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Abstract. In this work, we have studied the effect of plasma screening on the ground and excited
state photoionization cross section (σ) of hydrogenic system. We have considered weakly coupled
plasma where the screening of nuclear charge by plasma free electrons is represented by Debye-
Huckel potential. Using this potential, radial Schrodinger equation is solved numerically to obtain the
bound and free state wave functions, and transition matrix elements. Adaptive step size controlled
Runge-Kutta method is used for numerical integration. Use of adaptive method for grid generation
ensures lesser computational time as compared to uniform grid system. Using the methodology, we
have computed photoionization cross section from 1s ground state and excited 2p state of hydrogenic
system. Strong enhancements in σ are observed which are generally termed as shape resonances. It
is noted that these resonances occur for specific screening values where bound states are pressure
ionized to enter the quasi-bound regime. The changes in the phase and amplitude of continuum wave
functions also lead to appearance of Cooper minimum in σ of excited 2s state. We have compared the
results with existing theoretical and experimental data wherever they are available.
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1. Introduction
Photoionization [1,2] is one of the significant modes of energy absorption process in radiation-
matter interaction. It has important applications in many fields of physics such as laser
produced plasma, inertial confinement fusion (ICF), astrophysical systems, x-ray lasers, plasma
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spectroscopy, etc. In all these systems, matter exists in plasma form and ions present in it
are subjected to additional charge distribution created by neighboring ions and electrons. The
electronic properties of ions in such an environment are thus highly altered and give rise to many
interesting features in the photoionization [1,2] cross section. Study of photoionization cross
section of isolated atomic system is a field pursued over for many decades. However, in recent
days, considerable effort is being put in to understand the plasma effect on the cross section.
The presence of external charge distribution in plasma alters the atomic potential experienced
by the electrons. As a result the energy levels and wave functions (bound and continuum) get
modified to great extent. Continuum lowering [5–10] and pressure ionization [6,11–15] are two
important manifestation of plasma environment on the bound levels. The modified potential
around the ion due to plasma free electrons gives positive shift to its energy levels. As a result
the ionization potential for that level is lowered leading to continuum lowering. Apart from this,
the presence of neighbouring ions gives rise to phenomenon of pressure ionization. This is an
important artifact of nuclear charge screening on bound levels. This phenomenon arises due to
overlap of wave functions of outermost levels of neighbouring ions which results in formation of
band. In this regime bound levels are pressure ionized and electrons are treated as free. Because
of pressure ionization, there exists finite number of bound levels in ions which are subjected
to plasma environment. Pressure ionization of bound levels and modifications in bound and
continuum state wave functions lead to remarkable changes in photoionization cross section.

Though plasma free electrons and ions are responsible for the modification in the atomic
potential, there exists no analytical expressions to account for the effects. Depending on the
plasma conditions i.e. density and temperature, model potentials are available to account for
the effect of the plasma free electrons on the bound electrons via nuclear charge screening. Most
popular model potentials [3,4] are Debye-Huckel (DH) potential and ion sphere (IS) potential.
The choice of particular form depends on the plasma coupling parameter Γ= ECoulomb

Ethermal
= Q2

4πε0aκBT ,

where Q is the charge on the particles, a = (3
4πn

) 1
3 is the inter particle separation, n denotes

plasma number density and T is the temperature of plasma. In case of low dense and high
temperature plasma, thermal energy dominates over the Coulomb interaction. Such kind of
plasma is categorized as weakly coupled one for which Γ< 1. Typical density and temperature
ranges appearing in such kind of plasma are nion ∼ 1015 −1018 cm−3 , T ∼ 0.5−5 eV (stellar
atmosphere), nion ∼ 1019−1021 cm−3 , T ∼ 50−200 eV (laser produced plasma) etc. DH potential
is the most widely used potential to obtain the electronic properties of ions in this kind of
plasma. DH model approximates the average interaction of ion with plasma particles where the
plasma is considered to be a classical one with degeneracy parameter γ∼ n2/3

Te
¿ 1. Due to weak

interactions, the equations describing the potentials can be linearized leading to simple form
(∝ e−µr ) for screening effect, µ represents the screening strength [4].

Computation of photoionization cross section of ions embeded in Debye plasma requires
knowledge of spectral properties such as ionization potential, bound-free transition matrix
element etc. These data can be generated by solving the radial Schrodinger equation using DH
potential. There exists various techniques like Ritz variation method, sympletic integration
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scheme, basis set expansion method, complex co-ordinate rotation method, constrained
interpolation polynomial method (CIP) etc., which can be used to compute photoionization
cross section. Jung et al. [16], have used Ritz variation method to investigate the effect of dense
plasma on photoionization cross section. Qi et al. [17] have used sympletic integration scheme
to study photoionization dynamics in hydrogen like systems. Their study reveals the presence
of resonance structures in photoionization cross section. Simillar feature in the hydrogenic
photoionization cross section is also observed by Lin et al. [18] using complex co-ordinate
rotation method.

In this article, we discuss the effect of Debye plasma on ground and excited state
photoionization cross section of hydrogen like system using CIP method [19]. In this methodology,
the radial Schrodinger equation is solved numerically using shooting method approach, where
adaptive step size controlled Runge-Kutta method is employed to do the integration. The
computed bound and continuum state wave functions are used to calculate the photoionization
cross section in non relativistic dipole approximation. The main findings of this investigation
are occurrence of shape resonance and Cooper minimum. The paper is structured as follows.
In Section 2, the computational methodology is discussed. Results and important findings are
discussed Section in 3. Finally, conclusion is given in Section 4.

2. Theory and Computational Method

The atomic photoionization cross section for nl → εl′ transition in non relativistic dipole
approximation (l′− l =±1) is given by [20,21]

σnl =
8π2αa2

0

3(2l+1)
(
ε+ Inl

)[
l Rεl−1

nl
2 + (l+1)Rεl+1

nl
2]

(2.1)

where, a0 and α represent Bohr radius and fine structure constant respectively. ε is the energy
of photo electron ejected from the ion. Inl is the binding energy of nl state. hν= Inl+ε represents
the energy of the incident photon causing the radiative transition. Here,

Rεl±1
nl = 〈

Pnl |r|Pε l±1
〉

=
∫ ∞

0
Pnl(r) r Pε l±1(r)dr (2.2)

Pnl(r) and Pεl(r) represent the radial part of bound and continuum state wave functions which
are obtained by solving the Schrodinger equation with appropriate potential V (r). The equation
can be written as follows [22]

d2Pkl(r)
dr2 +

(
2Ekl −2V (r)− l(l+1)

r2

)
Pkl(r)= 0. (2.3)

Here k = n (principal quantum number) for bound states (Enl < 0) and k = p
2ε for

continuum state (Ekl = ε> 0 is the continuum state energy). l represents angular momentum
quantum number. Pkl(r) is the radial part of the wave function represented as Ψklm(r,θ,φ)=
Pkl (r)

r Y l
m(θ,φ).
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In case of a weakly coupled Debye plasma, the potential V (r) can be written as follows [3].

V (r)=−Z
r

e−µr. (2.4)

Here, µ represents the screening strength which is related to electron number density ne

and temperature T through the relation µ=
√

4πne e2

kBTe
. The presence of screening function in the

potential makes the potential short range. This property of modified atomic potential has great
many effects on photoionization cross section. In this potential, the boundary and normalization
conditions satisfied by the bound wave functions Pnl(r) are given as follows [19]:

Pnl(0)= 0 ; Pnl(r →∞)= 0∫ ∞

0
Pnl(r)2dr = 1 (2.5)

Continuum state wave functions satisfy different normalization and boundary conditions.
At origin, continuum state radial function Pεl satisfies the same boundary condition as bound
state functions but at r →∞, it exhibits asymptotic behaviour. The conditions are given as
follows [19]:

Pεl(0)= 0

Pεl(r →∞)∼
√

2
πk

sin
(
kr− l

π

2
+δε

)
∫ ∞

0
PεlPε′ldr = δ(ε−ε′). (2.6)

Here, δε represents the phase shift. Eq.(2.3) is solved for bound states (Enl < 0) and
continuum states (ε > 0) using the numerical methodology developed by Utsumi et al. [19]
with proper boundary and normalization conditions. The details of the method is given in
Ref [19] and is not discussed here. In this approach, the second order boundary value problem is
converted into coupled first order initial value problem and shooting method approach is used to
solve the coupled linear equations using the numerical integration techniques based on adaptive
step size controlled Runge-Kutta Method. Use of adaptive method for grid generation ensures
lesser computational time as compared to uniform grid system. This method is a powerful tool
to solve the free state wave functions. Here, highly oscillating continuum orbitals in far-field
region are represented by Phase-Amplitude method (Pεl(r)= y(r)sin(φ(r)) where y(r) and φ(r)
respectively represent amplitude and phase of the wave function. The main advantage of this
method is that at each grid point we can get the value of radial function as well as their
respective first derivative (Qnl = dPnl(r)/dr and Qεl = dPεl(r)/dr) which can be directly used
for evaluation of radial integrals using Constrained interpolation polynomial (CIP) method as
discussed in Ref. [19]. Using the knowledge of energies and wave functions (bound and free),
one can evaluate all other transition properties of ions in plasma. For our calculation, we have
set the relative accuracy of 10−8 for energy convergence.
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3. Results and Discussion
Using the methodology as discussed in Section 2, we have computed excitation energies for
various transitions in free hydrogenic system (V (r)=−1

r ).The values are tabulated in Table 1.
The accuracy of bound state energies are verified by comparing the excitation energies obtained
from our calculation for 1s → np and 2s → np transitions with NIST data [23] as shown in
Table 1. Table shows a reasonable agreement with the NIST data.

Table 1. Transition wavelength for H-atom in A0

Our result NIST data [23]
1s → np

n = 2 1215.0531 1215.6701
3 1025.201 1025.728
4 972.0425 972.517
5 949.260 949.742
6 937.327 937.814
7 930.275 930.751

2s → np
n = 2 -

3 6561.28 6562.77
4 4860.21 4861.29
5 4339.47 4340.47
6 4100.80 4101.73
7 3969.17 3970.07

We have investigated the effect of plasma screening on various electronic properties for
µ ≥ 0.001 a.u. For very small values of screening strength i.e. very weakly coupled plasma,
the electronic properties are not altered much. The system still behaves as free Hydrogenic
system. However, with increase in µ, screening of nuclear charge by free electrons starts
gaining prominence. Continuum lowering and pressure ionization are two important features
which arise due to the nuclear charge screening by plasma free electrons. Figure 3 shows the
decreasing behaviour of ionization potential (IP) of various n l states of H atom. Screening of
nuclear charge affects the higher excited states to large extent. Therefore, IP for these states
decreases rapidly. However, the variation is slow for core states which are near the nucleus.
With further increase in µ, the states become unbound resulting in finite number of bound
states in ions. The gradual disappearance of bound levels leads to pressure ionization. The value
of µ for which bound state merges into continuum is called critical screening strength µc

D . From
Figure 3, it is observed that µc

D is smaller for high lying excited states and gradually increases
for core states. The value of µc

D for various n l states of hydrogen like system are given in Table
2. A comparison is also made with the data reported by Qi et al. [17]. A good agreement is
observed between two sets of data. In Table 3, we have also compared the excitation energies
for 1s → np transition for different plasma conditions with that of Saha et al. [24] and good
agreement is seen between two sets of data.
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Figure 1. Variation of phases of continuum waves with Debye screening length at photoelectron energy
ε= 0.0001 a.u.
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Figure 2. Variation of phases of continuum waves with Debye screening length at photoelectron energy
ε= 0.00001 a.u.
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Figure 3. Variation of ionization potential for different levels of H atom with screening
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Table 2. Critical screening strength µc
D for n l states of H

n \ l 0 1 2 3 4 5

1 1.18966
(1.1906)a

2 0.30966 0.22021
(0.310) a (0.22021) a

3 0.13906 0.11271 0.09134
(0.13943) a (0.11271) a (0.09134) a

4 0.078519 0.06788 0.05810 0.04983
(0.07882) a (0.06788) a (0.05810) a (0.04983) a

5 0.05031 0.045182 0.04002 0.03538 0.03134
(0.05058) a (0.045186) a (0.04002) a (0.03539) a 0.03134 a

6 0.03493 0.03216 0.02916 0.02635 0.02379 0.02152
(0.03517) a (0.03217) a (0.02916) a (0.02635) a (0.02379) a (0.02152) a

a Qi et al. [17]

Table 3. Excitation energies for H-atom in Debye plasma

µ Transition E1s→np(a.u.) E1s→np(a.u.)
(a.u.) (1s → np) (Our Result) (Saha et al. [24])

0.00 1s → 2p 0.375 0.375
→ 3p 0.44444 0.44444
→ 4p 0.46874 0.46875

0.01 → 2p 0.37483 0.37482
→ 3p 0.44392 0.44392
→ 4p 0.46776 0.46776

0.05 → 2p 0.37108 0.37107
→ 3p 0.43326 0.43325

0.08 → 2p 0.36546 0.36545
→ 3p 0.41824 0.41823

0.10 → 2p 0.36052 0.36051
→ 3p 0.40547 0.40546

0.20 → 2p 0.32271 0.32263

Continuum state wave functions also exhibit very different behaviour with increasing µ.
Due to screening, the phase and amplitude of continuum state are altered to great extent. The
phase of continuum s, p and d waves are plotted in Figure 1 and 2 for ε = 0.0001 a.u. and
0.00001 a.u., respectively. It is observed that the phase of these partial waves changes by π

for specific values of screening strength. Careful investigation revealed that the phase change
occurs for λc

D = 1
µc

D
where ns, np nd bound levels etc., are pressure ionized. It is also clear from

the figure that the transition in phase becomes broader and broader as screening length is
increased i.e. decreasing µ. Similar results are also reported by Qi et al [17].
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Figure 4. Variation of photoionization cross section from 1s state of Hydrogen atom with photoelectron
energy for different µ.
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Figure 5. Continuum state wave functions for various energies near shape resonance arising due to 3p
state. Inset shows the phase of wave resonance continuum state and state beyond resonance energy.
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Figure 6. Continuum state wave functions for various energies near shape resonance arising due to 2p
state. Inset shows the phase of wave resonance continuum state and state beyond resonance energy.
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Using the bound and continuum wave functions we have computed the photoionization cross
section of hydrogen atom for transition from ground 1s state and excited 2s state, As discussed
in Sec. 2, photoionization cross section from nl state depends on the transition matrix elements
Rεl±1

nl connecting transitions n l → ε, l±1. For free hydrogenic system, where matrix elements
can be expressed in closed form, it is a monotonic function of ε with finite threshold value. At
higher energies, it satisfies asymptotic behaviour given as ε−7/2−l′ , where l′ is the continuum
state angular momentum quantum number. However, in presence of plasma environment, it
may behave very differently. The variation of σ1s→εp with photo electron energy is given in
Figure 4. Results are given for unscreened case (µ= 0) and for various µ (0.02, 0.05, 0.11, 0.1129,
0.2, 0.22, 0.2212 a.u.). From the figure it is observed that for µ= 0, the cross section has weak
dependence on ε over a range and decreases afterwards. However, when screening is introduced
in atomic potential, the cross section starts showing entirely different behaviour. The cross
section shows very interesting features near the ionization threshold. In this low energy regime,
cross section follows an increasing trend obeying Wigner-threshold law ((2ε)l′+1/2 = (2ε)3/2) [25].
At higher photo electron energies, the behaviour is similar to that of unscreened case. As
depicted in Figure 4, for specific values of µ, it shows large enhancements leading to resonance
peaks. These peaks are commonly termed as ‘shape resonances’ as these are clear manifestation
of the varying shape of the potential barrier i.e. l(l+1)

r2 [26]. For hydrogen plasma, we have
noticed shape resonance peaks at ε = 1.15×10−5 a.u. and 1.3×10−4 a.u. with respective µ

values µr = 0.1129 a.u. and µr = 0.2212 a.u. These µ values lie close to the critical screening
strengths for 3p and 2p states i.e. µc

D(3p) = 0.1127 a.u. and µc
D(2p) = 0.2202 a.u. Resonant

screening strengths µr are slightly higher than the µc
D values for which 2p and 3p states enter

into quasi bound regime. This means that when µ> µc
D , continuum state electron is trapped

in 2p and 3p quasi bound states for comparatively longer time leading to large overlap with
bound 1s wave function.

We have plotted, in Figure 5 and 6, the continuum wave functions for both the resonance
state energies. For comparison purpose the radial wave functions corresponding to energies
away from resonance is also plotted. It is clearly seen that there is strong enhancement in
the amplitude of resonant state wave function in comparison to others in the atomic volume.
This leads to large overlap matrix element leading to very high value of cross section. We have
also indicated the phase difference between these states as insets in respective plot. The plots
show a phase change of π between resonant and away from resonant states. The same feature
is also observed in behaviour of phase shift as depicted in Figure 1 and 2. In Figure 7, we
have plotted the σ1s→εp for some near critical screening values. It is observed that when the
difference (µ−µr) increases, the resonance peak gets reduced in height as well as becomes
comparatively broader. This is because with further increase in µ beyond critical value, the
centrifugal barrier width decreases so that it becomes easier for the photo electron to escape
from the quasi bound state via quantum tunneling. This phenomenon is reflected as broad
resonance structures. These resonances are also observed in multi-electron systems which are
subjected to Debye screening [27,28].
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Figure 8. Variation of photoionization cross section from 2s state of Hydrogen atom with photoelectron
energy.

Cooper minimum which corresponds to minimum in the photoionization cross section is
another interesting feature arising due to Debye screening. Generally, the bound state having
at least one node in its radial wave function exhibit this behaviour. In this work, we have
observed Cooper minimum in the photoionization cross section from excited 2s state of hydrogen
atom. The σ2s→εp is plotted in Figure 8 which shows appearance of Cooper minimum for
µ= 0.2212 a.u. along with the shape resonance structure arising due to quasi bound 2p state.
Essentially, the perturbation in the micro-field around the ion results in variation of phases and
amplitudes of overlapping bound and free state wave functions. For certain plasma condition,
the positive and negative components of the oscillatory bound and continuum states just cancel
each other leading to zero in the dipole matrix element. We have noticed that as µ value is
increased the position of Cooper minimum shifts towards higher photo electron energy. Cooper
minimum in σ2s→εp appears in the energy range ε∼ (4−12)×10−3 a.u. which is close to the
value ε= (8−25)×10−3 Rydberg reported by Qi et al. [17].
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4. Conclusion
Effect of plasma screening on ground and excited state photoionization cross section of
hydrogenic system is investigated. In a weakly coupled plasma, the centrifugal barrier in
the DH potential can support quasi bound states arising due to pressure ionization of bound
levels. The transition from bound state to these quasi bound states gives rise to resonance
structures in photoionization cross section. These resonances are termed as ’Shape resonance’
as these are related to the shape of potential barrier. It is also observed that the appearance
of shape resonances are related to the phase of the continuum waves. For particular plasma
condition, screening introduces a phase shift of π radian in the continuum state wave functions.
Around these screening values, we can observe shape resonance peaks in the photoionization
curve. The changes in phase and amplitude of continuum wave also affect the cross section
for transition from excited state. In case of hydrogen like ions we observe Cooper minimum
in the 2s− εp cross section after the shape resonance peak. The Cooper minimum is absent
in σ(1s) and appears for states which have atleast one node in its radial wave function. These
remarkable changes produced in the photoionization cross section may affect radiative and
spectroscopic properties of plasma as a whole.
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