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Abstract. The structure of a dense fluid or liquid is largely determined by the repulsive intermolecular
forces, so the hard core potential has been extensively employed to model real fluids and fluid mixtures.
The properties of two dimensional hard body fluids and fluids mixtures have aroused a considerably
interest in recent years. This is because they are treated as models of real fluids or fluid mixtures
absorbed onto surfaces. The 2D hard-body fluids and fluid mixtures like their three-dimensional
counter part are useful reference system in framing a perturbation theory for 2D real fluids and fluid
mixtures of non-spherical molecules. The 2D hard-body systems are convex body (HCB) systems such
as ellipse (HE) and hard discorectangles (HDR) and hard non-convex body systems i.e., fused hard
discs (FHD) and planar hard dumbbell (HDB) systems. The equation of state of hard convex body fluid
mixtures (HCB) is studied. Analytic expressions are given for the equation of state of the fluid mixture
of the non-additive HCB. The numerical results are discussed for the non-additive hard dumbbell
(HDB) fluid mixtures under different conditions for different values of non-additivity ∆. They depend
on the conditions, shape parameters L∗

11 and L∗
22 , mole fractions x1 and x2 and ∆ in general and

increase with the increase of packing fraction η.
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1. Introduction
The purpose of present work is to develop a theory for calculating the equation of state of fluid
mixtures of hard-body molecules, which is of current interest. This is because they are treated
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as a model of real fluid mixture. Considerable progress has been made in understanding the
thermodynamic properties of hard-body fluid mixtures [1–5] Almost all these attempts, however,
have been confined to the fluid mixture of additive hard-body molecules, where the distance of
closest approach between particles of different species is the arithmetic mean of the diameters
of both particles. On the other hand, non-additive hard-core mixtures, where the distance
of closest approach between particles of different species is no longer arithmetic mean, have
received less attention. However, they can be used to deal with interesting aspects occurring in
real systems (such as liquid-vapour equilibrium).

Recently, Kumar et al. [5] have developed a simple accurate method to calculate the equation
of state for the fluid mixture of additive hard convex body (HCB). This method can be extended
to derive the equation of state of the non-additive HCB fluid mixture.

In the present paper, we calculate the equation of state of the non-additive HCB fluid
mixture.

2. Basic Theory
We consider a fluid mixture of the hard non-sphere molecules of species 1 and 2. For such a
system, the pair interaction is the hard Gausian overlap (HGO) potential defined by

uab(rω1ω2)=∞, r <σab(ω1ω2),

= 0, r >σab(ω1ω2), (2.1)

where r = |r1 −r2| is the centre-to-centre distance, ωirepresents the orientational coordinate of
molecule i, and σab(ω1ω2) is the distance of closest approach between two hard-core molecules
of species a and b. It can be expressed in terms of the Euler angles [5].

σab(ω1ω2)=σ0
ab[1−χab(cos2θ1+cos2θ2−2χab cosθ1+cosθ2 cosθ12)(1−χab cos2θ12)−1]−1/2, (2.2)

where σ0
ab is a constant with the unit of length and the shape parameters χab is defined as

χab = (K2
ab −1)/(K2

ab +1) . (2.3)

Here σ0
ab = 2bab is the width of the molecule of species a and Kaa = 2aaa/2baa is the length-to-

breadth ratio of the molecule of species a. The effective values of σ0
12 and K12 of the molecules

of unlike species can be given by [1,2]

σ0
12 =σa

12(1+∆), (2.4a)

K12 = (K11σ
0
11 +K22σ

0
22)/(K11σ

0
22), (2.4b)

where σa
12 = (σ0

11+σ0
22)/2, and ∆= 0 for a binary mixture of additive hard-core molecule, whereas

∆ 6= 0 for non-additive hard-core mixture.
The equation of state of the HCB fluid mixture can be expressed in terms of radial

distribution function (RDF) of the hard sphere (HS) fluid mixture at contact gHS
ab (σHS

ab ) as [5].

βP/ρ = 1+ (2π/3)ρ
∑
a,b

xaxbαab(σHS
ab )3 gHS

ab (σHS
ab ) , (2.5)
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where ρ = N/V is the number density and x = Na/N is the mole fraction of species a.
Here σHS

ab = σabK1/3
ab is the effective diameter of the HS molecule of species a and b. In

eq. (2.5), the shape factor αab is define as [5,6]

αab = RabSab/3vm
ab, (2.6)

where vm
ab = (π/6)(σHS

ab ) is the volume, Sab is the surface and Rab the mean radius of curvature
of species a and b.

3. Equation of State of Dense Hard-Core Fluid Mixture
Eq. (2.5) can be used to estimate the equation of state for the dense HCB fluid mixture. It is
valid for both additive and non-additive hard-core molecules.

3.1 Additive Fluid Mixture
We extend the van der Waals one (vdW1) fluid theory of mixture to the hard-body mixture. In
this theory, we approximates the properties of a mixture by those of a fictitious hard-body fluid
with the following parameters [5,9]

(σHS
0 )3 =∑

a,b
xaxb(σHS

ab )3, (3.1a)

α0(σHS
0 )3 =∑

a,b
xaxbαab(σHS

ab )3. (3.1b)

In the vdW1 theory of mixture, it is assumed that

gHS
ab (σHS

ab )= gHS(σHS
0 ) (3.2)

for all a and b, where gHS(σHS
0 ) is the RDF of the HS fluid at the contact with the effective

diameter σHS
0 = K1/3

0 σ0 . Then eq. (2.5) can be written as

βP/ρ = 1+α0

(
βPHS

ρ
−1

)
, (3.3)

where βPHS/ρ is the equation of state of the HS fluid, given by [5]

βPHS/ρ = (1+η0 +η2
0 −η3

0)/(1−η0)3, (3.4)

where

η0 = (π/6)ρ(σHS
0 )3 = (π/6)ρ

∑
xaxbKab(σ0

ab)3, (3.5)

and α0 is obtained from Eq. (3.1).
For the binary mixture of additive HCB, η0 can be expressed as

ηa
0 = η[1+ x1x2(2K12σ

03

12 −K11σ
03

11 −K22σ
03

22)/(x1x11σ
03

11 + x2K22σ
03

22)], (3.6)
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where

η0 = (π/6)ρ(x1K11σ
03

11 + x2K22σ
03

22)3. (3.7)

When applying the theory, we first define the corresponding HGO for a given HDB such that
σ0

HGO =σ0
HDB and νHGO = νHDB . Then K is given by

K = 1+ (3L∗ /2)− (L∗3 /2). (3.8)

Table 1. The equation of state βP/ρof the fluid mixture of the additive HDB for different values of x1
under different conditions

Condition L∗
11/L∗

22 η Method βP/ρ

x1 = 0.25 x1 = 0.50 x1 = 0.50

σ0
11 =σ0

22 0.6/0.0 0.30 Theory 4.15

Exact [1] 4.20

0.45 Theory 9.52 9.89 10.48

Exact [1] 9.78 10.15 10.76

ν1 = ν2 0.6/0.0 0.30 Theory 4.16

Exact [1] 4.25

0.45 Theory 9.49 9.99 10.50

Exact [1] 9.76 10.27 10.82

0.6/0.3 0.30 Theory 4.23

Exact [1] 4.30

0.45 Theory 10.12

Exact [1] 10.52

We calculate the equation of state βP/ρ of fluid mixture of the additive HDB at x1 = 0.25,
0.50 and 0.75 under the conditions of (i) σ0

11 =σ0
22 and (ii) ν1 −ν2 . The calculated results are

compared with the ‘exact’ simulation data [1] in Table 1. The agreement is good.

3.2 Non-additive Fluid Mixture
For the non-additive HCB fluid mixture, Eq. (2.5) can be written as

β(P −Pa)/ρ = (4π/3)x1x2α12ρ
[
(σHS

12 )3 gHS
12 (σHS

12 )− (σHSa
12 )3 gHSa

12 (σHSa
12 )

]
, (3.9)

where Pa is the pressure of the additive fluid mixture and the superscript ‘HSa’ refers to the
properties of the additive HS mixture. Eq. (3.9) can be written as

β(P −Pa)/ρ =α12β(PHS −PHSa)/ρ, (3.10)
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where βPHS/ρ is the equation of state for the non-additive HS fluid mixture, which is given
by [7,8]

β(PHS −PHSa)/ρ = 24x1x2ηa

[
1

(1−η)2 + 6ξµ
(1−η)3

]
∆+0(∆2), (3.11)

where

ηa = (π/6)ρ(σHSa
12 )3 = (π/6)ρK12(σa

12)3, (3.12)

η= (π/6)ρ[x1K11(σ0
11)3 + x2K22(σ0

22)3], (3.13)

ξ= (π/6)ρ[x1K2/3
11 (σ0

11)2 + x2K2/3
22 (σ0

22)2], (3.14)

µ= (K11K22)1/3σ0
11σ

0
22/(K1/3

11 σ
0
11 +K1/3

22 σ
0
22). (3.15)

∆ = 0.1

∆ = - 0.1

∆ = - 0.2

∆

x
1  

  

Figure 1. β(P −Pa)/ρ of the non additive HDB fluid mixture as a function of the mole fraction x1 at
η= 0.3 for σ0

11 =σ0
22 and for L∗

11/L∗
22 = 0.6/0.0
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Figure 2. β(P −Pa)/ρof the non-additive HDB fluid mixture as a function of the mole fraction x1 at
η= 0.3 for ν1 = ν2 and for L∗

11/L∗
22 = 0.6/0.0

The excess equation of state, β(P−Pa)/ρ , of the non-additive HDB fluid mixture (Relative to
the additive HDB fluid mixture) is calculated at η= 0.3 for L∗

11/L∗
22 = 0.6/0.0 for different values
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of ∆. It is shown in Figures 1 and 2, respectively for σ0
11 =σ0

22 and ν1 = ν2 as a function of x1 .
They are zero at x1 = 0.0 and 1.0 and finite in the intermediate range of x1 .

We calculate the equation of state, βP/ρ , of the equimolar fluid mixture of the non-additive
HDB under the conditions of (i) σ0

11 =σ0
22 and (ii) ν1 = ν2 for different values of ∆. The calculated

results are reported in Table 2. They increase with increase of ∆.

Table 2. The equation of state βP/ρof the equimolar fluid mixture of the non-additive HDB under
different conditions and different values of ∆

Condition L∗
11/L∗

22 η βP/ρ

∆ −0.3 −0.1 0.0 0.1 0.3

σ0
11 =σ0

22 0.6/0.0 0.30 1.67 3.32 4.15 4.98 6.29

0.45 0.82 6.87 9.89 12.91 18.96

0.6/0.3 0.30 1.51 3.32 4.23 5.14 6.95

0.45 0.11 6.78 10.11 13.44 20.10

ν1 = ν2 0.6/0.0 0.30 −1.21 2.37 4.16 5.95 9.53

0.45 −68.83 −16.28 9.99 36.26 88.81

0.6/0.3 0.30 0.76 3.07 4.23 5.39 7.70

0.45 −2.62 5.87 10.12 14.37 22.86

4. Conclusions
The purpose of the present work is to calculate the equation of state of the non-additive
HCB fluid mixture. The theory is extension of the previous work for the additive HCB fluid
mixture [5]. It is found that the properties depend on the conditions shape parameters L∗

11 , L∗
22 ,

mole fractions x1 , x2 and non-additivity ∆ in general and on packing fraction η. The theory is
applied to the HDB fluid mixture. For the additive HDB fluid mixture the agreement with the
simulation data is found to be good.
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