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1. Introduction

In ‘Subdivision’, an initial mesh of vertices and edges are required to start the process of
refinement. Subdivision is currently one of the most powerful tool to model free form smooth
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shapes. In bivariate case, subdivision process generate smooth surfaces, which is important in
designing aesthetically pleasing shapes. Subdivision schemes were first introduced by Catmull
and Clark [1]], and Doo and Sabin [2] in 1978. They gave the idea for genralized tensor
product of B-spline of bi-degree three and two respectively. There are two general classes
of subdivision schemes, namely, approximating and interpolating schemes. The limit curve of
an approximating scheme usually does not pass through the control points of control polygon.
As the level of refinement increases, the polygon usually shrinks towards the final limit curve.
The interpolating schemes are more attractive than approximating schemes because of their
interpolation property. All vertices in the control polygon are located on the limit curve of the
interpolation scheme, which facilitates and simplifies the graphics algorithms and engineering
designs.

Lian et al. [15] generalized the classical binary 4-point and 6-point interpolatory subdivision
schemes to a-ary setting for any integer a = 3. After that they introduced the a-ary 3-point
and 5-point interpolatory subdivision schemes for curve design for arbitrary odd integer a = 3
(see [14]). After that Lian et al. [16] investigate both the 2m-point, a-ary for any a = 2 and
(2m+1)-point, a-ary for any odd a = 3 interpolatory subdivision schemes for curve design. Ko [[11]]
presented explicitly a new formula for the mask of (2N + 4)-point binary interpolating and
approximating subdivision schemes with two parameters. Recently, there has been tremendous
progress in construction of subdivision rules and properties as well as their applications in
multiresolution representation. The proposed work presents a new observation about bivariate
case by using 2D Lagrange interpolating polynomial. In this work, we avoid in finding the
mask of subdivision schemes separately, as a result its approach is simple and avoids complex
computation when deriving subdivision rules. This work also provides some special cases of the
classical subdivision schemes.

In the present paper, Section [2| gives some preliminaries results and a new relation for
(2N +4)-point n-ary interpolating curve scheme for closed and open polygon to access main
result. Section [3| presents the construction of general formula for the surface case using two
dimensional Lagrange interpolating polynomial. In Section [4] comparison of the proposed
subdivision schemes by estimating the error bounds of the derived schemes. In Section |5, we
also give some numerical example for the visual performance the proposed work. Conclusion of
the research work is provided in Section [6]

2. Preliminary results

The general form of univariate n-ary subdivision scheme which maps a control polygon
pk= {p’f}iez to refined polygon p**1 = {p?*l}iez is defined by

k+1 :Zanj_'_sp?_j, 320’1,2’...’”’_1’ (2.1)

Pri+s L
jez

where Z is the set of integers and a = {a; | i € z} a set of constants is the mask of the subdivision
scheme. A necessary condition for the uniform convergence of the subdivision scheme is

Y anjss=1, §=0,1,2,---,n—1. (2.2)

Jjez
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Let Yon+1 be the space of all polynomials of degree <2N + 1, where N is non-negative integer.
If {L ”(x)}ﬁ:_lN is fundamental Lagrange polynomial, then

N+1
p(x)= Y pWLu(x), peYoni1, (2.3)
=-N
where
Nﬁl _j L
iR,
Ly =14 j=n?7" 7
Ou,j» U,j=-N,-- ,N+1
and 6, ; is the Kronecker delta symbol defined as
L op=J
Op,j = .
0, p#J,

Using (2.1)-(2.3), Ko [11] gave the general formula for the mask of (2N + 4)-point binary
interpolating symmetric subdivision schemes. After that Mustafa and Najma [17] presented
the generalized form for the mask of (2N + 4)-point n-ary interpolating symmetric subdivision

schemes
anj=06j0-vé2N,j) 2.4)
anjrs =§1NV,J,1,8) — anN+1)+s62(V, ) — anv+1)+:63(IV, ),
where
N
[T (ni+s)
) b=—-N-1
N’ b b = : . . . b
SN 8) = T 1) N T(s )V = DIN + 14 )
, (-1Y*N@2N +2)! _ (=1 *N+12N +2)!
¢a(N,j) = - - - , ¢3(N,j)= - - -
IN-DIN+j+DIN—-j+1) N-PDIN+j+DN+j+2)
and
An(N+1)+s = @—n(N+2)—s » (2.5)

where a,(v+1)+s can be explicitly defined as

(d-n)d-2n)---(d—(2Nn+3n))
(—1)2N+3(n)2N+3(2N+3)! ’

Here, n is the arity of the subdivision scheme (i.e. for binary subdivision scheme n = 2, ternary

d=n(N+1)+s.

An(N+1)+s =

subdivision scheme n = 3, quaternary subdivision scheme n =4,...), N is non-negative integer,
j=—-N-1,---,N,s=0,1,2,---n—1 and ¢t = n—s. Using (2.4) and the symmetry of the subdivision
scheme, (2N + 4)-point binary interpolating subdivision scheme takes the form

N+2
p’gjfa:l ;v asi—ap*,;,N=0, a=0,1, (2.6)
=-N-1

together with the symmetry condition a_gn+2)-¢ = @2(N+1)+a-

Setting agnv+2) = 0 and agwv+1) = v, the masks ag;_, come from (2.4). Hence, using (2.4)-(2.6)
and n =2, we have the following form of 2(N + 4)-point n-ary interpolating subdivision scheme

N+2
pEtl = Y anep®,, wherea=0,1,2,---,n-1, 2.7)
[=—-N-1
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together with the symmetry condition

A_n(N+1)-a = Ca(N+1)+a > (2.8)

and setting a,w+2) =0, apv+1) = V.

2.1 Construction of the Schemes for Open Polygon

In interpolating subdivision schemes, it is not possible to refine the end(first and last) edges of
the initial open polygon p° = {p? :1=0,---,N} by (2.7). Dealing with open polygons require a
well-defined neighborhood of end points. So, it will be adequate to define the auxiliary point
p(li =2 pg — p? to the initial open polygon p° as the extrapolatory rule. Therefore, the following

rule is defined to refine the open polygon using 2N + 4-points interpolating scheme
-i-1 N+2

1
plrg;.,.a = l X]:\r 1(2anl—apg _anl—apli(i”)) + lz.anl—ap?”’ (2.9)
=—=/N- =1

together with the symmetry condition
A-n(N+1)-a = An(N+1)+a (2.10)

where N is non-negative integer, « =0,1,2,...,n—-1,1=0,1,...,N and n = 2.

Example. To refine an open polygon using the 6-point ternary interpolating subdivision scheme
by (2.9), define the auxiliary points p92 = 2p8 - pg and p(ll =2 pg — pg in the initial open polygon
p°. The first two edges popi and pips of the non-refined polygon {pf,i =0,...,3*N} can be
refined by putting N =1, n =3 and i =0 in (2.9).

pﬁ“ =(2a_g+2a_3 +a0)pl(€) +(as —a_3)p]f +(ag —a_g;)plze +a9p]§ ,
p’f“ =2a_7+2a_4 +a_1)p18 +(ay —a_4)plf +(as —a_7)p}2e +a8p§ ,

pgﬂ =(Q2a_g+2a_s5 +a_2)p]8 +(a1 —a_5)plf +(ayg —a_g)pée +a7p]§.

Remark 2.1. Here, we observe that some well known interpolating schemes can be obtained
from our proposed result (2.7).

* By putting N =0 in the proposed scheme (2.7), 4-point interpolatory scheme of Lian [15]
is obtained.
* Bysettingn=2, N=v=a4=0and asg = % for 0 <w < 2(v/5 —1) in @.7), the following
4-point interpolatory scheme of Dyn et al. [3]] is obtained
p5t=pf,

k+1 _ 8+w( .k k _w(,k k
Poic1= 16 P70 )~ 16(RF_1 T Do)

3. Tensor Product of (2N +4)-point Interpolating Subdivision Schemes

Let p’i"'j eRN, i,jeZ, N =2, be the set of control points, where % = 2 indicates the subdivision
level. We define n-ary subdivision surface as tensor product of n-ary subdivision curves by

m m
k+1 _ k _
Phivanjsp= ZO ZO QarQpsDisy ey GPF=0,1,n—1, (3.1)
r: S:
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where, a,, and ag, are the sets of subdivision masks which satisfy (2.2).
For & =0, p i€ RN, i,j € Z, represent the initial points. As 2 — oo, the process (3.1) defines

an infinite set of points in RY. The diadic mesh points (n—k,n—k),-, jez are related to {pij}i, jez

k+1

in a natural way. The process then defines a scheme whereby p’ nj+p

Plfm/n J+Bin (H“/n Hﬁ/n) for a,B € {0,n}, while the values p’f;ja’nﬁﬁ are

inserted at the new mesh points (”’kt‘f, njktlﬁ) for a,=0,1,--- ,n—1 (where a = f #0). Figure
illustrates labeling of old and new points formed by subdivision scheme (3.1).

replaces the value

at the mesh point

e+l f+1
k+1 K+l el il Kl (4l K+l kil 2.4 44
Painjia DPaivij2 Paiva2ji2 Piizjes Pinzis Dynsjss Diizzjes Diiajsa Puinaju Paivaajsa
’ kT T T &
Je T k k T Tk " o
Pijn | Pijn Pija | P Puja | | Pt
| | | il S SR W S —
| p;*f}le ——— 4 ———t——— ¢ Puz32 : : :
| - | | k4l 4l
kel ———— e ——— kel it ——t——t—— A
Poigjil- T 7T T T 1 Painanja | | Puiae2 1 r T Pasajez
Paingjnl P;{,’g,’n S S S — P;{'HM' 1 | | |
s : : 43,3+ .___ll__+___+___‘
|
k k k k k k
R AL Rl
k+1 e+l k+1 k+1 o+l k+1 e K+l el e+l
DPinj JZIREY, P2y P Dringj Pias;  Pins Y2y Painaj DPiiras;
2] J J
(a) (b) (c)

Figure 1. Solid lines show one face of initial polygon whereas doted lines are refined polygons which
can be obtained by subdividing one face into four, nine and sixteen new faces using (3.1) for n =2,3,4,
respectively.

3.1 Construction

Let Yg,.1 and Yg,41 be the space of all polynomials of degrees <2p+1 and < 20 +1, respectively.
Dahlquist and Bjork [13]] presented the Lagrange interpolating polynomial for tensor product

p+l o+1
ple,y)= 3 3 Luye,y)pp,v), (3.2)
p=—pv=-0
where
pl vil oy x—j
Lovx,n=T] I _><—J,, u=-p,,p+1, v=—0,---,0+1. (3.3)

i=—pi#u j=—0,jzv L1 VTJ

To find the mask of a tensor product scheme, each point in the grid must be accessible from
the origin. Tensor product schemes are simply the tensor product of the univariate case.

Mustafa and Najma [[17] presented the general formula to generate the masks {a;}’ f+3y 3
and {a J}2‘7+3 _g for n-ary interpolating subdivision schemes given by
Qni =5i,0—v€?(7’,j) | | (3.4)
@ni+s; = S1(Y,1,71,51) = @niy+D+s162(Y, 1) — An(yp+ 1)+4163(Y, 1)
and
amj=0j0- vnzh(a,j) | | (3.5)
Amj+sg = 171(07J7 n, 82) - an(0+1)+s2n2(0,J) - an(0+1)+t2n3(a7j)a
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where
o
I1T (b+sy)

&1(p,i,n,81) = b=—(p+)

BTS20 1Ty 70 L(ni + s )(p— D) +i + DI

g
IT (mb+s9)

(O' J m.s ): b=—(0c+1)
R T, 152 = (1) 7+0—1(m ) + s9)(0 — Do +j+ 1)
£o(0.9) (=1)i*P(2p +2)! ©.7) (=117 (20 +2)!

’L = . . . b 0-, = . . . b
2 G M+t Dip—i+1’ P T G Mot Dio—j+1)
. (-1)*P1(2p + 2)! , (-1)Y*7*1(20 +2)!
&3(p,i) = . . ; , n3(p,j)= , . .
(- p+i+DN(p+i+2) (c—jNMo+j+Dlo+j+2)
and
d—n)(d-2n)-(d—(2pn+3
An(p+1)+s1 = ( (f)l()2p+3r81)2(p+3gzz:l_g)!n))7 d= n(P + 1) +381, 36
a _ (e-m)(e-2m)---(e—(20m+3m)) = m( 1) (3.6)
m(o+1)+sg — (—1)20+3(2m)20+3(25+3)! ’ e=m(0 + +82,

where, 8,9 and §;o are the kroneker delta symbols defined by (2.4), n,m are the arities
of the subdivision schemes (i.e. n,m = 2,3,4 represent binary, ternary and quaternary
interpolating subdivision schemes, respectively), p,o are non-negative integers, i = —p—1,---,p,
j=-0-1,---,0,81=1,2,---,n-1,80=1,2,--- ,;m—1,t1=n-s1,and tg =m—sg and anp(p+1)+s;
and a,,s+1)+s, are the free parameters.

Since, a; ;’s are the tensor product of the mask of univariate scheme (i.e. a; j = b;b;), then

A(ni+s1,mj+se) = Ani+s1Amj+sg-
Hence, the tensor product of (2N + 4)-point interpolating subdivision scheme is
p+2 g+2
k+1

_ k
Privamj+p = Z Z A(nlr-a,mle~P)P 111 j+197 3.7)
li=—p-1lg=—0-1

together with the symmetry conditions

{a—n(p+1)—a =CQn(p+D)+a>s (3.8)
A -—m(o+1)-B = Cm(oc+1)+p>

where ¢ =0,1,2,---,n-1, $=0,1,2,--- ,m — 1, p,0 are non-negative integers and n,m =2 are
the arities of the tensor product. Setting a,(,+2) = @m(s+2) =0, the masks a,;,-1-o and a,1,-1-p
can be evaluated using and (3.5).

Example. Consider the tensor product 4-point DD interpolating subdivision scheme which can
be evaluated using (3.7) together with (3.8) as follows.

Let a(z) be the Laurent polynomial defined by

1
a(z) = 1—6(—12—3 +927 1+ 14920 - 12%). (3.9)

The Laurent polynomial of the tensor product 4-point binary interpolating scheme can be
obtained by taking the tensor product a(z1,2z2) = a(z1)a(z2), where

1 1
a(z1) = 1—6(—12I3 +927 +1+921-123), a(ze) = 1—6(—1253 +92; 1 +1+925 — 125).
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So that the suggested tensor product 4-point binary DD interpolating subdivision scheme is

P53 =Py
pg::}lz]_ 6Pt 1_]+9p +9pl+1j_pl+2,j)
<p§z+%1+1 16— pl] 1+9p +9pl_]+1 p]'e,j+2)
pg;—112]+1 256(17; 1,j- 1—9p” 1_9pl+1j 1+pz+21 1 91’; 1,/ +81p” +81pz+1]_9pz+2,1
_9pi—1,j+1+81pi,j+1+81pi+1,j+1 9pi+2,j+1 pi—l,j+2 9pi,j+2 9pi+1,j+2 pi+2,j+2)‘

The tensor product of the DD interpolating subdivision scheme has the same C! continuity
because the DD scheme has C! continuity. Substituting n=m =2, a,=0,1and p=0=0in
(3.7), the tensor product becomes

2 2
k+1
Poiia2j+p = lzllzla@ll a,2lg— ﬁ)p,+lw+l2 (3.10)
1=—1lg=-

together with the symmetry conditions

{a—Z—a =0Q2+a, (3.11)

aQ-2-=02+85.

Since a; ;’s satisfy a; ;= b;b;, then

a’(le—a,ng—ﬁ) = a211—aa212—ﬁ .

Since a4 =0 for n = m = 2. Also, when v1 =v9 =0, w1 =wg = 16, bi=by=0and s{,s9 =1 1is
substituted in (3.7) together with (3.8), the equations (3.10) are satisfied.

Remark 3.1. Some other well known interpolating schemes can be obtained from our proposed
result (2.7) which are given below.

* The interpolatory subdivision scheme of Kobbelt [5] is obtained by setting n =m =2, and
0,0 =0 in (3.7) together with (3.9). The end points of this scheme are given by

k+1 8+w w (. k k
p2z+1 27 (plj+pl+lj) 16(pi—1,j+pi+2,j)’

k+1 8+w k _w( k k
Py; 27+1 (pLJ lj+1) 16(pi,j—1+pi,j+2)’

and the face p01nts are given by
1
E+1 _ 2 k k 2 k& k
Pgit12j+1 = ﬁ( pi o1~ w@+wpy ;i —w@+wIpy g ;W Py, ~w@+WIp;_y ;
+(8+ w)2pl it 8+ w)2pi+1,j —w(8+ w)pf’+2’j -w(8+ w)pi-e_l,j+1 +(8+ w)pr’J+1
2 k 2k k
+(8+w) pi+1,j+1 ~w@+ WPy g ;1 T W Dy jrp~WEFWID; ;g
k 2k
~wB+ WPy j0 W D9 jia)-
. _ _ _ _ _ _ _ -5 _ _ _ —4 -
* Bysettingn=m=3,b1=b2=0, w1 =wg=a5=33, U1 =uUz=a4=g7 Iin ti together
with (3.8), the following 4-point interpolatory tensor product scheme is obtained

k+1 _
p3L+3J pz]’
k+1 _
p3:_+13j 6561( 5pz 1]+60pl_]+30pl+1_] 4p1+2_])
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k+1 _
p3:-+23] 6561( 4pz 1]+30pzj+60pz+1] 5p1+21)

k+1
p3t+3j+1 6561( 5pl_] 1+60p1]+30p1]+1 4pl]+2)

k+1
P31 3J+1 6561

(25pl 1j-1 300p” 1 150p1+11 1+20pl+2J 1 150pl 1 +1800pLJ
k k k k k k
+ 900pi+1,j - 120pi+2,j - 300pi_1’jJr1 + 3600pi,j+1 + 1800pi+1,j+1 - 240pi+2,j+1
k k k k
+25p5_1 19— 300p7 ;10 =150p; . ;10 +20D; 0 40,

k+1

p3l+23_]+1 6561(20pl 1,7-1 150pl] 1 300pl+1] 1+25pz+2] 1 240pz 1]+1800p1]

+ 3600p]ie+1,j - 300p?+2,j - 120p?—1,j+1 + 900p?,j+1 + 1800p?+1,j+1 - 150p?+2,j+1
k k k k
+16p;_1 jio = 120p; ;.9 —240p5 4 ;1o +20P7 9 j19);

k+1
p3:-3‘]+2 6561( 4pl] 1+30plj+60pl]+1 5p1]+2)

k+1

p3l+13_]+2 6561(20pl 1,7-1 240pl_] 1 120pl+1] 1+16pz+2] 1 150pz 1]+1800p1]

+900pf, | ;—120p%,, ;—300p% , ., +3600pF . | +1800pF, | .. —240p%,, .,
k k k k
+26p5_9 11— 300D ;9= 150p; . ;10 +20D; 0 10,

k+1

1
P3it23j+2 = 6561(16pz 1,j-1 12017” 1 240pl+1_] 1+20pl+2j 1 120pl 2J+900p”

+1800p%,; ;—150p%,, ;—240p% , .., +1800p . | +3600p%,, i,  —300p%,, )

k k k k
+20p;_5 ;1= 180p; ;.5 =300p;, ;1 ;o +25D7 9 j1o).

4. Error Bound

In this section, we find the error bound for subdivision surfaces of (2N + 4)-point n-ary
interpolating subdivision schemes. Also, we present the error bounds of binary, ternary and
quaternary subdivision surfaces as special cases of the following lemma.

Lemma 4.1. Given initial control polygon pi =pij, L,J €Z, let the values p , k=1 bedefined
recursively by subdivision process 1) together with (3.2). Suppose p* is the piecewise linear
interpolant to the values p and P is the limit surface of the subdivision process (3.1). If {, < 1,
then the error bound between limit surface and its control polygon after k-fold subdivision is

(&) )
1_63 ’

Ip* = p®lloo < 09 ( (4.1)

where

m m
D Gat ) Apu
v=0 u=0

a,

s :max{

, a,ﬁ:O,l,...,n—l},
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and
3
09 = max Z(l‘)q)(wiﬁ), a,p=0,1,...,n—-1%,

af,ﬁ q:1 ’
where

m a(n - B) m—lN m m mo

hp=lapo Y aug TN tapo ¥ das|, 02p=|Y ape—L| 4|3 aau Y dal,
g=1 n v=1 q=1 n u=0 u=0

+

K

Wop= Z Qa,q Z ABqg~ 3
= = n
g=1 g=1

together with

m m—1
Z Ap.q Z Aoy
g=1 v=1

m
~ _ a —
A0 = Z aa,q_ﬁa a_0717 )n_la
q=1
m
Qg = > Aqg,l, l=1
q=l+1
and
— 0 —
ﬁq—n}e}.XIIAi,j,qll, q=1,2,3
assuming
0 _,0 _ .0
Aij1= Pis1; =P
0 _,0 _ .0
Aij2=Pij1~Pij
0 0 0

ij3 - Piv1jr1 P8

4.1 Error Bounds of (2N +4)-point n-ary Interpolating Subdivision Scheme

In this section we have presented error bounds computed by equation between limit surface
and its control polygon after £-fold subdivision of 4-point binary, ternary, quaternary, quinary
and senary interpolating subdivision schemes. It can be seen from Table (1| that error bound of
4-point binary interpolating scheme is less than that of 4-point ternary interpolating scheme
and error bound of 4-point ternary interpolating scheme is less than that of 4-point quaternary
interpolating scheme and so on at each subdivision level. Moreover, we have also given the
graphical comparison of 4-points binary, ternary, quaternary, quinary and senary interpolating
schemes in Figure

Table 1. Error bounds of 4-point n-ary interpolating schemes

nlk 1 2 3 4 5 6 7
2 0.0300000 0.0150000 0.0075000 0.0037500 0.0018750 0.0009375 0.0004688
3 0.0166667 0.0055556 0.0018523 0.0006172 0.0002053 0.0000683 0.0000233
4 0.0116667 0.0029173 0.0007291 0.0001823 0.0000456 0.0000111 0.0000021
5 0.0090000 0.0018000 0.0003600 0.0000720 0.0000144 0.0000029 0.0000058
6 0.0073333 0.0012222 0.0002037 0.0000340 0.0000056 0.0000009 0.0000001
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Binary Ternary — — Quaternary — - Quinary - - Senaryl

0.02+

Error
bounds

AN
0.014

Figure 2. Comparison of the error bounds of 4-point binary, ternary, quaternary, quinary and senary
interpolating schemes (after £-fold subdivision)

5. Visual Performance

Here, the performance of some of the schemes which are determined from the proposed formulae

(3.2)-(3.8) are shown in Figure 4] and Figure

e

(a) Initial polygon (b) 1st-level
(c) 2nd-level (d) Limit surface

Figure 3. Performance of 4-point binary interpolating subdivision surface scheme: (a), (b), (c) and
(d) show the initial polygon, 1st-, 2nd-subdivision levels and limit surface, respectively.
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(a) Initial polygon (b) 1st-level

(c) 2nd-level (d) Limit surface

Figure 4. Performance of 4-point ternary interpolating subdivision surface scheme: (a), (b), (c) and
(d) show the initial polygon, 1st-, 2nd-subdivision levels and limit surface, respectively.

6. Conclusion

In this paper, a general formula for subdivision surface scheme is formulated by using 2D
Lagrange interpolating polynomial. This paper presents a new and efficient approach to acquire
variety of subdivision schemes for surfaces. Most of the well-known subdivision schemes are
special cases of the proposed work. To test out any improvement in the proposed scheme,
error bound between the generalized subdivision surface and its control polygon after x-fold
subdivision has been estimated. The bounds are expressed in the form of first order differences
of the initial control point sequence and constants.
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