− c|+ |x− z|+ |y− z|
is a soft S-metric. Define a soft mapping

( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E)

as follows ( f ,ϕ)(xa) = (1
2 sin x

)
1, where f (x) = 1

2 sin x and ϕ(a) = 1 are constant mappings. We
have

S(( f ,ϕ)(xa), ( f ,ϕ)(xa), ( f ,ϕ)(yb))= S
((1

2
sin x

)
1
,
(1
2

sin x
)
1
,
(1
2

sin y
)
1

)
=

∣∣∣1
2

(sin x−sin y)
∣∣∣+ ∣∣∣1

2
(sin x−sin y)

∣∣∣
≤ 1

2
(|x− y|+ |x− y|)

≤ 1
2

(|a−b|+ |a−b|+ |x− y|+ |x− y|)

= 1
2

S(xa, xa, yb)

for every xa, yb ∈SP(X̃ ). Furthermore, for any xa ∈SP(X̃ ), we have lim
n→∞( f ,ϕ)n(xa)= 01 with

S(( f ,ϕ)n(xa), ( f ,ϕ)n(xa),01)≤ 2q̃
1̃− q̃

S(xa, xa, ( f ,ϕ)(xa)), q̃ = 1̃
2

.

It follows that all condition of Theorem 1 hold and there exists uc = 01 ∈ SP(X̃ ) such that
( f ,ϕ)(01)= 01.

Definition 15. Let (X̃ ,S,E) be a soft S-metric space. (X̃ ,S,E) is called a soft sequential compact
space, if every soft sequence has a soft subsequence that converges in (X̃ ,S,E).

Theorem 2. Let (X̃ ,S,E) be a soft sequential compact soft S-metric space with ( f ,ϕ) : (X̃ ,S,E)→
(X̃ ,S,E) satisfying

S(( f ,ϕ)(xa), ( f ,ϕ)(xa), ( f ,ϕ)(yb))< S(xa, xa, yb)

for every xa, yb ∈SP(X̃ ) and xa 6= yb. Then ( f ,ϕ) has a unique soft fixed point in (X̃ ,S,E).

Proof. The uniqueness is clear. To show the existence, notice that the mapping xa 7→
S(xa, xa, ( f ,ϕ)(xa)) attains its minimum, say that xb ∈ SP(X̃ ). We have xb = ( f ,ϕ)(xb) since
otherwise

S(( f ,ϕ)(( f ,ϕ)(xb)), ( f ,ϕ)(( f ,ϕ)(xb)), ( f ,ϕ)(xb))< S(( f ,ϕ)(xb), ( f ,ϕ)(xb), xb)

= S(xb, xb, ( f ,ϕ)(xb))

which is a contradiction.
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Theorem 3. Let (X̃ ,S,E) be a complete soft S-metric space and let BS(x0
a, r̃) = {xb ∈ SP(X̃ ) :

S(x0
a, x0

a, xb)< r̃}, where x0
a ∈SP(X̃ ) and r̃ > 0̃. Suppose that ( f ,ϕ) : BS(x0

a, r̃)→ (X̃ ,S,E) is a soft
contraction mapping with

S(( f ,ϕ)(x0
a), ( f ,ϕ)(x0

a), x0
a)< (1̃− q̃)

r̃
2

.

Then ( f ,ϕ) has a unique fixed soft point in BS(x0
a, r̃).

Proof. There exists r̃0 with 0̃ ≤ r̃0 < r̃ such that S(( f ,ϕ)(x0
a), ( f ,ϕ)(x0

a), x0
a) < (1̃− q̃) r̃0

2 . We will
show that

( f ,ϕ) : BS(x0
a, r̃)→ BS(x0

a, r̃).

If xb ∈ BS(x0
a, r̃), then

S(x0
a, x0

a, ( f ,ϕ)(xb))≤ 2S(x0
a, x0

a, ( f ,ϕ)(x0
a))+S(( f ,ϕ)(x0

a), ( f ,ϕ)(x0
a), ( f ,ϕ)(xb))

≤ 2(1̃− q̃)
r̃0

2
+ q̃S(x0

a, x0
a, xb)≤ r̃0.

Hence, we can apply Theorem 1, the soft mapping ( f ,ϕ) has a unique soft fixed point in
BS(x0

a, r̃0)⊂ BS(x0
a, r̃).

Now, let E = R be a parameter set and (X ,‖ · ‖) be a Banach space. Then, we define the
following operations in SP(X̃ )

(1) xa + yb = (x+ y)a+b,

(2) k · xa = (k · x)k·a.

Then SP(X̃ ) is a soft vector space. We define norm operation in SP(X̃ ) by ‖xa‖ = |a|+‖x‖. It is
clear that

S(xa, yb, zc)= ‖xa − yb‖+‖yb − zc‖
is a soft S-metric in SP(X̃ ). More general results will be presented in the next theorem.

Theorem 4. Let (X̃ ,S,R) be a complete soft S-metric space and BS(θ0, r̃) be the soft closed ball
of radius r̃ > 0̃. If

(F,1R) : BS(θ0, r̃)→ (X̃ ,S,R)

is a soft contraction mapping and (F,1R)(∂BS(θ0, r̃))⊂ BS(θ0, r̃), then (F,1R) has a unique soft
point in BS(θ0, r̃).

Proof. For soft point xa ∈ BS(θ0, r̃), consider (G,1R)(xa)= xa+(F,1R)(xa)
2 . We first show that

(G,1R) : BS(θ0, r̃)→ BS(θ0, r̃).

To see this, let x∗a = ( r̃
‖x‖ x

)
a where xa ∈ BS(θ0, r̃). Then we have

S((F,1R)(xa), (F,1R)(xa), (F,1R)(x∗a))= ‖F(x)−F(x∗)‖ ≤ q̃S(xa, xa, x∗a)

= q̃‖xa − x∗a‖ = q̃‖x− x∗‖
= q̃

∥∥∥x− r̃
‖x‖ x

∥∥∥= q̃(r̃−‖x‖).
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Hence

‖F(x)‖ ≤ ‖F(x∗)‖+‖F(x)−F(x∗)‖
≤ r̃+ q̃(r̃−‖x‖)

< 2r̃−‖x‖.

Then for xa ∈ BS(θ0, r̃),

‖(G,1R)(xa)‖ =
∥∥∥ xa + (F,1R)(xa)

2

∥∥∥
≤ ‖xa‖+‖(F,1R)(xa)‖

2
≤ r̃.

It is seen that (G,1R) : BS(θ0, r̃)→ BS(θ0, r̃) is a soft contraction mapping because

‖(G,1R)(xa)− (G,1R)(yb)‖ =
∥∥∥ xa + (F,1R)(xa)

2
− yb + (F,1R)(yb)

2

∥∥∥
≤ ‖x− y‖+ q̃‖x− y‖

2
=

( 1̃+ q̃
2

)
‖x− y‖.

Theorem 1 implies that (G,1R) has a unique fixed soft point in uc ∈ BS(θ0, r̃) and so uc =
(F,1R)(uc).

Theorem 5. Let (X̃ ,S,E) be a complete soft S-metric space. Suppose that the soft mapping
( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E) satisfies the soft contractive condition

S(( f ,ϕ)(xa), ( f ,ϕ)(xa), ( f ,ϕ)(yb))≤ α̃[S(( f ,ϕ)(xa), ( f ,ϕ)(xa), xa)+S((( f ,ϕ)(yb), ( f ,ϕ)(yb), yb))]

for every xa, yb ∈SP(X̃ ), where α̃ ∈ [0̃, 1̃
2 ) is a soft constant real number. Then ( f ,ϕ) has a unique

fixed soft point in SP(X̃ ).

Proof. Choose xa be any soft point in SP(X̃ ). From Theorem 1, we set the soft sequence {xn
an

} as
follows

x1
a1

= ( f ,ϕ)(xa)= ( f (x))ϕ(a), . . . , xn+1
an+1

= ( f ,ϕ)(xn
an

)= ( f (xn))ϕ(an), . . .

We have

S(xn+1
an+1

, xn+1
an+1

, xn
an

)= S(( f ,ϕ)(xn
an

), ( f ,ϕ)(xn
an

), ( f ,ϕ)(xn−1
an−1

))

≤ α̃[S(( f ,ϕ)(xn
an

), ( f ,ϕ)(xn
an

), xn
an

)+S(( f ,ϕ)(xn−1
an−1

), ( f ,ϕ)(xn−1
an−1

), xn−1
an−1

)]

= α̃[S(xn+1
an+1

, xn+1
an+1

, xn
an

)+S(xn
an

, xn
an

, xn−1
an−1

)]

≤ α̃

1̃− α̃S(xn
an

, xn
an

, xn−1
an−1

)

= h̃S(xn
an

, xn
an

, xn−1
an−1

),

where h̃ = α̃

1̃−α̃ . For n > m,

S(xn
an

, xn
an

, xm
am

)≤ 2S(xn
an

, xn
an

, xn+1
an+1

)+S(xn+1
an+1

, xn+1
an+1

, xm
am

)

≤ ·· · ≤ 2
m−2∑
i=n

S(xi
ai

, xi
ai

, xi+1
ai+1

)+S(xm−1
am−1

, xm−1
am−1

, xm
am

)

≤ 2
m−2∑
i=n

h̃iS(xa, xa, x1
a1

)+ h̃m−1S(xa, xa, x1
a1

)
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≤ 2h̃n

1̃− h̃
S(xa, xa, x1

a1
).

We get S(xn
an

, xn
an

, xm
am

) ≤ 2h̃n

1̃−h̃
S(xa, xa, x1

a1
). This implies S(xn

an
, xn

an
, xm

am
) → 0̃. Hence {xn

an
} is a

Cauchy sequence, by the completeness of (X̃ ,S,E), {xn
an

} converges. Suppose that xn
an

→ x∗c .
Since

S(x∗c , x∗c , ( f ,ϕ)(x∗c ))≤ 2S(( f ,ϕ)(x∗c ), ( f ,ϕ)(x∗c ), ( f ,ϕ)(xn
an

))+S(( f ,ϕ)(xn
an

), ( f ,ϕ)(xn
an

), x∗c )

≤ α̃[2S(xn+1
an+1

, xn+1
an+1

, xn
an

)+2S(xn+1
an+1

, xn+1
an+1

, x∗c )]+S(xn+1
an+1

, xn+1
an+1

, x∗c )

≤ 2α̃
1̃− α̃ [S(xn+1

an+1
, xn+1

an+1
, xn

an
)+S(xn+1

an+1
, xn+1

an+1
, x∗c )]→ 0̃.

This implies ( f ,ϕ)(x∗c )= x∗c .

Theorem 6. Let (X̃ ,S,E) be a complete soft S-metric space. Suppose that the soft mapping
( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E) satisfies the soft contraction condition

S(( f ,ϕ)(xa), ( f ,ϕ)(xa), ( f ,ϕ)(yb))≤ α̃[S(( f ,ϕ)(xa), ( f ,ϕ)(xa), yb)+S((( f ,ϕ)(yb), ( f ,ϕ)(yb), xa))]

for every xa, yb ∈SP(X̃ ), where α̃ ∈ [0̃, 1̃
2 ) is a soft constant real number. Then ( f ,ϕ) has a unique

fixed soft point in SP(X̃ ).

Proof. Choose xa be any soft point in SP(X̃ ). From Theorem 1, we set the soft sequence {xn
an

} as
follows x1

a1
= ( f ,ϕ)(xa)= ( f (x))ϕ(a), . . . , xn+1

an+1
= ( f ,ϕ)(xn

an
)= ( f (xn))ϕ(an), . . ..

We have

S(xn+1
an+1

, xn+1
an+1

, xn
an

)= S(( f ,ϕ)(xn
an

), ( f ,ϕ)(xn
an

), ( f ,ϕ)(xn−1
an−1

))

≤ α̃[S(( f ,ϕ)(xn
an

), ( f ,ϕ)(xn
an

), xn
an

)+S(( f ,ϕ)(xn−1
an−1

), ( f ,ϕ)(xn−1
an−1

), xn−1
an−1

)]

≤ α̃[S(xn+1
an+1

, xn+1
an+1

, xn
an

)+S(xn
an

, xn
an

, xn−1
an−1

)].

So,

S(xn+1
an+1

, xn+1
an+1

, xn
an

)≤ α̃

1̃− α̃S(xn
an

, xn
an

, xn−1
an−1

)= h̃S(xn
an

, xn
an

, xn−1
an−1

),

where h̃ = α̃

1̃−α̃ . For n > m,

S(xn
an

, xn
an

, xm
am

)≤ 2S(xn
an

, xn
an

, xn+1
an+1

)+S(xn+1
an+1

, xn+1
an+1

, xm
am

)

≤ ·· · ≤ 2
m−2∑
i=n

S(xi
ai

, xi
ai

, xi+1
ai+1

)+S(xm−1
am−1

, xm−1
am−1

, xm
am

)

≤ 2
m−2∑
i=n

h̃iS(xa, xa, x1
a1

)+ h̃m−1S(xa, xa, x1
a1

)

≤ 2
m−2∑
i=n

h̃iS(xa, xa, x1
a1

)+ h̃m−1S(xa, xa, x1
a1

)

≤ 2h̃n

1̃− h̃
S(xa, xa, x1

a1
).

We get S(xn
an

, xn
an

, xm
am

) ≤ 2h̃n

1̃−h̃
S(xa, xa, x1

a1
). This implies S(xn

an
, xn

an
, xm

am
) → 0̃. Hence {xn

an
} is a

Cauchy sequence, by the completeness of (X̃ ,S,E), {xn
an

} converges. Suppose that xn
an

→ x∗c .
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Since

S(x∗c , x∗c , ( f ,ϕ)(x∗c ))≤ 2S(( f ,ϕ)(x∗c ), ( f ,ϕ)(x∗c ), ( f ,ϕ)(xn
an

))+S(( f ,ϕ)(xn
an

), ( f ,ϕ)(xn
an

), x∗c )

≤ α̃[2S(xn+1
an+1

, xn+1
an+1

, xn
an

)+2S(xn+1
an+1

, xn+1
an+1

, x∗c )]+S(xn+1
an+1

, xn+1
an+1

, x∗c )

≤ 2α̃
1̃− α̃ [S(xn+1

an+1
, xn+1

an+1
, xn

an
)+S(xn+1

an+1
, xn+1

an+1
, x∗c )]→ 0̃.

This implies ( f ,ϕ)(x∗c )= x∗c .

Remark 2. The following example shows that if ( f ,ϕ) : (X̃ ,S,E)→ (X̃ ,S,E) is a soft contraction
mapping, then f or ϕ may not be a contraction mappings.

Example 3. Let E = [1,∞) be a parameter set and X = R. Consider metrics d1(x, y) =
min{1, |x− y|}, d(x, y)= |x− y| on this sets, respectively. Define soft S-metric on SP(X̃ ) by

S(xa, yb, zc)= 1
2

(d1(a,b)+d1(b, c))+d(x, y)+d(y, z).

Let the mappings ϕ : [1,∞) → [1,∞) and f : R→ R are defined as ϕ(a) = a+ 1
a and f (x) = 1

10 x,
respectively. Here, it is obvious that ϕ : [1,∞) → [1,∞) is not a contraction mapping with the
defined metric d1(x, y)=min{1, |x−y|}. But ( f ,ϕ) is a soft contraction mapping on SP(X̃ ). Indeed,

S(( f ,ϕ)(xa), ( f ,ϕ)(xa), ( f ,ϕ)(yb))= S
(( 1

10
x
)

a+ 1
a

,
( 1
10

x
)

a+ 1
a

,
( 1
10

y
)

b+ 1
b

)
= 1

10
|x− y|+ 1

2
d1

(
a+ 1

a
,b+ 1

b

)
= 1

10
|x− y|+ 1

2
min

{∣∣∣a+ 1
a
−b− 1

b

∣∣∣,1}
= 1

10
|x− y|+ 1

2
min

{∣∣∣a−b||1− 1
ab

∣∣∣,1}
≤ 1

10
|x− y|+ 1

2
min{|a−b|,1}

= 1
10

|x− y|+ 1
2

d1(a,b)

≤ 3
4

(|x− y|+d1(a,b))

= 3
4

S(xa, xa, yb).

3. Conclusion
We have introduced soft S-metric space which is based on soft point of soft sets and give some
of their properties. In addition to, we define the concept of soft contractive mappings on soft
S-metric space and examine some important properties. Finally, we prove some fixed point
theorems of soft contractive mappings on soft S-metric spaces.
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